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Introduction

Not necessarily real-time,
vary from simple to complex
control. Flexible (SW)

Embedded
Systems

Jassical Control Theory
(In the past, not
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Not necessarily control ar
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with timing constraints (e.q.
mostly analogue) > K Control Real-Time RS processing(), ﬁ]

Vodem Digital Control Systems Systems some instances, subject to
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Simple Control System Example (All Analogue Components)

Schematic
Desind
Aximuth angle _h(f_t
nput
AR v
My &
'\‘"-—5 n-tum potentioneter
Fixed
<y Differential Power Motor field
preamplitier amplifier R,
v + W :
ISUES X ——b Azimuth
- angle
output

S+a
J_ 0,(n

Dy N-m-s/rad

Gear

Simple Control System Example (All Analogue Components)

Block Diagram
Desired ) Po“fcr Motor Azimuth
azimulh  pyeniometer Preamplifier amplifier and load Gears * e
angle S
O4s) Vi(s)+ Vo(s) VP("l) K, X e(s)
K s
pot s+a

Potentiometer

K pot

You can nofice tha there are no computers or digital controllers in the la
analogue control

yout'schematic/block diagrams >
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Digital (Computer) Control

Classical (Analogue) Control systems are continuous time domain systems (no sampling), the entire signal (voltage, cun

processed). They have several disadvantages:

» highly susceptible (sensitive) to noise and power supply drift (DC shifting)

> Since they use analogue components (e.g., resistors and capacitors), their values vary from their nominal values due
tolerances (e.g., 1000 + 100Q) , and resistance changes for example by circuit/environment temperature.

» Difficult to modify or update -> Complete circuit redesign ——{H):.:o}- Last colour band: Toler:

ot litnzt
e o m—

Most modern control systems are digital > They use main computer frames or embedded controllers

< 1d be complex: Industrial robots, space craft/rover, chemical/nuclear process control
Cou (orbitalenaneuvering system (OMS), thrust for orientation, flight control systems to adjust
for atmosphere disturbances, reaction control systems (RCS), life support systems)

« Could be simple: home automation, DVD player, HDD controller

Digital (Computer) Control Advan_tagés

Discrete time signals and approximation always involved (Samling Theory : Shannon's Theory of Sampling / Nyquist

Rate)
Accurate representation of digital signals using “0" and "1" with 12 bits or more for a single number = Negligible errors (e
on ADC resolution)

Digital controllers (in firmware or software); easily modified without complete replacement of the original controller = no ¢
redesign or re-wiring

Complex digital controller require a few extra arithmetic operations or libraries

+ Faster hardware allows short sampling periods (high sampling rate).
With short sampling perlods, digital controllers monitor controlled variables almost continuously
Advances in VLS technology provide better, faster and more reliable integrated circuits at lower prices.

rcv}?élz“r;a;rdware clrcuits can be replaced by software code (e.g. Flters can be coded Instead of being built as analogu®

Can be real-time control
« Computer can schedule multiple control systems at the same time
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Man-Machine
Interface

Predictable, well-defined functionality and behaviour

' Physical World
Real-Time b | M- e (Plant in Control
Gommunication ST Deviée | Terms)
Network | /
Drivers

Tasks share resources,
communicate/synchronize
with each other

Open-Loop Control'Systems

Could be analogue or digital Distithance 1 Disturbance 2
L.
+ + Output
Input Input . + Process + " [,m
or transducer > Controller ™| orPlant ol
Reference ’ . Controlled
Summing, Summing variable
junction junction

Main characteristic of open-loop systems is that they

4 Are only commanded by the input and therefore sensitive to disturbance

4 Cannot compensate/correct for any disturbances (nolse) that add to the controller's driving signal (Disturbance 1), or disturbances at the output
(Disturbance 2, for example a physical object in the way)

4 A kitchen microwave or toaster Is a basic example !Eﬁ
% Very simple fo design, bul often times unstable for complex systems |

(%3 CamScanner
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Could be analogue or digital. Also called compensator

Error
or . ‘o "
Actuating Disturbance 1 Disturbance 2
Input signal ¥ " + Output
or
+ Process + or
Rtfcrenm ; Controller }—= or Plant e COl’lU’O"ed
/,/—--’S'Gh{ming Summing Sumft'}iﬂg variable
\ ‘ Jjunction Junction Junction
g:ﬁ:rt: > Feedback System
ller makes decisions now Output Feedback|Path
G onthed ifference of the two transducer |-e
'@nals (if both are unity gain) or Sensor
Note th

at there are positive fe
> o edb, .
with desirable output. Hog, ack systems as well, A Simple NAND latch that forces that outputto Os and 1s is a positive feedback sys

ever, a mj : : ut ;
microphone and speaker loop in a conference hall is a positive feedback system with undesirable outy

Closed-Loop:Control'Systems ||

uld be multiple closed loops to one computer controller: Turbojet Engine Control System
: feedback loops could be: .
Multiple sensors connected to the same physical object in the plant (engine temperature, en

gine vibration, engine fuel flow
Multiple sensors connected to the different physical objects in the plant )

Pilot Aircraft
Command - State
urboje 3 R
———p  Computer DAC Engine Aircralt >
4 4
Enging N Engine
ADC ¢ Sensors Stato

Alreraft .
ADC Sensors
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Could be multi
ultiple closed |
00
Controllers could be digi Ps, to multiple computer controll
e digital or analogue in the sam olkic arid  supvecey GompIY
e system!

_lrlcfcrence
rajecto
—TCCOTY | Supervisory
Computer » Computers >
Y | DAC | Manipulator
A A
Position
ADC Sensors
Velocity
ADC Sensors

y than open-loop systems
nd changes in the environment
be controlled more conv

. Have the obvious advantage of greater accurac

Less sensitive to noise, disturbances, 8
Transier]t response and steady-state error can
in following slides)

Closed-loop systems are moré
time)

A+

v

complex and expensive than open-loop systems (

v

ou need todo to redesign the simple toaster as @ close

of bread?
k of another existin

Question: What doy
perfect toasted piece

Home Exercise: Thin
system? Is it worth it?

g open-loop system at your

eniently and with greater flexibility in closed

extra Sensors, wirin

d-loop feedback system? What will you be sen

home, and think of what you need to converti

Jloop systems (more

g,ADCf digital, and processing

sing to geta

t to a closed-loop
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Temporal Characlerlsllcs of the plant

Jnput: Press the 4 floor button representin
output (reach 4 floor)
function u(t)

eally represents @ unit step

measures of performance are apparent:
ponse an

g our desired

Abutton id

Two major
(1) the transient res|
2 the steady-state eror.

for transient responsé and

find values
thin speciﬁcations an

Analysis Stage:
that are wi

steady state ermor

acceptable
rs that satisfy

Design Stage: apply control system paramete
the values analyzed

Temporal Characteristics of the Plant

The transient response should be as j ible (i
' quick as possible ideal
?e), butin many systems, this is not feasible either dtge to
catasirophic effects or simply it is physically impossible

¢.9., an elevator going from G-level fo 4n

€g. : or 100" floor
incautiously will kill you; also, mechani

. sly will ill you, also, ical systems

and physically infeasible fo have lnf.stantonsyrespon.:':trae o

The sleady-stale means we

A should reach ou

Z:ho:t efmof, quever; eror is always therer i
or band specifies the maximum acceplabl'

errors (0.01%, 1%, 5%) R BT o

Elevator could stop at th
6 4" floor with
the fioor its level 1
50 cm (62:1?:3;: (acceptable), bem -> You could %rin i
ng s visibly wrong, and it I da"gergua’;d fal,
8

Elevator location (floor)

N

Elevator location (floor)

Elevator Example

Input commangl

£

Transient
response

Elevator response

Time

—

sient resp

jent response : user comfort is sacrif

Too slow tran
Too fast trans

damage/death

Transient
response

Elevator response

1
Time

To
Tog lsz::twt translent response: user patienc
ranslent response : user comfort is sacr

damage/death

o
v,

onse: user patience is sacrificed

iced, coulg o

/

ificed
o Is sacrif ould“"ﬁ

ificeds
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When responding to controllers' commands, chan
the new stead-state is not necessaril
components, physical characteristics and equations

ging the old state and reaching
y a smooth ride. It depends on the plant

Given the system characteristics, we could have different type of responses:

1. Overdamped response
2. Critically damped response
3. Underdamped response > Overshoots

Overshooting means that the output oscillates until it settles on the stead-state
value.

Imagine using an elevator to go to the 4% floor, but it first goes to the 5 floor,
then 3® floor, then goes to between 4% and 5%, then to between 34 and 4t
before eventually settling on the 4™ fioor.

|Pasition

Step
Pomeon
Cammand

™~ Criraty<dampsd Rasgoras

s Owgr-darrped Ressonsa

Flias

A
Teme

SeZing —
fpeereo——————""""" Tims

Ddeadtlme

Tire

Oscillations could be not only inconvenient but also dangerous, if they exceed the
plant physical limitations.

Imagine if the 4 floor is the last floor, if they elevator overshoots, then means it
will hit the roof causing damage, injury, or even death.

Temporal characteristics of the physical plant:
Settling time: the time elapsed from the application of an Ideal instantaneous

step input to the time at which the output has entered and remalned within a
specified error band.

Rise time: the time required for the response to rise from 0% to 100% of Its final
value (ideal Definition), In practice to 90%, or 95%

Dead time: Physical systems do not always respond Immediately (0.g., motor)
When you send a current to a motor, it takes timo to generate a field to overcome
the inertia and initial torque fo start moving

Tresinan How high? Exceeds Physical limits?
. Overshoot
is‘::‘m D, 4 Usse~daraed Ressonss
Qnm'\\{d | ‘/

Crica'v~cdamped Resorsa

\ Ovardamped Resgonas
< Rus
N ? Toe
I Sewing
Tuna T e
Ddeldtlme
0 Tira
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Analysis and Design of Control Systems (V)

Another Example is the HDD
» Inacomputer HDD., transient res
required to read from or write to't

. . . g the
»  Since reading and writing cannol take place until the head stops, |
speed of \lhe‘r(:ad"\\'rite head's movement from one track on the dl?
to another influences the overall speed/performance of the com;;p ert.0
The faster the cylinder rotates; the quicker we move the information

the haaad 1o read.

»  Steady slate response: head ol a disk drive finally s
corect track = otherwise errors
ore than 7200 RPMs?

Think Why do we rarely see HDDs with speeds m
Think: What do you think are the error margins for the steady state?

onse contributes to the time
e computer’s disk storage

topped at the

Control System Stability

Trarsent Response and Steady-State error is irelevant if the system is not stable.

. T wamerstand stabiity, one must understand the system total response.

Total response = Natural response + Forced response

tiztura! response’ . ‘P"‘s‘
Ay pysca system eltfer mechanical of electrical has certain properties governed by physics equations, whe I*

Fia oonnonE &0 N0 olrer Inputs (o forced inputs)

n it turns on,

Esampas L0o Rilially wired oNlo & spnng, charged RC circuit
Forced 1esponse 15 e syslem response when there is a certain input.

Esampizs A00 200iLonal we C ik ; :

s g adaional weighi 1o W brickspring system or opening a switch in the charged RC circuit o
@y Slals bysle e hatural fespor i ‘ : o
i¢ oy staie syl W talaral esponse st decay, if not, and it must not grow Indefinetly otherwise the system willbace™
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A Simple Stability Example

suppose a certain spring can hold a maximum weight of 7KGs,

In,i::g{'retu m back to its original shape, and is therefore damaged.

c ’

Consider that our system During system operation, say
deeién nitally requires we exert an external weight of
an;ching 2 weight of 3KGs. 2KGs and the spring

ring stretches and
Eaeclsxgs a% equilibrium statg.
Now the spring system (spring
+weight) is said to have a
patural response.

stretches. Since 2 +3< 7,
when we remove the 2KG
weight, the system will
bounce and return to its
former state. The 2KG weight
is a forced input which gave a

forced response

beyond which, the spring loses its elasticity and

During system operation, say
we exert an external weight of
5KGs and the spring
stretches beyond its physical
limitations. Since 5+3>7,
when we remove the 5KG
weight, the system will NOT
bounce back and return fo its
former state. The 5KG weight
is a forced input which gave a
forced response that caused
Instability and irrecoverable
system damage

Instability

Instability, could lead to self-destruction of the _
physical device if limit stops (protection) are not part of the design.

Examples:

* an elevator would crash through the floor or exit through the
ceiling;

an aircraft would go into an uncontrollable roll; .

an antenna commanded to point to a target would rotate, Img up
vith the target, but then begin to oscillate about the target with
growing oscillations and increasing velocity until the motor or
amplifiers reached their output limits or until the antenna was
damaged structurally,

Atime plot of an unstable system would show a translent response

2 ows without bound and without any evidence of a steady-state
IESponse'

A

Steady slale emor

RN, -

Stable

\/ e T Tive

Undershot

<

(3) sable resqons2 satem

Temperature ewror &r = (1]

”\ /\ /\ /\ /\ /\/\ /\ _ Unstable

VUV VUV b

Temperature error £r « (TN}
A

ST

—> Unstabl

(c)unstable sestem with
dvergapce

VVVVVVVV
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Temporal Requirements in Gomputer (Digital) Control (1)

Plant Temporal
In Classical (Analogue) Characteristics
Control (settling time, rise time, dead time .. )
Plant: Temporal Digital Controller Tempory
ot racteristi
In Digital (Computer) Characteristics i ﬁh?me p?ocigsci: :
Control (setting time; rise time, dead time, (sampling;me; g lime,

etc.) ; deadlines, jittering and delays, etc)

» In 2 classical control system without digital controllers, the
temporal requirements are restricted to analyzing the timing of

the physical system (settling time, deadtime, risetime, transient
fime, efc).

In & digital system, more timing requirements are introduced >

eqg, ADC Samp"ng rate (T:amplmg)

spme sensors are digital (they have a built-ln ADGC and give us
digital, (mostly serial) output, The programmer selects the
outpul data rate (ODR, /.e. sampled rate) in software,

v Many other sensors are analo
an ADC, correct sampling rate

gue which must be interfaced to
must be chosen,


https://digital-camscanner.onelink.me/P3GL/g26ffx3k

Temporal Requirements in Computer (Digital) Control (l1l)

» Choosing the sampling rate is not as easy as one thinks|

» Must comply with Shannon theory of sam

lin - i in 2mf). Sampling at
higher frequencies is allowed ( pling and the lower bound is Nyquist rate (min 21)

though not often necessary) and called oversampling.

» Sampling below this Nyquist rate is undersampling, and results in aliasing; that is, the correct original
signal cannot be reconstructed
» Between each sample and the next, the controller

i might need to do online calibration, signal filtering,
processing and conrtol. We call this time (T

processing)-
> Tpmcemng < sampling

» In this case, the deadline to finish processing is before the next sample arrives

'é&j‘u errMsr Bolt v g tde 3 o Sourplingy Rate  *
( Sk, trengral ) B85 ADC 3 cig s5iess Anasirin 850)b ¥

2 Aad = “ : k v
b 35 538 g) Nygoisth 9 Q1 Hanimum Sange. ' dire N sss oo el
»» Can the controller finish the required tasks (T, essing) related to one sample before the new sample comes in? If not, what to do?

1o Reduce the sampling rate to the lower bounae if the specification allows you to (T.,,,) increases giving us more time. A\

2 %)»95(»-}0 \ r
2 Use compiler setting to optimize your code for speed (be Tareful as The compiler can remove variables necessary for code Galial)
~ operation: Ports) cAAAE AN code Nssembly NE-CR S

2 Optimize your control code by using efficient algorithms or libraries, or in extreme cases, revert to assembly coding.

- i i O(n?), othes are O(log(n)). = 5 . Meaatao =
Remember some sorting algontrrlr%se\asrﬂe\ ‘Eskb)b(‘\"’_)&!\\‘ﬁ .() \(g\glqz e & (&.l ., Syac A Mo
4 If your control code uses real numbers, use fixed-point arithmetic instead of floating-point arithmatic. Fixed-point arithmetic

~ uses integer hardware and is therefore faster. Many DSP and Control libraries are fixed-point.

»  Suppose sampling rate is 10KHz, processor is running at 50Mhz, the task to process one sample consists of 25000 assembly
instructions, and on average, each instruction takes 1.5 clock cycles to execute, could it work?

Teanging = Deadiine = 1/10,000 = 0.0001 sec

Torzecang = 150,000,000 (cycle time) x 25,000 (Instructions) x 1.5 (CPI) = 0.0005 ->More time than the deadline
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Some control systems might have real-time requirements. Real-time means:

Jittering as a word means 1o suffer from slight Irregular movement, variation,
Orunsteadiness. We have two types:

;‘iﬁerir)\g At due to uneven clock cycles that affect sampling (see adjacent
iqure

JIREMNG Aty due to uneven response time to a certain event
1AL << Tmping CONSidered almost constant, system can handle it!

It &t is proportionally significant, that s the clock shifts between cycles is large
compared to the cycle itself =>big problem

Another source of jittering is At Which s jittering in response time to an
incoming event. If event A happens, it can interrupt the processing and call
the ISR say in 10ps, but if the cument task being processed is of a higher
pricrity than event A, then the ISR of A cannot start until the current task
finishes, this could be tens or hundreds of microseconds later.

Some digital controllers can guarantee @ maximum response time, useful to
design for the worst case!

Temporal Requirements in Real-Time Control Systems

Tasks must finish within a certain deadline
Tasks must not start before a certain time

System must respond to external events quickly

Timing Requirements (e.g. deadlines) are categorized into:

nbsolute: response must occur al defined deadlines (an action must happen every 10 ms).

, y , I
Relative: response must occur within a specified period of time following an event (when event A happens, we have 10at s’

finish associaled task ).

Real-Time Systems Classification by Deadline Type:

1

?

K]
B

Hard Real-Time Syslemé | g\ 1ic1e6¢ Deadline Enforcement

Firm Real-Time Cyslems l

Soft Real-Time Systems Relaxed Deadline Enforcement
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Real-Time Systems Types (l)

1. Hard Real-Time (HRT) Systems
2 Under all circumstances, ALL "hard (critical)’ tasks MUST mest ALL their deadlines.
= If not, system failure causes catastrophe or death,
- Imperative that responses occur and associated tasks finish within the required deadline.
- Response after deadline has no valuel

7

Guaranteed services required -> functional correctness and timing correctness (response is worthless if you finish before deadiine with the
wrong resull)

» Hard Real-Time Systems must be PREDICTABLE and DETERMINISTIC. Systems must always behave in the same way.
» Analysis of estimated worst-case time -> Scheduling algorithm and system must pass schedulability test

» Inpractice, the time bounds for HRT ranges from microseconds to milliseconds.

» Deadline does not necessarily imply “imminency” - Hard real-time task does not need to be completed within the shortest time possible Only
within the bound and before the deadline

Real-Time Systems T

2, Firm Real-Time Systems

- Tasks missing their deadline will not result in a system failure, and no catastrophe or death
= But, Infrequent misses lead to performance degradation (loss of QoS, quality of service)
> Response following a deadline has no value (e.g., Video frame processing)
3. Soft Real-Time Systems
- Deadlines desired to be enforced, but they are not strict. (Best-effort service -> deals with average response times)
- Frequent deadline misses do not cause errors, but the result of the task might no longer be as useful.
- Response following a deadline is not wasted, but degrades as more time passes.
7 Usually specified by some probability? What is the probability that task A misses its deadlines 10% of the time?
= Probabilistic analysis - complexity at design timel
= Time bounds between fraction of a second to few seconds (example Is Home loT, If room temperature reading misses its deadline, no big deal)

» Complex real-ime controf systems could conslist of subsystems of any of the three types (alrplane control systems)
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Control Systems Requirements |

Analog Signal Digital Signa
A. Data Collection | Acquisition
SIGNAL + NOISE SIGNAL + NOISE
B. Signal Conditioning
Signal conditioning is used to refer to all the processing steps that are m
necessary
to obtain meaningful measured data of plant from the raw sensor data.
> Sensors produce raw data! (e.g., voltages, currents). NOISE NOISE
»  Scaling to required values (e.g., sensor voltage to input voltage of port pin)
_ Isolated nolse fi I
Inherent Measurement errors (e.g. A/D Quantization). Whit e.cbeerve s¢ from signal
SIGNAL + NOISE SIGNAL

Sensors values also need calibration.

Noise effects = Must be fitered out (Anti-Aliasing fiters, DC Filters, /\/
Digital Filters, efc.) /’\-‘/)

C. Plant/ Process Control

Yy v ¥

NOISE
D. (Optional) Alarm Monitoring / Data Logging / Man Machine Interaction R e e 2O

. Dependability Requirements: > WM\%J&\Q RN

/

5 \* £u
A- » Reliability (survivability): probability that a control s;?stem 5§E’ . Survival function 1 Survival function 2
will provide the plant control task until time t, given that the £ 10+ £
system was operational att =1, 3 08 K § 05 \
S eg.Ril)= e~Al-o), whereAis constant failure rate in 3.3', it § v o
&,33» failures/hour Y GO ladd ol ddials 2 4 8 8 w0 9 2 4 8 b
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Survival function 3 Survival function 4
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Amrasty Lo Safety requires
g-» Safety: defined as 1. responses to protect the system from harm (e.g, eror det;:‘t’ion) certification

2. reliability against critical failure modes (e.g., plane ivi i
g, crash, self-
For example, safeRTOS is a certified saf R g e

e version of freeRTOS O
components must successfully pass certain tests like the FCC, CE, EMC
Must comply with certifi

ed industry safety standards (e.g., aviation or automotive safety standards )

C-» Fault-tolerance: protection from design and operational faults? How? -30&:\ Mocber of Sensafs (’M 32 \Z“b
Hardware redundancy - e.g., Two lock-step processors in tandem (6.9, ARM Cortex-R processors) / multiple sensors
In software, roll back/recovery and checkpoints (similar to computer games ®)| however; in hard real-control systems: \'
1. Difficult to guarantee a deadline when effoNoccurs = roll-back and recovery\can take unpredictable time.

2. The error could have caused irrevocable actlon (remember we are connected Yo other hardware which affects the Mg

plant controlled) ARAT ST g e A\ addad
3. Temporal accuracy of the checkpoint data is inyalidated by passage of time &93?'-3“’ % o i
Gidey>a 25=050fs

D-» Security: protect system from intentional harm ogaccess
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4. Scalability, Perform reasonably In an environment with added load. We have a swarm of three drones doing a task, and we add
more drones fo ey (q complelo a fask that the three cannot do on thelr own, -

(Gt oM S Y (g sy

3 Performance: timing of responses or throughput necessary? —>
3. Robustness: protection from external interference and perturbations
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Fail-safe and Fail-Operational Control Systems

e Thage Wb\, ;
(3sals Somse control sysémr: ﬁg’\zgfmés?ail-safe) - When system fails, go to safe state
Gl g, Examples: T Gno Contio) 3 Syt “"‘\S
Agin Electronic = Simple Electric Fuse Canad Sail RSN
s \&mj :n ;:\lontrol and embedded software - Watchdog timers g ase dda
»\;ﬁ,‘t\ﬁfg\ \al " ucleaz_e:a{;::tg;j‘ ﬁiﬁﬁaﬂi&gﬁg o { -fc.;l-so:pe S --Cai(—oPe(a'.Q’.oml
N@ssy  *Requires high error-detection coverége(\—) the probabilty|that an error is detected, provided it has ocourred,
Sﬁ&t‘:‘ must be close to one s a&*b.a\ _ {eshart dons @ab\b
+ ARy o Nigyinll A4 ey Lol S sl ook Gls Susndieds
* In certain applications, you cannot identify a safe state! T overdlow 8,
Example: Flight control system of airplane or space craft! ( Fose Nonodunl)

2 Must provide minimum level of service to avoid catastrophe even if failures occur, or sound alarms.
= If main power shuts down, switch to auxiliary power in hospitals.
=These systems are called fail-operational ., . 5 Q| s L.\é-z\A ﬁé

=l N (35 a_ii Mlafm oiails dims Mechanism  $S5S
b s e A o s s & il
(6'4&.!"!' \-%)dl.\ =
wss desliong

oil-epatonal WBM@%;“ - -A :

Control System Blp‘bvk?'D" Exércis_e

The control of the recording head of a dual actuator hard disk drive (HDD) requires

two types of actuators to achieve the required high real density:

- The first is a coarse voice coil motor with a large stroke but slow dynamics

- The second is a fine piezoelectric transducer (PZT) with a small stroke and fas
dynamics.

A sensor measures the head position, and the position error is fed to g separate

controller for each actuator.

Draw a block diagram for a dual actuator digital control system for the HDD.
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Review of Signals, Fourier Transform, and ADCs
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In embedded, cyber-physical, and control systems, the controller interfaces with the real physica! world
to either sense or actuate the plant. In feedback control systems, sensors are attached to the plant to
provide the controller with measurements about the state of control to enable the controller to tune its
actuating/control signal to achieve the desired output. The physical plant could be interfaced to either
analogue or digital sensors. Analogue sensors must be interfaced to an intermediate ADC before their
value is used by the digital controller/computer. Digital sensors have their ADCs built-in, and through
software they are configured to provide data at a given output data rate (ODR); that is provide data at

a certain sample rate. L ZAAL \;&3u\éﬂg \"“3 - “j%uiS"‘ \)&\_«S\) %
The Sampling Rate - Sargie | i) fremg Mooy BY Wyquish N %

Per Shannon's Theorem of sampling, we must sample the analogue signal at a minimum signal
sampling frequency. This frequency should be at least twice the maximum frequency component that
exists in the finite bandwidth signal. This sufficient sampling rate is called the Nyquist rate. Sampling
below this rate is called undersampling and this means we did not capture the entire information (e.g.,
shape) of the signal, and thus when we recreate the original signal, it will be distorted. We call this
problem aliasing. Sampling at above the Nyquist rate is called w. A signal is said to be

e Cesel PO (GRS A5 \o i Baal S fe&du\toh-‘»\}f"dé;‘”;‘ « Page 1 of 15
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oversampled by a factor of N if it is sampled at N times the Nyquist rate. Oversampling can improve
resolution, signal-to-noise ratio (SNR), and simplify building anti-aliasing filters. We shall discuss the
first two benefits of oversampling:

Reducing SNR _, Neise 5\6'5&‘39.;3\\'@3 ¥ S“E)“"*l 3

When we oversample by a factor of N, the SNR improves by a factor of \/ﬁ Suppose we have a
signal with a maximum frequency of 100 Hz; this means the minimum sampling frequency should be
200Hz. If we sample the signal at 800 Hz, this means that we oversampled by a factor of 4 and

improved the SNR by a factor of \/4 = 2. \jg\k_;\‘é;b‘ whes \;.ﬁ‘\ ScorPles MYCRARCRIE
Improving Resolution ' BR - Nx3S

ADCs output is a digital set of binary bits. ADCs can have either a fixed-width output (You buy them
with only one fixed output width), or configurable width output (they can provide different output widths
that you configure in software). ADCs nominally have 10, 12, 14, 16, 20. 24, 32 bits among other
configurations. High-resolution ADCs are more expensive, slower in converting an analogue sample
to digital representation, yet more accurate and precise. ADCs also vary at their maximum sampling
speeds that range from kSPS (kilo samples per second) to tens or hundreds of MSPS (mega samples
per second). ADCs with GSPS (giga samples per second) also exist but are often used in high-speed
communication systems. The higher the digital resolution and the higher the sampling rate, the more
expensive is the ADC. ADCs could cost from few cents to hundreds of dollars.

Oversampling is a technique that allows the use of lower-resolution ADCs to give a comparable
performance of higher-resolution ADCs. That is, we can sample our data at many times the Nyquist
rate using a 10-bit ADC to give similar performance of a 12-bit ADC.

Formally, the extra number of samples we need to take to increase the resolution by one bit nis:
No. Samples = 22" (M

So, if we have a 16-bit ADC, the number of samples we need to have a resolution similar to that of a
18-bit ADC is 2% = 2* = 16 times the samples. So, if our signal has a maximum frequency of 1000
Hz, the Nyquist Rate is 2000 Hz. We can either use an 18-bit ADC at 2000 Hz, or a 16-bit ADC at
32,000Hz.

As we learnt in class, choosing a sampling rate is not an easy task. It should at least meet the Nyquist
rate for that sampled signal, and the time between the sample and the next should be sufficient to
finish sample processing (e.g., calibrating, ﬂlteripg, control, e{c). Yet, we have just learnt that to reduce
the cost of using a more expensive high-resolution ADC and.mcrease the SNR, we can use a cheaper
lower-resolution ADC but with oversampling. .But ov.ersampllng means taking more samples with less
time in between making our deadline constraints stricter.
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Exercise 1

&"f: In a certain control application, suppose that the plant is connected to an analogue sensor whose

: signal is fed back to a digital controller though an ADC. The sensed signal has a maximum frequency
\_—r"p component of 15 kHz.

(o
Given the following ADC specifications, answer the questions that follow:

Cost Resolution Max. Samples

ADC 1 5% 12-bit 24 kSPS (kHz)

ADC 2 6$ 12-bit 50 kSPS (kHz)

ADC 3 8% 12-bit 1 MSPS (MHz)

ADC 4 109 14-bit 50 kSPS (kHz)

ADC 5 14 % 16-bit 100 kSPS (kHz
' &~ ® Suppose that it is sufficient for the control application purposes to use a resolution of 12-bits,

)3-;?\33 : which one of the ADCs would you use?
" Suppose that our control application requires processing data samples that have a resolution
)5;?\:? no less than 14-bits or lower resolution with equivalent performance. Which one of ADC3,
ADC4, or ADC5 would you choose assuming that the control task time will always finish by the
deadline?

i & * Suppose that the control task takes 0.00001 seconds on the digital controller used in our
)99 system, and that our control application requires processing data samples that has a resolution

no less than 14-bits or lower resolution with equivalent performance. Which one of ADC3,
ADC4, or ADC5 would you choose?

Review of Periodic Signals and Basic Analysis

As we have seen in the previous section, all our decisions fundamentally require us to have some
knowledge of the properties of the signal that we want to sense, more critically we need to know its
bandwidth (BW); that is the maximum frequency component that exists in the signal.

(S35 Sanpling Mo Nyawish e WS Gt (s &

As you have studied in the Signals and Systems course, periodic signals can be constructed from the
summation of sinusoidal waves. For example, a periodic square wave can be constructed by adding
the odd harmonics of a sine wave, the more harmonics we add, the closer we get to a square wave.
Let us draw a sine wave over the range of 0 to 217 with steps of 0.01 and use MATLAB's plot command

to view the signal:

Ts = 0.01;

X = 0:Ts:2*pi;
y =sin (2*pi*x);
plot (x,y)
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Now, let us add the third harmonic, that is a sine wave with three times th
the signal again:

e original frequency and plot
Ts = 8.01;

X = B:Ts:2*pi;

y =sin (2*pi*x) + sin(2*pi*3*x);

plot (x,y)
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Now let us add the fifth, seventh, and ninth harmonics, and plot the signal again:

Ts = 0.01;
X = 0:Tsi2%pi;
y =sin (2*pi*x) + sin(3*2*pi*x)+ sin(5*2*pi*x)+ sin(7*2*pi*x)+ sin(9*2*pi*x);

plot (x,y)

0 : 2 3 4 5 6 7

" = - [\]

) gxsq;Jsmv:ﬁ S“%()ﬁ\JeLS\afsﬂﬂﬁg\;JLiﬁb\Ssﬁ>lD=3
As you can see, the square wave that we got does not look like as the square wave we expect it to
be: this is because we changed the frequencies (harmonics) but not the amplitude of the additional
sine waves. Normally, we can construct different waveforms from sinusoidal waveforms through

changing frequency, amplitude and the phase of the underlying sinusoidal waveforms.
Now let us add the fifth, seventh, and ninth harmonics with varying amplitudes, and plot the signal
again:

Ts = 0.01;

x = 0:Ts:2%pi;
y =sin (2*pi*x) + (1/3)* sin(3*2*pi*x) + (1/5)*sin(5*2*pi*x)+

(1/7)*sin(7*2*pi*x)+ (1/9)*sin(9*2*pi*x);
plot (x,y)
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The more harmonics we add, the closer we get to a square wave:

Ts = 0.01;
X = @:Ts:2*pi;
y =sin (2*pi*x) + (1/3)* sin(3*2*pi*x)+ (1/5)*sin(5*2*pi*x)+
(1/7)*sin(7*2*pi*x)+ (1/9)*sin(9*2*pi*x) + (1/11)*sin (11*2*pi*x)...

+ (1/13)* sin(13*2*pi*x)+ (1/15)*sin(15*2*pi*x)+ (1/17)*sin(17*2*pi*x)+
(1/19)*sin(19*2*pi*x);
plot (x,y)
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Do not concern yourself at this stage how we got the correct amplitudes and frequencies of
the square wave. We simply got them from an equation from a book. You will always be given
any equations if necessary.

The Fourier Transform

In the previous section, we have seen the underlying characteristic that periodic waveforms can be
constructed from the summation of multiple underlying sinusoidal waveforms. This is fundamental to
understand the basics of Fourier transform. But initially, let us review the basic of convolution. You
learnt that in convolution, we flipped one of the signals, then started sliding it onto another signal while
multiplying and summing (or integrating) them together. R \

ying g ( grating) IENE bme Sanal 3¢’_,m\_,c_,.\§ng\\rm_
Quick Visual Review of Convolution > @yals Lasy Ssd el J¥S€ “ tat

_— : A ) X\ o

Suppose we have these two waveforms which differ in their frequency. To plot each of the plots in a
separate window, use the figure command

x = 1:38;

yl = [0, @, @,
1, 1, 1, 1, 1];
y2 = [e, @, 1,
e, 1, 1, @, 0];
figure

plot (x, yl)

e, 9, 1, 1, 1, 1, 1, e, e, a, e, e, 1, 1, i, 1, 1, e, o, e, e, 0,

1) e.! a] 11 11 a: e: 11 1.1 BJ e) 1J 11 e: e} 1J 1J aJ al 1: 1! aj

of |

08
07} \
06
051
04t

03}

02+
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figure
plot (x, y2)

0.9
08
071
06}
05¢
04r
03}
02

01

25 30

Now, let us do a convolution between the two different signals and plot the result:

z = conv (yl, y2);
plot (1:length(z), 2);

Mex fmpitode o
@y, et ) 7
ol
sl
ik
3
2l
il
0O 4l0 5A0 60

Notice that the frequency of y7 is different from y2, and the maximum amplitude in the convolved

signal is 8.
Page 8 of 15

For Internal Use Only af the Depariment of Computer Engineering - University of Jordan



https://digital-camscanner.onelink.me/P3GL/g26ffx3k

Copyright © (2022) Dr. Ashraf Suyyagh — All Rights Reserved

Let us do a convolution between the first signal y7 and itself and plot it on a new figure:

figure
z = conv (yl, yi);
plot (1:length(z), z);

Ve ﬁhﬁ“*déﬁl e 15
C\D\o eratba))

Notice that the frequency of y1 and the convolved signal y7 (obviously) , and the maximum amplitude
in the convolved signal is 15.

Let us do a convolution between the second signal y2 and itself and plot it on a new figure:
figure

z = conv (y2, y2);
plot (1:length(z), z);

Page 9 of 15
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Max Awghitude. e 14

'\»\'\
( \\gb‘sm}\ﬂ\ NIRL —
10
8
6}
4}
2t
0 . _
) L 20 30 40 50 60
:I‘Oll'iceecl::\(/ ‘;Rlee:es?;::lciz ?LS'IZ and the convolved signal y2 (obviously) . and the maximum amplitude
amplitude

ain the maximum _

we obt "
ency With itself

x,v::‘: V":,'z (‘:"(’)an'\‘,‘ ‘|° emphasize from the previous discussion Is that
st the olve the signal with itself, that is we are convolving @ $
| the same frequency, and the resulting signal has a higher amplity
with another signal at a different frequency. This forms the basis of the

The Fourier Transform
ed In time Of space o
the Fourier transform

ula that transforms @ signal sampl!
e a look at the

frequency. In signal processing.
namely, its frequency components. Tak

ous-time domain:

The Fourier transform is a mathematical form
the same signal sampled in temporal or spatial
can reveal important characteristics of @ signal,
definition of the Fourier transform in the continu

, S
g <0 R
(%:n M\pa-_»ﬁ) Pefroé‘\c. e (&) @g‘q X(w) = / x(g)ﬂdt
- L Sina)Cch

milartoa convolution. We are taking a signal
e~ at virtually all frequencies from—co t0 0. Remember that
an be constructed from the summation of sinusoids
So, what happens with the Fourier transform, is that
we are scanning for the underlying sinusoids at all

eans, is thatwe are doing something si

it with sinusoidals
| periodic signals €
s, and amplitudes.
lo oo, it means

What it basically m
x(t) and convolving
x()isa periodic signal, and al
at different frequencies, phase
since we aré integrating from—o00
different frequencies.

at 30, 40, and 80 Hz. The

x(t) Is constructed from the summation of sinusoids
rer transform means that we will convolve this signal with sine waves at all

cy Is 1Hz, and we convolve it with the signal, it will give a certain
al of 2Hz, and 3Hz, and 10 Hz. But when we integrate x(t) with a sine

Suppose our signal

equation of the Fou
frequencies. So, if the frequen
amplitude, same thing for a sign
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You can watch this video for a more visual explanation.
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Fourier Transform i, MATLAB

he Fourier

The fft function j
N MATLAB
transform of datg ® uses a fast Fourier transform algorithm to compute ! mation of

Quare wave that we ier from the sum
: constructed earlier
Waveforms (first three terms)

Ts = 0.01;
X = 0:Ts:2%pj;
=sin (2*pj
y (2 pl*)() + (1/3)* sin(3*2*pi*x)+ (1/5)*Sin(5*2*pi*)(); )
] -~ to the
We ce?n compgte the Fourier transform of the signal and create the vector f that Eonacparts
signal's sampling in frequency space.

z = fft(y);

fs = 1/Ts;

f = (6:length(z)—1)*fs/length(z);

pikes in magnitude

When you plot the magnitude of the signal as a function of frequency, the Sce the output of the

correspond to the signal's frequency components of 1 Hz, 3 Hz and 5 Hz. et Sl
Fft function is not zero-centered, you will see these frequencies shifted.

figure c =
plot(f,abs(z))
xlabel('Frequency (Hz)')
ylabel('Magnitude"')
title('Magnitude')

00 , Magnitude '
250
: 200
Nt Mslbhe «
Caldasp g
Ce,(\‘(ex’eA &)\5{)’\1’ il 100
. : :. "D\')% zﬁfg )\g-
dofh \Bs) S S |
Geqpe(\deg’ _y\i-\_bd % 55 7 50 80 - 100
\ Frequency (Hz)
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er visual;
zero- i i
centered, circular shift on l::ais

: = length(y);
shift = (.n/

. 2:n/2-1)%(f -
yshift = fftshift(z)? e
piot(Fshift,abs(yshift))

X abel('Frequency (Hz)")
ylabel('Magnitude" )

300
250 |
200 |

% 150

=
100

. I
Nyqeest & 5= ,
\o = 50 -5-3-1.0\35 50
' - Frequency (Hz)

Fourier Transform and Noisy Signals ~ J,&\M\-‘\’ S\ PR

In scientific applications, signals are often corrupted with random noise, disguising their frequency
ss out random noise and reveal the frequencies.

components. The Fourier transform can proce

For example, create a new signal, xnoise, by injecting Gaussian noise into the original signal, x.

rng(‘default’)

Ts = 0.01;
x = 0:Ts:2%pi;

y =sin (2*pi*x) + (1/3)* sin(3*2*pi*x)+ (1/5)*sin(5*2*pi*x);

ynoise =y * 0.25*randn(size(y)); % We are adding random Gaussian noise to the

original signal
plot(x, ynoise)
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I _

|

-15 . . L
4 5 6

er is the

rocessing. Pow
mples.

of frequency s@
y. Despite

common metric used in signal p
form, normalized by the number

entered at the zero frequenc
power.

Signal power as a function of frequency is a
squared magnitude of a signal's Fourier trans

m of the noisy signal ¢

Compute and plot the power spectru
I's frequencies due to the spikes in

noise, you can still make out the signa

n = length(x);

fshift = (-n/2:n/2-1)*(fs/n);
ynoise = fft(ynoise);
ynoiseshift = fftshift(ynoise);

power = abs(ynoiseshift) .~2/n;

plot(FshiFt,power)
title('Power")
x1label( "Freguency (Hz) ")

ylabel('Power')
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140
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120 +

100 +

80

Power

60

40

20 +
0 50

-50

Frequency (Hz)

al) domain, wé

e frequency (spati
all subsequent

Determining the Nyquist Rate
and

Now that we have used the Fourier transform analyse th
ncy. This in turns determine

can look for the maximum freque

e signal in th
s the Nyquist rate

analysis.
white Gaussian

nal also has
to MATLAB, or

Exercise 2

t contains a signal synthesized in MATLAB. The sig

d the file signal.mat by double clicking it, or drag and dropping it in
will appear in the wor

The file signal.ma
Import Wizard. The variable ynoisy_signal

Noise. You can loa
through the Home

contains the signal.
acing is 0.0001.

n from [0, 1] and assume the sp
the signal closely.
d determine the Nyquist rate.

« Draw the signal in the time domai
um frequency in this signal an

» You can zoom in the figure to se€
e You are required to find the maxim

You can zoom in the figure to s€€ the signal closely

Hz. Therefore,

quency components, one at 400 Hz, another at 950

| has two fre
9 kHz.

Answer: The signa
d not be 1ess than 1.

Nyquist's rate shoul
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Introduction to System Modelling

» InChapter 1 we discussed the analysis of temporal and functional requirements among others than are required in control

systems design. We have also seen basic schematics and block diagram of a sample Azimuth angle system.
“(» Nextstepis to develop the mathematical model in order to analyze the systems:
1. Transfer Function in Frequency Domain (This course)
2 State Space Equations in the Time Domain (Another Advance Course)
N 2 IModelli?g requires applying the fundamental physical laws of science and engineering: Ohn's law, Kirchhoff's laws, Newton's
aws, efc.
» Many of these governing equations have derivatives, integrals, and many are described in differential equations
l > \é\;a c;n::aern ourselves in this course with linear systems, many systems can be trealed as linear if their inputs remain within a
nge.

| » Yel,in general most of nature is not always linear, We deal with a ' i i
\ ' : pproximations to simplify the design. Non-linear
‘ handled in advanced conlrol systems. 8 systems are
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Quick Review of Linear Systems (1)

s are linear within some range of the
I¢-Vg Chmnm

fa FET transistor:
0-0.4 Volls
JE6

» Agreat majority of physical , system
vaniables. For example, the operation 0

« Linear operation (amplification) if Vg between
= Non-Linear beyond Vg = 0.4 Volts > Goes towards saturation
1E-8

» Ingeneral, many systems ultimately become nonlinear as the variables are
increased without limit (e.g. spring response) < 164
B2 IE10
1E-11
» The linearity of many mechanical and electrical elements can be assumed over 1E12
areasonably large range of the variables. This is not usually the case for 1E-12

thermal and fiuid elements, which are more frequently nonlinear in character il SOV
0 02 g
Vg

A linear system saﬁsﬁ the propel;ﬁps of supe_rﬁé&iﬁoﬁ and ﬁdmoggngity.

Quick Review of Linear Systems (ll)

This Principle of Superposition
neral, a necessary conditlon for a linear system can be determined in terms of an excitation x(t) and a responsé yit-

In ge
» When the system al rest Is subjected lo an excltation x(f), it provides a response y, ()
» Furthermore, when the system Is subjected lo an excitation xy(f), it provides a corre‘spénding response (0.

» For alinear system, it Is necessary that the excitation X,(t)+ x;(¢) result in a response y,(t)+ (0

Example: y = 5%

Example: y = 5x
X, =3 Y,=21004277

’fx| 3= Y' =16
GX =4 Y, =20 *X,=4=> Y,=272.9908
@Xy=7 > Yy =5483.165792

'IX,=7—) Y3=35

\
‘ 15 + 20 = 36 and I therefore linear

100.4277 + 272.9908 # 5483.165792 and Is therefore non-iné?
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Quick Review of Linear Systems (IIl)

This Property of Homogeneity

The magnitude scale factor must be preserved in a linear system.

Example: y = 5X Example: y =5x +4
$X,=3> Y, =19
$X,=4>Y,=24
$X3=7> Y;=39

#X=3>Y,=15
':'X2=49 Y2=20
$X,=T> Y,=35

15+ 20 = 35 and is therefore homogenous 19 + 24 # 39 and is therefore non-homogenous —> non-linear System

Quick Review of Linear Systems (1V)

y(t) = x*(t) (non-linear, does not satisfy the superposition property)
y(t)= mx(f) # b is not linear, because it does not satisfy the homogeneity
property
+p(x)y=r{x) is afirst order LINEAR differential equation Jo
Ypiy= if r(x) = 0, for all values of x, then homogenous, else non- Mass 1
homogeneous M N

y”+ p(x)y’+ q(x)y = r(x) is a second order LINEAR differential equation
if r(x) = 0, for all values of x, then homogenous,

&l
w=m
UMY

else non-homogeneous

8
2
Noalincar .E‘
spring &

What if the system is non-linear? Then we must apply techniques for linear
approximation before analyzing the system Is linear.

Approximations are as accurate as the underlying assumptions = Model
ErMmors

.

Eguilidriva
wpnTsting poinal

> M)

L TATR L

(L]
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Variant and invariant Systems

Quick Review of Time

Any system has inputs and outputs.
g input arrives. Thatis; regardless of when the input comes

ot 18
V=R (Time-invariant L ) NG
V() = ()R (Also time invariant) 1

Atime variant system is a system in which the output changes if the same input arrives at different times.|Thatis; if the input x = 5 arrives at t=0, it will producs
diffierent result if x = 5 amives delayed by 10 seconds.

Atime invariant system s a system in which the output does not depend on the time atwhich th
now or delayed; the output to this input remains always the same result.

We can spot atime invariant system if the equation has no dependance on time as A SEPARATE variable.

We can spot an time variant system if the equation has dependance on time as A SEPARATE variable. Ar
PSR | PN IR XY Sas’fcm
Y=tX (Time-vanant)

y(t) = k(o (Tlme~variant) . QU*PU\-_X\ (»'3.5 W LT)%%&\_}

V(t) =1(t) R(t) where R(Y) changes due to component temperature over time (Time-variant)

%k— In the Signals and Systems Course, and in this Control course, we assume we are working with only Linear Time-Invariant Systems (LTI)

by 9 s Conlomint
(5.7 Tme Domoy eqeaidss lap\als

Simple Dynamics of Electrical Components

Impedance Admittance
= Voluagecurrent __ Currentvolzge _ Voltagecharge 2 = Vi/I)  Y(5) = I&)/VY
—‘{ (—‘ W)= _l_‘/’l (o) i(t)= Cdv_(’) Wi) = l 1) 1
A “Ch aiad dt - C‘I( Cs Cs
Capacitor
AN~ - iy ” |
W) = Ri(r) i(r) = —=v(r) W) = g4 1_
Resistor R dt R R G
Is di(r) 1 3
O_O-O(j — W)= L-%’— i(r) = %/ wWe)de W)= Ld qSt) L _!_
Inductor 0 dre =

Note: The following set of symbols and units is used throughout thix book: v() = V (volts), i() = A (arps), q(0) = Q (coulombs), € = F (farash

K = 0 (ohms), G = (2 (mhos), L = H (henries).
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Simple Dynamics of Mechanical Components (1)

Impedence
Component Force-velocity Force-displacement Zy(s) = F(s)/X(s)
Spring
—'——- x(1) r
E"OW 10 f=K /o v(r)dx f{0) = Kx(r) K
K
Viscous d.'{mper
T x(0) ax(t)
%ﬂL’ s sl == ks
£,
Mass
-—1—; x(1) 3 ()
TR =n2Y _ o, dx(t)
M- fln) fO=M— f=M— Ms?

Simple Dynamics of Mechanical Components (In)

Torque-angular Torque-angular Impedence
Component velocity displacement Zy(s) =T(s)/0(s)
T(r) 6(1)
Spring
T(f) = K [yw(s)ds T(r) = Ké(r) K
K

Viscous T 0(n)

g:ag [ ‘{ ‘ T(r) = Da(r) T(1) = DEZ(T') Ds
D

T) 6(n)

Inertia \ do(t) 2 '
{D@é T(l):.l% T() =J%)- Jst
J

Note: The following set of symbols and units is used throughout this baok: T(t) = N-m (newton-meters),
0(t) = rad (radians), () - rud/s (radians/second), K = N-m/rad (newton-meter/radian), D — N-m-shud (newton-
meters-seconds/radian), J = kg-m?(kilogrums-metens? = newton-meters-scconds®/radiun).
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Mechanical Example of System Modelling

\
Automobile Suspension System

Avery simplified ver;ion of the suspension system is shown. Assuming that the motion (displacement) x, at point P is the input to thg
system and the vertical motion x, of the body is the output, then, the equation of motion for the system is:

m¥, + b, — %) + k(xo — x) =0

mX, + bx, + kx, = bx; + kx;

®

Electrical Example of System Modelling

‘ Simple RLC Circuit

’ One may describe the electrical RLC circuit shown in the figure by utilizing Kirchhoff's current law. We will obtain the following
| integrodifferential equation:
v(r) s du(t)
R dr

ru) +

source

o 1 | 1 | 1
IO B T RG T RG ViINERCT, Vi = RiR,C\C; "o

+ = [ v(t) dt = r(t) Current R L C!
L/, j*

'

|
5
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Modelling Complexity

Real systems have many electrical, mechanical, hydraulic and pneumatic components. Putting them all together and writing their

e giomain then trying to solve the system (e.g., finding the relationship between the output and the input) in the
time domain can be difficult.

(7

Lz

|__Ex.1: Shuttie Control | | Ex.2: Hybrid Car Control |

Complex Dynamics of Control Systems

> Most systems even when constructed from simple
components will quickly turn to be more complex

to analyze in the time domain, as many of the
. Transform
pasu: components are governed by Hard Problem > Easy Problem
integrodifferential equations.
» Need a much-simplified solution to transfer the
hard problem into simpler one Easy solution
rocess
» Lapjace transform to the rescue ' ‘L 8
v
S8 Az Solution to hard % Solution to easy
gr-, % problem Inverse problem
eufier 3\ Transform
4'(::4\59::,(0'\ .
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Laplace Transform

The Laplace transform mathematically resembles Fourier transform:

YYYYVYVYY

L 016) = fom Fe=tds,

Bul here, s is a complex number, sosis a + w 5y <
Fourler Transform Is a special case of Laplace, when @'= 0, that is there are no underlying exponentials in the signal.
Laplace Is a more generic transform
Laplace's Transform beauty lies In Its ability
Algebra is much easier to solve

Notice that Laplace is a continuous time-domain trans
In discrete time systems, where we have samples fed into

{o transform functions, even integral, differential into simple ALGEBRAIC notation,

cmation into the spatial (frequency domain) (Analogue Systems)

fo
we have the equivalent z-transform

digital controllers,
o0

X(2) = }: z[n]z™"

n=0

@ transformations.

MATLAB has functions for Fourier, Lapalce, and z-transforms and their invers

Laplace Transform Table

A T LIS E i o =/ (s,_a)z.
[ 2| e° j I 12 | e cosh bt 50 |
[ TR S PR S S (s —ay -b?

3 ¢ Sl /13| tcosat | st—a? ’
A s R e
[ 4 | sinat | [ 14 | tsinat | 2as
TS (SN M. 1 [ 2 4 a2)? |

S T s T B X 1 b
147 A Al o ‘ sF(s)—£(0)
I S e I e i)

7 R ek e R R gy TR T i s e 0
b et fo s2=a? i | f[(u)du } $F6)
| 8 1 PLUY J Y Il". i 1‘ | (1] ]

1 | —_ 8 | t"f(t) d" |
: } ) N s—a n+l | _ (—1)"—-’;[F(S)]

9 | e"cosbt __( s*)a |19 ! W"?f'; 1S 1 e
e e e [T
J 10 e sin bt b ] 20 | : tm ' JI ) ;' ”a)' -

| L {
| (3-‘!)2_'_1,; | ! e [(t) [ ( y |
8(1) :
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Laplace Transform Table Example
3<PROBLEM: Find the Laplace transform of f(1) = te=¥, ANSWER: From the Laplace Table, we can find this
E i relationship: <A
rom the Laplace Table, we can find this relationship: . & YaoR TSFE=F0)
e = =\ 5 Quer Mt A R e £ 8
it I . Pl TRERY J0) | () -3/ - /') L
(s— )"t . | \ ;
e R | ' L
So, inourcase,a=-5andn=1, substituting In the et " ::1
Laplace transform, we get: R e ST
o = 2
ol bl LR So, for the 2" derivative we get: :
122 s2F(s) —=s(1) — (1) = s?F(s) —s + 1 El
RPROBLEM: For the following differential equation, find the for the 1 derivative we get:
LaPlacetrans 4 -
x  dx (sF(s) — 1)
yr) +4 F +5x=1 For the 39 term, L(5x);ere n=1,so0 £
s
If the initial conditions are x(0) = 1, and x(0) = -1 And the right-hand termis 1, so L(1) =§ L
b Yeo Nodilaichead e RO b
& 5 : . - s°F(s) —s+ 1+ 4sF(s) 4—:2--; 2
) \JE)*\“ o \als\ths e\ \a & Then simplify E
|2
D
bore \ L
> > <=\e9p — ALS Sgs\zam_\k o Pk 655&:95% L
\ o el npat Mhessdhasisth g
* RO . L
The Transfer Function " PSRN e
A control system has an input signal r(t) which is going to provide an output F
(a control signal) c(t) as you can see in the simple open-loop control system |
(Figure a).
Input Syscem Output
When a system is complex, and it has many electrical or mechanical ) <o)
components, we divide it into subsystems. But still, we have an input signal (@
r(f) which is going to provide an output (a control signal) c(t) as you can see
in the simple open-loop control system (Figure b).
Tnput Output
Subsystem [—»| Subsystem Subsystem [——
For example, in the adjacent RLC circuit, the current / (i.e., r(t)) controls the o o«
output voltage v(f) (i.e., c(t)) (h
The refationship between the output and the input is governed by the ~ :
equations of the system. X
r{) +
We are interested to know the relationship of the output to the input; that is: Current G‘ R L C < uin
G(t) =%which we call the transfer function. source B
; ’ d ]
Butin the time domain (complex) "—gl + C—:’,(,L) * { /" o(r) dt = r(1)
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The Transfer Function

Function as:
This is why we use the Laplace transform and express the Transfer

1. Use Algebrainstead of integrodifferential equations . ilable to us in

2. Spatial domain provides means to analyze the system in ways :—an::inl s,
the time-domain. Exposes and allows using tools to determiné e
steady-state, stability.

. wite m
Assuming no initial conditions, and using Laplace Tables, we can rewrite the syste
equations as:

v(s) ¥e)
& FsCV(s) +=>=R(s)

V(s) (% +sC+ &) = R(s)

V(s) 1
G(s) = ===
’ R(s) (%'FSC + 's%.')
Gls) = V(s) o SRL

" R(s) S?RLC+sL+R

'(f) 4
Current C
source - Y

v(t) dl)(l‘) 17

Tt Z/D”(’)"'=r

Transfer Functions are valid when the sysle
LINEAR; that s, the governing aquatlons{
linear.
If not, we need to apply linearization |, no
linear components first; then retrigve (he b
function.

—

foodond) Olecedlenp System \andis M Duchems M\l ¥

The Transfer Function of Complex Systems

Most control systems are far more complex. sc:::“k
1. Divide them into subsystems m::?
2 Retrieve the transfer function for each subsystems individually

3 Simplify using block diagram reduction techniques or by maths

Layout

Devired
azimuth ungle
Input

Dilferential amplificr
and power umpliticr

Potentiometer

(i e (258 5 840400) Tive. Domasn

M
AR S demed 3\ ¥

P : Go i Bleke )\
( \aphce\%é&@a-\%m\ﬂ Yeocher Looction

A5 8nalNes RS N S Qo Modgdaatio O
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Transfer Function of Systems with Negative Feedback

~ Theinput to this system is the signal x(s) PCHCRI WY ';3\4' o« Qogwal oak
K Since this is a negative feedback system, the actual controlling NS € Qo s D.‘S‘ Plant and
signalis the difference (error) between the inpu signal and the G (%) conrolier
‘,\1 feedback signal (say previous reading) which is G(s) H(s) O da¢ 4 R(s) + E(s) Gty — C(s)
\‘\ » Therefore, the difference (error) signal is R(s) - C(s)H(s) J i lnpui(' i
*  The new output signal C(s) is the result of applying the control ©
| (system) G(s) to the difference (error) signal G(s)(R(s) - C(s)H(s)) S.:«{;:i\“ H(s)
So: Feedback
9 C(s) = G(s)(R(s) — C(s)H(s))
:1 C(s) =G(HR(s) - G(s)C(s)H(s)
C(s) + G(S)C(S)H(s) = ¢
| (IH() (IR(S) A positive feedback system will have the same
Y CEA+GCOHE) =6 ()R(s) . transfer function, except that the sign will be
! ©. o Hlecks )\ A 8 R HEY negative in the denominator
9 RE) T 1HGOHG) > Se\ad g ‘Sleak hois
. 'Ma\}n\\
actind Mg degnced N Cy GNsA Gy Meaehive feedioadt Sushem y
2l (o I aeuracsy Mas s doindas B3 & i\ ¥ outpest
Examples
Example 1) Determine the overall transfer function for the adjacent control system which
has a negative feedback loop with a transfer function of a gain equal 4 and a forward path Input Output
transfer function of 2/(s + 2). L Ca \ v 2
PP (e KX $ R o
The overall transfer function of the system is: > &,\95\ = )
2 k,g.»kﬁ\ 4
ot F 5 ety
MM TY) (Snng %\%mk AL SNERETREER
, \ by
Example 2) Determine the overall transfer function for the adjacent control system which M‘? N =
has a positive feedback loop with a transfer function of a gain equal 4 and a forward path Input
transfer function of 2/(s + 2). k 3‘5 V 2 :
O X(s) X Y(s)
The overall transfer function of the system Is: P Q g’\\é +
2_ V 4
42 2 A\
Goventi () = Cax 2 3-8 v’}@\? L\,oo\
5+2 Qee
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A U ALY 1/ L K

' \W._nm. QAM%MM_Q@@MA__

(‘,(qe,mal s LaoLm,, e n@.lmx i z-mcfumx K
——@\.&%&l&_g@_ LI - - ;
-l ( Ha"!/\m{\\c_ e G:bmé\tx Cm(‘&&h\ \ (\I\SL\ Q.r:. th?:\cc.l D\Q.\‘\'c-l

Olasal L Ouglak :

| ~
Y8) Codpdy) = ECS) G (S \ 3 S\aée2\;
b =0l _ar .-\;mgimceil \_‘.,juq\'em :

=L A sl S W
Ly Xay L{_q\(_urqx\,‘ L—’M 5>

\y feedback \ap \ch&o&oaséh

yeay ( W) ) & e g\é\g\.ﬁ}, MCs g}nmni
cd g all S Qe :&»ﬁk\ P\L\‘ ¢ (v%&%b&emwn\\st\\lqei

% V—(x-\/\nﬁbsv NG = YUG =S Ya /WG = XG
— yQ+ha) sy@a -= Y. &

| X \Owe o
LN T

sl NN (e <

- e an A @& a d O A a o o~
SR SR

Dbl Vo Medlab Moy s iay
- Rleds & gl it dalng Command lineg
m’m:ljvjs#m I CT K-V m@@_m«um\s _Sec_conte) A
' - Pythan A
08 806 i a0, Pyhon ) e Conmmnads 1 s o

*mﬁsr *Pund' J\\.N;&s Qu\,’s}. %mulm\t.lb L&L\.\.L_\\.\,\Sﬁm @\lq
DRSS PP 1.5 SECL I - Vi e R N, ST __.ﬂ,.ﬁ,-.__ﬁ.‘db._.\g

I [ ! [ ' | ! | I | | 1 | |

Five Apple

l“
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// ;.mm& e fenllonek 1\, \
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Transfer Function simplification using Block Manipulation

imes more tha
« Control systems may have many elements and sometim

SIS0 system.
Asingle input-single output system Is 'oﬂelr\\/| Itgr(r)n:;l;em.
A multiple input-single output system |s|a S yelem
Amultiple input-multiple output system I

functions) betvyeen
d on the clrcuit/sys

e s Ao

ionships (transfer
We need to find relationships (
will affect any given system output base
ctions
\We need to simplify the control system block diagram to find these transfer fun
e

reorganise the bloc

el S gve the same overall transfer function for the system:

order to produce simplification and still give

1. Merging Block in Series and Parallel Forms (Cascade Form)

2. Moving take-off points (distribution points)

3. Moving a summing point
| 4 Eliminating Feedback loops

n one Input. %“‘sti&ws}\éB)(

each input and each output. That is; how each inpyt
tem design and controller(computer) decisions,

ks in a block diagram of a control system in

\Y\PU"' u Cbu'\'po\‘ A\ EL':;,\}S»-SB'\'(’&I\%‘QEK Londk W e SN %
odpay s i \nput baals oa Yencher Lad ) « MISo A &

" b oupd s ol gt S5asss o reader foodlh e MIMaMs %
. Q trnsfer pnme,{'nnsi'_h.mi\'bg %od\'@é&s 3,:5“\!%&\,(3 §-’~.’SS\

| ¥l % ; : 6*3:)\&%”;\ » .
' Block Manipulation: Transfer Function of Systems in Series
| w3 bleck padves e gl ol 2 blocks in Sers Cogiiledd

Consider a system of two subsystems in series. - ALy \%e»ms X(s) Y,(s) I

The first subsystem G,(s) has an input of X(s) and an output of Y,(s); thus, G,(s) = ;‘(—(55)) Gy(s) Gols) [~
The second subsystem has an input of Y;(s) and an output of Y,(s) thus, G,(s) = Y,(s)/Y(s)

We thus have:

Ya(s) = Gys)Yy(s) = G{s)G(s)X(s) The overall transfer function|

) . syst L

The overall transfer function Gfs) of the system is Y(s)/X(s) and so: i¥1 s:?e:t;? msnecriozfueclte ::;eu

_ transfer functions of the

Coverai($) = Gy(5)Gyfs) individual series elements

-\'g(.l)a Xiis)= )=
Rl an LUk Gi(t-r;a.um S‘..)\-msmu:
Ga(n) Gy(x) - l

Determine the overall transfer function for a system which

consists of two elements in series, one having a transfer A

function of 1/(s + 1) and the other 1/(s + 2). R | i
i GGG (1) AN
N TP TR [ -
Cowa)= 37X 537 = 71N 42) "
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—_—

.W\gwﬁ( @.\\\A\m\

ansfer Function of Systems in Parallel

Block Manipulat?B%\?Tr

— 6y | = Ri)Gy ) = £ G(5) £ G(5) £ Gi(s)

Ry

The overall transfer function for a
0 ! system composed of elements
D= 2 Gi(s) £ Gyt + Gals)Ik(s) in syerles is thepmn_ of the transfer

.\-2(.\) = R(S)Gz(s) i:t

functions of the individual series
T Xa(8) = R(5)G,(s) elements,
(@) kg &M\‘Q\\‘h\\w b\\_:m N\_\\ggksﬁa *
°>-7‘3\0\oe1_( Jpald > dUSiod ¢ gy
R %b’%\mw'\_&\\\& as) \snmk;hb,\n\
TG 2 Gas) ¢ GS(T)|_\C("L N
@®) \
RS o o v e e ST Ny T

Qb

Block Manipulatiori’?séhanging Feedback Loops

We follow the rule for the feedback loop transfer function, but we need t

0 make sure that we do not have an distribution points
in the middle of our forward or feedback paths.

Controller Plant
)
] - B2 Gxs) |-+ Gy Qu
lapa 3§ Actuaung Output
wignal
(ervor)
Hys) = Hin

)
Ot

R(y) o G(y) (‘“
[npu( | £ Gua)HD L\Il(‘ul
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A A Sistem
TTEE U Be bl ey Siedae &
. Movi Points
Block Manipulation: Mo\\:;:lg Take-off
AR o g Wb -off points. The followi
A ns of si:nmg %‘:k diagrams, it is often necessary to move take off p ing figureg
samea ) :
demonstrate the basic rules for such movements:
Ri)GLs)
Rule 1: Moving a take-off point to beyond a block N r@—_~
X R(s) R(s)
X ¢ —» GX —»‘ G A .
S—) |, GX*16=X x9
Equivalent to 16 T T
Qo dh dlaryy Xés\):.»d:&\a»sné
Rule 2: Moving a take-off point to ahead of a block (distributive) ) v
R(s) R(5)G(s)

—] o G G(s) — _
R($)G(s)
; .—I:: | | = kL A R(J)O(;)
Equivalent to

%G s el S balelly
N dastdi-Shides Mda « o
NOSTAIN

Block Manipulationﬁsﬁloving a Summing Point

As a means of simplifying block diagrams, it is often necessary to move summation point i
) s. Th
the basic rules for such movements: P The fokowi Soures deenndin

¢ Bocks s\maﬁ\hsa‘eﬁ:&h&s_\s\gkg@)&%@\w RGA{ WAL 0

Rule 1: Rearrangement of summing points Rule 2: Int i
-Inferchange of summing poinfs
Xi=0G#Xs) = Xy = Xp- X3 —s q‘\"‘\b\é J i

+ . 3 :
X X M e\ X * > X * . \
= Equialentto - iy e - ,% % Equivalent % % |
2 to 3 |
X4+ X3 ) X3 x‘ ~ q E 4 |
* 2 x! X) & {

Rule 3: Moving a summing point ahead

of a block Rule 4 Moving q summing point beyond

XY G(X£Y)= GXGY GX ax a block o

X : X . GX+Y G

G G GX+GY *E’-v@_, x :
Equivalent to fl
X G | - Y : Equivalent to " 1 GX
—.
oy VG

S |
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. RGk . a
3lock Manipulation: Changing feedback and forward paths

G N asuad (?)\l isa“‘ »\QM._\,@ Q'?ormx&?-ﬂs\)ﬁ J

ule 1: Removing a block from a feedback path

Equivalent to

—p —G

, ) — () Sl &
o Ssfadl 0 Serves @dss\gh S Poth

Eu\ggt E\\m‘\(\o}ﬁ(\s ‘ceacg‘bcﬂ)!l \c:c? -

* 'FOUJQJ
G _’foﬂixe\ E*
| W lh

RWGa D Cs =iy )
Rule 2; Removmg a block from a forward path

GX-GX = X(G,_G,) G,X - GX = X(G, _G))

II"
GX |,
Jou Dlack el (ke Path I
U‘\'V‘fg Sain okl \Lsowd foedback sl Sorard S 1
SN\ smm L ¥ it sdsll bloak. A
Al Wecke M2 sl bleake S
\ike Side 2\ +2+26

- L Dyte Dlock UsafeSydenl S{L si e 3j2bya Thoped N ySencsiclaltled

kxample 1 on Control System Block Simplification

Simplify the following control circuit using the block manipulation rules:
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(. m gD
Example 1 on Control System Block simplificati

. . . on rules:
Simplify the following control circuit using the block manipulati

Example 1 on Control System Block Simplification

Simplify the following control circuit using the block manipulati . )
plify g g the block manipulation rules: O\,»z,s_
\b’r"\
ﬁ '05' :%A

1
G, H )

CamScanner


https://digital-camscanner.onelink.me/P3GL/g26ffx3k

Example 1 on Control System Block Simplification

Simplify the following control circuit using the block manipulation rules:

X+ Y Y
G, H G, 144G,

Gnverall = G_IGZ

Example 1 on Control System Block Simplification

Simplify the following control circuit using the block manipulation rules:

¢

X+ Y
GG, 1+1/G2

T — )

A

Goverall(s) = GI GZ

Eliminating a feedback loop X, + X,
G 2
+ i I

[=

1F GH

CamScanner


https://digital-camscanner.onelink.me/P3GL/g26ffx3k

/

Example 1 on Control System Block Simplification

Simplify the following control circuit using the block manipulation rules: ’
Eliminating a fcedback loop X,

. Y
Xy —r 1+1IGz\/—>

1e G.leGs

,\

Example 1 on Control System Block Simplification

Simplify the following control circuit using the block manipulation rules:

Govcrall = G:G!

G

Eliminating a feedback loop

-

CamScanner


https://digital-camscanner.onelink.me/P3GL/g26ffx3k

Example 1 on Control Block Simplification

simplify the following control circuit using the block manipulation rules:

Eliminating a lecdbnck loop  x, + . el
4
*

v 4

20od g Viongy A
X Gy(G2+1)

Y

l 1 +C‘;‘6263+G|(62+1)

>

L -Q,njlo(\siﬁ 'QQ\?S' G"\;G‘l'-l 6‘3
. \ime Deoman s Qs dalionwtig

Example 2 on Control System Block Simplification

Simplify the following control circuit using the block manipulation rules:

s )
f R ~| G & e

( o~ !.3
i aen
S
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Example 2 on Control Block Simplification

Simplify the following control circuit using the block manipulation rules:

R( — | -

Example 2 on Control Block Simplification

Simplify the following control circuit using the block manipulation rules:

O o X(s) ? ® Cls)

d) |

(\

. !
RS g g
ey
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Example 2 on Control Block Simplification

simplify the following control circuit using the block manipulation rules:

R(s)

G,

+

B

| G Qs)

Example 2 on Control Block Simplification

Simplify the following control circuit using the block manipulation rules:

R(s)

G,

AEBY

C(s)
-

* \/= XG\\'\—K
—=VY: XK (&)
sk . (& +\)

X
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Example 2 on Control Block simplification

. H H r
Simplify the following control circuit using the block manipulation

R(s)"

ules:

' C(s)
e

|

26 i@ k-@-—c@
]

Couf i,
(foeclbadd\adNSn)

.  __

Example 2 on Control Block Simplification

Simplify the following control circuit using the block manipulation rules:

R(s)

GG+ G+ |

C(s)

|
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example 3 on Control Block Simplification

simplify the block diagram shown in the Figure. Then obtain the closed-loop transfer function C(s)/R(s)

—{ ]~ — eyl Glipy

2 @ (e @ (@[ [ > W e
L |

030 Maded L T ey tsog I Sastldde i\, s

Example 3 on Control Block Simplification

Simplify th i i i
fy the block diagram shown in the Figure. Then obtain the closed-loop transfer function C(s)R(s).

R(s)
—
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e SR

Example 3 on Control Block Simplification

Simplify the block diagram shown in the Figure. Then obtain the closed-loop transfer function C(s)/R(s).

R L
Aoy ditet 8 \n Seties \Md it e 'l'

Calidlas ¢ eapnle ssubleck ) L=
Mesadive fasdbaek B \fhois vt (.%_‘ - s

(1} —

2

Example 3 on Control Block Simplification

Simplify the block diagram shown in the Figure. Then obtain the closed-loop transfer function C(s)/R(s).

Hy

l - ‘

R(s)
%. - -»@* G (*T)—: G G —_
X .
it

CamScanner
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Example 3 on Control Block Simplification

Smpify the block g; -
diagram shown in the Figure. Then obtain the closed-loop transfer function C(s)/R(s).
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Example 3 on Control Block Simplification

Simplity the block diagram shown in the Figure. Then obtain the closed-loop transfer function C(S)/R(s)
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79Ky e bock. diagram shown in the Figure. Then obtain the closed-loop transfer function C(s)R(S}
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Using EQUat!onS ® d C(s)/g(%) of the system shown in the Flgu\ré\e NN
Mathematically obtain fransfer functions C(s)/R(s) and Q§) .
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Example 4 on Control Block Simplification
Using Equations
Mathematically obtain transfer functions C(s)/R(s) and C(s)/D(s) of the system shown in the Figure:

Substitute Uy into C;.

C(s) = G,D(s) + G,G,(G,R(s) + G.E(s)]
Substitute E, into the above equation; il

C(s) = G,D(s) + G,G,{G,R(s) + G[R(s) - HC(s)])

Bolve for C, :

C(n) + GGG HC(s) m G,D(s) + GIG’(G’ + U,)R(.l)

Rearmange: c_)u\pd\ _)\@;m \\3\,,,5\1&\) &
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g Equations Ris) oma Sna D(S)
Usmgﬁca"y obtain the transfer functions C(s)/R(s) and C(s)/D(s) of the system shown in the Figure:
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Example § on Control Block Simplification
Using Equations
Figure 2-24 shows a system with two Inputs and two outputs. Derive Ci(s)Ry(s), C

We now have these two relationships:

G

We can derive the transfer functions of Cy(8)Ry(s)

setting R, t0 0, so

1(s)/ RZ(S), Cz(s)l R, (s), ang ¢ (R
DIy

R 7
G\R, = GG,GiRs _=GiG,G\R, + G.R, ) ) n
=666, T 1= 6,66,

and C,(s)/R,(s) by

a®__ G q,)
R(s) 1-G,GGyGy
Ci(s) & G\(7hG,

R(s) 1-G\GG,G,

Rz \p®.~>

Similarly, we can derive the transfer functions of Cy(s)/Ry(s) and C,(s)/Ry(s) by

setting R,to 0, so

G(s) = —_ GGG,
Ry(s) 1- G,G,G,G,
Ci(s) G,

o Ui
R{s) 1-G,GG,G,

- CHafoyg oron y £ sy \oama \ s
Example 5 on Control Block Simplificatio

Using Equations Assaiiinnts

Figure 2-24 shows 3 system with two inputs and two outputs. Derive C

n>

b
1(S)/Ry(s), C(5)/Ryfs), Cafs)Ry(S): and GO

-
B
B
R:—_"" @/

In control systems, we

prefer fo present the g
The equations can be

‘ ystem in matrix/vector notations.
combined in this form:

R,
~ GGG,

1 = G\GGG, [ g,
e O Ry

1 -GGG,

G,
1- G| G;G)G.

Cl -
C; ___ GGG,

1 -GGG,
Then the transfer functions C1(s)IR1(s), C1 (s)/R(s),
C2(s)/R1(g) and C2(s)/R2(s

) ¢an be obtaine ag follows:

Cils)

G,
-
K(s)

p—t Ci(s)
= GGG,

Ky(s)
G | g,
Ks) 1 = ll.(l.(i.(i.

GGG,
—_—tDh
| = G,G,G\q,

Cils) -

GG,
Hi(s)

| = GGG
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- segmn Quations - Alternative Solution

IR, = .
0. the block diagram actually can be simplified to:
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Example 5 on Control Block Simplification

Using Equations — Alternative Solution
When setting R, = 0, the block diagram actually can be simplified to:

" @7 @ -G
o]

Rz
< G
() —(X) -G G _ -GGG —/
D R ISGGGG, G

L2
R g —
l' —-_._cI
w X G c
—-._ Pt 2 —.—G"
S Ry,  1-G,G1G,G,
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Example 6 on Control Block Simplification
Antenna Azimuth Control System

Input Power Motor, load,
enliomeler Preamplificr amplifier mnd gears
Pt Layout
L) 1 + e P (B o2 | 60

T 54100 2+ 1.71)

L

=

Outpur
potentiametcr
(o)
Preamplifier Power Muosar, load,
and poteatiomcwrs  amplifier and gears
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partial FT
found transfer functions that relate the control system Layout
Now that “;'::pvﬁh this transfer function can be analyzed to find the
w%‘ﬁkm parameters that we have discussed in Chapter 1: settling
N
‘;me overshool, stabilty, ete.
fut st we need to mathematically transform the finy' =~ """ D
il fractions form, from which it is even ei— +
:;: E:place ransform to get back to the time-dor® s+ 4) (s+8)
matematically easy to do so, we shall do it in MATLAB in self- Iearmng o
material <3}
NEREAEHUS
£or examole: thy function Y(s) below can be rewritten as: Q_-L,\ 25 93\%}
32 _ 1 2 1
—_— B + \" \3 3= 4,5) 663K 8,45)
i) = s(:+4)(s+ 8) s (s+4) (s+8) \:‘? 2 5 ) S+ 101712+ 17154 663 K
a_si Was %Q&b @

Partial Fractions Form is o oyuSh 1o gy (,Lull L g pSe - oé:\'-"

(A _sstya S\l

M\»n\a‘l\\n\\ " 5\_;\_5_;'5 O

. %‘56\’}“

Math Review: Partial Fractions Example 1 (Optional)

"
Doteming o L L -
¢ partial fractions of- (s+1)s+2)
Tre na _— . | B
Pl fractions are of the form;
T+1 1342 44 _AG++BG+D

f&' o
W pantal raction expression to equal the original fraction, we must have: 7% l)(: D GG+

B gy,
SUEY. s 4deAG+2)4+BG+1)

"4 Valygs of r constants to be
ety 2 Wil enable some of the terms involving constants to become zér0 and 5o enable other ¢

‘(:_? ;
Jdb:gﬁﬂ CDed=A-242) 4 B(=2+1)
“‘

A‘h
Mp, ;’" (‘“'hd(-l +2)+B(=1+1)

""Mu 14
| mxﬂ!)“ﬁT“n?
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Math Review: Partial Fractions Example 2 (Optional)

Determine the partial fractions of: (3—’;%;

4 B C
¢+ P27 T

"1 DY, Nppy S
Then, for the partial fraction expression to equal the original fraction, we must have: (s+2)  (s+2) " (s+2)? (s+2p

The partial fractions are of the form:

and consequently: 3s+ 1= A(s+2) 4+ B(s +2)+C =A@ +2s+1)+B(s+2)+C
\We start equating the same power terms on each side to determine A, B, and C

Equating s? terms gives 0 =A. Equating s terms gives 3 = 2A + B and so B = 3. Equating the numeric terms gives 1=A+ 28 +¢
and 0 C =5, Thus:

3541 3 _S5
(:’+z)! “+2)r T (s+2p

Math Review: Partial Fractions Example 3 (Optional)

Determine the partial fractions of: (2+s+1)(s+2)
As+B + (&

—

The partial fractions are of the form: et T T 743

. . ) C
Then, for the partial fraction expression to equal the original fraction, we must have: (Tz';ﬁ%‘m—z) = ;éﬁ% +343

andoonssquently. 25+ 1= (As+ B)(s+2)+ C(S+5+ 1)
We stan equating the same power lerms on each side to determine A, B, and C

witn S = -2 then -3 = 3C and 80 C = -1. Equating s? terms gives 0 = A +C and so A=1. Equating s terms gives 2= 2A + B+ Candse
B=1 Thus
241 3+ 1

(FravDE+2) “Tes41 " 343
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B

oview: partial Fractions Example 4 (Optional)

math R
e 2si42 Notice the power of numerator and denominator |
-t e p.qnial fractions of: G+d) ) p enominator is the same
P 2
Wwe must frstuse division- S+2s-82s7+2
252+ 4s - 16

-4s+18

. _—4s+]8

- . —4s+1 A
en for e partid fraction expression to equal the original fraction, we must have: G+4)G _82) =351t "-%
|
4s5+18=A(s-2) + B(s +4)
; consequenty: .
8:#3: equaﬁng;r the same power terms on each side to determine A, B, and C
:\;} " 2 then B = 5/3. With s =4, then A = -17/3. Thus, the expression can be written as:

17 5
1-3G+4) T3¢-2)

References and Textbook Material

The material in these slides are based on:

Lo Systems Engineering, Norman S, Nise, 7% Edition (2014), John Wiley And Sons

’ Cio\apt.erz- System Modelling in the Frequency Domain o
veclions 2.1, 2.2, 2.3, 2.4, 2.5, 2.6 (Students kindly note that these sections involve lots
o math, and we only described the ideas as we will use MATLAB instead)

. Cb.m.“ 5~ Reduction of Multiple Subsystems
“eclions 5.1, 5,2

!;::z:fpenlation and Control Systems, 1% Edition , 2004, Elsevier (Newer versions avallable
$- '.‘"’" 2021, but | used the first one)
o

e B ~ Transfer Function
oS 6.1,0.2, 0.3, 0.4, 9.5
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FALL 2022

esentation of a subsystem, the subsystem is

After the engineer obtains a mathematical repr
onses 1o see if these characteristics yield the desired

analyzed for ifs transient and sleady-state resp
behavior.
We already leamt how transfer functions can represent linear, time-invariant systems in the

s-domain.
cers need 10 evaluate the response of a subsystem prior to inserting it into the overall

closed-oop syslem.
Engineers need 1o evaluate the response of the overall system as well.

(%1 CamScanner
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Poles, Zeros, and System Response

The output response of a system is the sum of two responses:

-

Forced response (also called stoad-state response, or particular solution)
Natural response (also called homogenous solution)

-

Solving in the time-domain or inverse Laplace transform is time-consuming and laborious.

W? use the transfer function, and the new concepts of poles and zero to reach qualitative and quantitati
quickly all about our system

ve solutions to learn

% The poles of a transfer function are
1 The values of the Laplace transform variable, s, that cause the transfer function to become infinite or
2 Any roots of the denominator of the transfer function that are common to roots of the numerator.
» The zeros of a transfer function are
1 The values of the Laplace transform variable, s, that cause the transfer funclion to become zero, or

2 Any rools of the numerator of the transfer function that are common to roots of the denominator

(s+2)(s+4)(s - 1)
(s —1)(s —2)(s+5)(s+ 1)
Zeros of H(s) => -4,-2,3
Poles of H(s) > -5,-1,1, 2

H(s) =
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Poles and Zeros - S-Plane

Gy \
s+2 _ (s+2)(s+4)(s—1) ‘
s+S HE) = -G - +56+D |

jo

} \oegioory ok
i
»-plane s-plane ‘\
-1 |
0O - — XOOH®X—— |
s - -5 -2 v "
4 |12 et ‘
Rt \

+ The systemG(s) is a first —order system, given that the denominator has a maximum s+2
power forsas s+5 “
» Suppose that the input of this systemis a simple input switch, which in the tnme domain G(s)

. . ' s

is represented as a unit step function, which in the s- _domain is represented as = R(s) = ‘? 2] €9

1 —— —__+
» The total systemresponse IS therefore: s+5
(s+2) 2 3/5 2 3
s(s + 5) 5 545 5 3
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» Analysis:

1. A pole of the input function generates the form of the forced

response (that is, the pols at the orlgin generated a step function
at the output),

r

A pole of the transfer function generates the form of the natural
response (Lhatis, the pole at -5 generated ¢=5¢),

3 Apole on the real axis generates an exponential response of the
form e = where - «Is the pole location on the real axis.

4 The zeros and poles generate the amplitudes for both the forced
and natural responses

Jjw
Pole at —a generales f
response Ke~® s-plane
—X% -4
-u

Thus, the farther fo the left a pole is on the negative real axis, the
faster the exponential fransient response will decay to zero
Remember the nalural response of the system must decay at
some point to only leave the system with the forced response,
otherwlse, it will be an unstable system

09
o8l !

or}

06

05

04

03

02t

01p

Output
trunsform i

Output
nimne

c(t) =
response | _ _ _

"

[]

y=e
- y=ot

0.2

04

086 08 1 |
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= Given the system In the adjacent figure, write the output, ¢(t), In general terms by Inspection. Specify the

forced and natural parts of the solution.

A : ’
- At
S +2 y+d sa )
Naniral
(\'\“\l“\\'

+llﬂ':t'""J + Kae™ 4 Kye™

IS
e -
3
Fomond
PPN
an=s K,
L ]
bavved
e

-

Natuial
osponae

|—

R(s) =

-

(s+3)

Notice that the transfer function quickly made us understand how the output would be like.

(s+2)(s +4)(s+5)

= To know the amplitudes of each term (The Ks), write C(s) in MATLAB and use the partfrac (symbolic) command or residue
(numeric) command

+ Given the systemin the adjacent figure, write the output, c(t),
a unit step. Specify the forced and natural parts of the solution.

» Given that the input is % C(s) = %G(s)

A)=A+Be” +Ce" + De¥ + Ee~V

in general terms by inspection if the input is

G(s)

10(s +4)(s + 6)

C(s)

Py "SR

T+ Do+ N6 +8)6 + 10)

(%1 CamScanner
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Analysis of First Order Systems without Zeros

-

If the inputis & unit step, where R(s) = 1/'s, the Laplace lransform of the ste
response C(s) = R(s)G(s) = p 8 step

R(s)
C(s) = R($5)G(s) = ———
(©)G(s) s(s+a)
= Theinverse Laplace Transform is

c)=cW)+c(t)=1-¢"

Where the input pole at the origin generated the forced response C(t) = 1, and the system pole
at—a generated the natural response C,(t) = —e™4¢

whant = 1 tha avnanential 6=@0 = p=0/a@ = ,=1 = 027 And = 1-N137 =NA

f30]

» Wecall % the time constant of the response. -

VA

QGls) s-planc
[ Cl(s)

stad

e

>> ayms & 1

>> syns Gi3)

35> G(s) = a / (s(3%a))
Gla) =

a/ts*(a + 9))

»> Llaplace (G(s8))

ans =

1l - exp(-a’t)

il sope = =

» The time constant can be described as the time for e~ to decay o %Y //

37% of its initial value, and that c(1) reaches 63% of its final value. g-: I
» The reciprocal of the time constant has the units (1/seconds), or 0
frequency. Thus, we can call the parameter ‘a’ the exponential frequency. 05 -
0.4

T
.

T

» Thus, the time constant can be considered a transient response

specification for a first-order system, since it is related to the speed at g:_
which the systemresponds to a step input. ol

63% of final value
at 1 = one me constanl

the pole of the transfer function is at a, we can say the pole is located at

» The time constant can also be evaluated from the pole plot, Since 0 ] 1
the reciprocal of the time constanl, and the farther the pole from the \

Rl -
)
I

imaginary axis, the faster the transient response. |

-~
I S PN

First-order system response 10 a unit step
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Rise Time and Settling Time of First Order Systems

» Rise time (T,) is defined as the time for the waveform to go from 10% to 90% of its final value.

» Todenve the equalioq. we know that the time-domain equation of a first-order systemlis € t=1- e-at andthatatt=0,
¢(t) equals 0, and as time goes by, ¢(t) will near to be 1, so the range is 0 to 1

>

|

90% of the final valueis 0.9 = 1 — e=tso > ¢=ts0 = (.1 then solva for t by talking the natural logarithm for both sides l'

> 10% of the final value is 0.1 = 1 — e~®10 > ¢~=10 = 0.9 then solve for t‘by talking the natural logarithm for both sides \
S 1yt # |
|

011 ‘

-~ (,D=_a_

& Risetime (T,) =ty =t = =
h Q

> Settlingtime (T,) is defined as the time for the response to reach, and stay within, 2% of its final value.

\‘E:i

me Example | |

Rise Time and Settling T

PROBLEM: A system has a transfer function, G(s) =

0 . "
50 Find the time constant, T,
settling time, T, and rise time, 7.

s+

ANSWER: 7, =0.02s, T, =0.085s, and T, = 0.044 s.
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Second Order Systems: Introduction

> = Varying a first- ,
* Chf:n 9 firstorder system’ parameter a simply changes the speed of the response.
e es i ettt e
9 'rf the parameters of a second-order system can change the form of the response
= Can display characteristics much like a first-order system

~ Display damped or pure oscillations for its transient response.

|

F

G(s) 0 i . ‘

fi‘."_i}_._ b C(s) (O] Q_SL\\B c:\_\\‘.l QD * |

s tas+ s " . |

-\WO‘\' 2 U(\\* ("n:ncmlb P \‘_3“\ b \)@ |

hep I(-"\:M{\Ck\'oﬁ |

Soreed ces?oﬁe.&\ﬁ-i:é*‘%) i

(Yeady Bt B Idhen

(el nt comgen) ‘BT assi wrll dhis (B ey 2M arder cslisnsgalal
( Siondy-ate) =NNa LDl 2k, 2 tegos expuneit 3D AN SN gD o
1 order N 34 4 ds\a)iie

This function has a pole at the origin that comes N |
from the unit step input and two real poles -0,, System Pole-zero plot Response a

-0, that come from the system.

ot =1 +0071e7 Y -
LTl

The input pole at the origin generales the ! G seplune
consiant forced response; UL 4 ) P o 08
DRLEL) ~7854 -1 146
Each of the two system poles on the real axis eyedtpd LE_\
onerates an exponential nalural response )= e TSI oS
evhose exponential frequency Is equal to the L‘_)};{;: _\‘_ T s ol
pole focation. i A % ‘ = < A
(1) = Ky + Kae™ ™85 4 Kyem 1o Ly 2 paes At L ke £ atder
The output can be estimated as s&q:,da_ 3 J . v © {
ol Shode 2 tews 'Qer'exq. NCRUY |
|

o) = K|£"ﬂ" + Kae”

Sagh s Giod & dpaghobind
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This function has a pole at the

the unit step input and two complex poles -0, + jw,

that come from the system.

The poles that generate the natural
y==1%xj \/ 8.

response are at
@l

The real part of the pole matches the exponentlal
decay frequency of the sinusoid's amplitude.

The imaginary part of the pole matches the frequency

of the sinusoidal oscillation.

3na153\>\h\3 ab@»\,sJoJ\*,,
/ exvooen\“a\e—e %

-S J
%ihuso‘A —e

Second Ord

The time constant of the ex

the reciprocal of the real part of the system pole.

The value of the imaginary
frequency of the sinusoid. T

given the name dampedJrequenc

(radian frequency)

The output can be estimated as

1) = Ae™ ™" cos(wdl = ¢)

Pole-zero plot

Response

origin that comes from System
- J&n
o ¢nN= |_co:fc.:“C:l:r’:';’J';‘
G(s)
road [y | oo, |
“Caediaed q \
ks \ Fl Underdamped i
Qa(‘\ ) |
5 on i |
Sinusoid u&e}.s.uéo \«""50 Epoccet oy g et
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..
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) odpet)) dosy e \opat

.otper N e Ly osd‘fskm A A o0

er Sy‘stemvs: Underdamped I

iy -n-v'dvﬂlfrﬂ'

rmganary port of

” ;;;;é;\;s\ opiilads!

pf oscillation, W,
Umlerdanped

System Pole-zero plot Response
ponential decay is equal to
o cn = e Heod® % GndSn
£4 =|=]1 06c~" cosRi=19.47°
part is the actual : Gt2)
his sinusoidal frequency s~ Aw=if 2 : )
Fadvt
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Second Order Systems: Undamped

« _ : e —
I;:SUIU\I;ICHOI\ .hns apole at Fhe origin that comes from System Pole-zero plot /L_P_‘L'L_-'—”"
nit step input and two imaginary poles + ju that W et mend
come from the system. ¢ jor it A
‘ 1) wplve Ip
The input pole at the origin generates the constant moef [0 |, ——gr ‘
forced response. A4 - |
Undamped . [
4 3
The two system poles on the imagi i Gts) vt
S - ginary axis at j3 _ 1
generate a sinusoidal natural response whose L N () = Ky + Kscos3 =) |
frequency)is equal to the location of the imaginary e - <y |
jeneral p -\ \‘ |
poles . landy- Vg, Sradolity ST
Va=3 ( alles \srdsu)-> dian > Lﬁyg'c_,\lw\n 3 A cdé
S Chial >\ B (ool a3\ 032 ‘
The output can be estimated as ¢(r) = A cos(ant = P) n = \/é Ll . -

reosedal ¢ 2 SR a5 Sinosoidal O
Srussdal GSao8 Mhnys G580 Seble SR Sable Geds s

o Conpen Blalieat ) sl

L ranalE iyl Codoss Gy

. System Pole-zero plot Response
This function has a pole at the origin that comes from
the unit step input and two real poles -0, that come o o =,
from the system. Go s-plane nt (= 1= e i
Ry = % 9 (4 5)) . ;E ~— d“-:"?‘
) £ a

The input pole at the origin generates the constant Eitess - h - ovedampal )
19,'('}3d feSpOﬂSB Criceally dampad 0.2 L u |

‘ ‘ > " o2 3 4 s o\ m
The two poles on the real axis al 3 generale anatural W= ETETEO T s+ ) () =K, + Kae ¥ + K3 e Adst
response consisiing of an exponential and an R

exponential multiplhed by time, where the exponential
nuenicy is equal 1o the location of th i
frequency is equal 1o the location of the real poles )E)P. -“)TQ“V\S .).'.7:\

+ 3 Qoyaniedy

(Ave degendedt)

Thie output can be estimated as (1) = Kie ™™ + Kate™"
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effect of ¢ (dampening ratio) Visualized
23

c(w,h

A
1.8 | ¢=.1
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12- ) -8 50\ s (i) 3 pd Lsdhey sl x
12 y 0 \5) i e s o 0 R Ny
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Given the transfer function of G(s), find{and w .

36 3

G(9) = 57325+ 36 Gls) =

ey
2+ 2w,s +o?

w’, = 36, therefore w, = 6
Also, 2{w, = 4.2, 50 after substituting the value of w, = 6, w get{=0.35 ( U“AG’XAQ:"«{)GA %35‘:;-,«\\
b“\ﬁ l%‘ﬂ%’?‘.!f\s :&ﬁa’\\ 'Z,(b\:rb.b\&sﬂ*
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For each of the systems shown, find the value of ¢ and report the kind of response expected.

|

2
@y |
G‘S)—Jz"'zgll)n.i"{‘lﬂﬁ 1
|

A Blesin -4

R(s) 12 C(5) R(s) 16 Cs) R(s) 20 Cis)  ==-al2 ‘
485412 S48+ 16 s +8s+20 =-31/2 ,
@ (#) © e
a ‘
Since a = 20w, and w, = \[[;o ¢= 57; \3\39\ » M )3“ Q_é-“p \-{\.\\-\\-A\e %
We find: RLCH JEA o CAN

= 1,155 for system (a), which is thus overdamped, since { > 1; . A x|
g =1 for system (). which Is thus critically damped Qeles 3\ AN (o W S

¢ = 0.894 for system (c), which is thus underdamped, since ¢ < 1. '
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nehs 3=

IR

Notice that the definitions for seltling time and rise time &re pasically the same as the definitions for the first-order respanse. All definitions aré also valid for ~

sys!emsoforderhfgheiifza?727 i W8 Cg'ﬂn\\_ \ !\ Q-MQ(&‘S«jS\m)\p.b (el jﬂ,}\ .

——

For each
of the systems shown, find the value of { and w_and report the kind of response expected. ¥ Tl Yhe poles

400 o

900
b. G(s) = m €= '2—“;

225
e G)= 3330, 1 225 |
d. G(s) = 72-% \h

Underd_amv'péd,‘;S',e,é_éh‘d.-_o*rdé.r_ Syste‘mé _Parameters }

G(s) \

L
Ris)= 7 b C(s)

We have seen that in the underdamped case, itis assumed that { <1 ; |
underdampec - ;m 5 1,, |

| . . 0 wenera
Other parameters associated with the underdamped response are rise time, peak time, oscidh mg{g p \

percent overshoot, and settling time. (\%Sﬁiﬂw Sl dass\a LI 9 |
| . ( System ek Wt O
go from 0.1 of the i Walde)) ‘.

Rise time, Tr. The time required for the waveform to final value to

0.9 of the final value. :7‘ ' \
Peak time, TP. The time required to reach the first, or maximum, peak. 2 p o ‘
Percent overshoot, 9%0S. The amount that the waveform overshoots the Cls) = mm = _“. + m ‘
steady-state, O final, value at the peak time, expressed as a percentage of the ik SRR \
steady-state value. x B o Li@aden Naush ‘

Settling time, Ts. The time required for the transient's damped oscillations to reachr
and stay within 2% of the sleady-state value. > 9\%-&&3\% AR, Jos (System l\-—t\_m M) S\mdthk_!\ ,

e ———
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Ak Rise time, peak ti —
peak time, and settling time yield information about the speed of the fransient response

) ~ e 3 %r ’“}\ w» \J& [Ead|n3\ A&\&;& 5 \

b\zé&ﬁ\'#:)&} e

> reody-Vade Nl

For example, the sp i
] eed
of an entire computer system depends on the time it takes for a hard drive head to reach steady state and

read data; passenger
ger comfort depends in part on the suspension system of a car and the number of oscillations it goes through after l

hitting a bump _\_3
HOD 2 - ouershest 2L Fuslsig o balhs ol grindsk Ny mtec

Peak time

Percentage
Overshoot

Settling Time

2- Rise Time Qd\eﬂéjzﬁnigs\_g\g%;,,w_}%;ab\n&;e seaneall,
3-Sefig & Sledy-sided At dasfs saiudisimash

. SytemMNosye I B R g
PR PRI

- = > Heqoenils ssny
4 wpV1 2 6“‘“?““5 No
— — ~ —In(%0s/100) |
%0S = :C(:n/ﬁ—?) x 100 = /22 + In2(%0S/100) |~ |
R YOt Diss |
T s e
7 = \ [ TV
T ORh '

(agide3) B Uavs C HEAEE Lo (a336) allas gy \pdleRse Time Wk ‘
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An experimental relationship exists.

* We set the value of ¢(t) to 0.9 and solved for w

* Then, we set the value of c(t) 10 0.1, and solve "
again for Wt

* The rising time is the time required for the
waveform to go from 0.1 of the final value to 0.9 of
the final value, so T, is the difference between the
two values

Note, however, that we solved for w,tnot t. This w tis

called the normalized rise time. We plot the resulting

equation with respect to different value of {

. QO s Qb\’ \Q /s

| Underdéh’péﬁ SecondOrder Sry_‘s'v;tem"sf,';"'Eafa'mete'fs*Evaluétion Il

To find the rising time for an underdamped system,

First we determine {, then we see to which value in the plot 1.0

It corresponds to w, t
Finally , divide by w,

Visual is not accurate
Use MATLAB commands interp1 or spline to get a better

.1 : 0.1 : 0.9
1.104, 1.203, 1.321, 1.463, 1.638 ...

.216, 2.467, 2.883]
1.854, 3’ yo:lf‘ 0 // linear interpolation
2

y, your {) // cubic interpolation
)

X=9
Y=[

Interpl (X,
(X,

Rise time X Nutural frequency

. Notmolized Rice Aime.

q Damping Norma'llzgd —\-Qb\e 3\ \{IBCJD *
il o e | % Risetme 3 (s
28 F 0:2 I:Z(JJ ’1
0. 2
ol || Sl
24+ 0.5 1.638 A .
06 1.854 Da(mq.h‘bed
221 07 2.126 e fime
L 0.8 2467 oo
? - e bme Nhiddss
16 QP R3ke Wi dele s
L Floquenys & 28
12
Y nf: 03 04 s 06 07 08 0y

|

Damping sutio

= Signal ) 0k Ulaghny @ wid) 2 Rise Trime N

Qaman s Wit 320\ 4 3Gty d

(Matlab ) U dosor 20N S ALNL NG 15 panGen ¥
A G4 A MR ) (38 Gis =i\, Visoed W&l a2 %

\cherpalakion §\ iy Medlab W, oy \shotd %

o

Wtk ke st

Damping |Normalized
ratio rise time
+ 0.1 1104
e ] 0.2 1203 J
¥ 28 0.3 1,321
8 26 0.4 1.463
g 0.5 1.638
é’ 4 0.6 1.854 !
g22r 07 2.126
Z 2ok 0.3 2467 |
Xamdlis 2 09 2883
agpryimation
¥ L6f !
~ 14
1.2
1 1 1 1 i i
# ‘ : 0.9

04

0.5 0.6 0.7 08

Damping ratio

Spline

// Then divide by W, .
C? - \ineas\nespaadion ‘*g;_g-‘\”i- ,,dan@m‘.)_\\, Dusrem ) Risetime ) s ) Vin x|
e P‘éb XP.;SM(_ S:F(a-_‘pencﬂ 3\3 0.8 = Vd(&(g)
(Spbne Gl ) \ntepl sl Sphine Buvcunt Gt s GV Y

Risetime 3\ csibanl B s=auis iy Joor 3 = 0 Andl 3
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Q
* . * 03 4 -E
Finding T,, %0S, T, and T, from a Transfer Function P
PROBLEM: Given the transfer function s

100
2 4 155+ 100 P o/ Wn

b A H
nderd weo=g3*"
SOLUTION: m, and ¢ are calculated as 10 and 0.75, respectively. Now substitute .\ }\g_?a‘e B\ ‘
n
<
|
|

——
\U

G(y) =

find T),. %08, T, and T.

¢ and @, into Egs. find. respectively, that T, = 0.475 +5

second. %OS = 2.838, and T, = 0.533 second. Using the table , the :

normalized rise time is approximately 2.3 seconds. Dividing by , yields T, = 0.23

second. This problem demonstrates that we can find T, %0S. Ts. and T, without the |
tedious task of taking an inverse Laplace transform, plotting the output response, and ;

taking measurements from the plot. .
2 lap <l esid Gsing e N so ol —

e N : L e aedaindal %
o o N s EANS AN A S 585 RUSES \:\m .

2203 SytendgNa osclaion 3 Reak fime Ds ovedhodt 3o %‘."3‘\“(\.\ 5 oecNekion

Al g AAS BRI 0T

As the poles move ina vertical direction,

the frequency increases, but the envelope gf\q‘*}\g_@o\eﬂ) A\
remains the same since the real partofthe () VB 3 AL AMhe
pole is not changing. 0 et qeq &J;\ ‘_1 . TR,
The figure sh {ant exponentia Emedope ey o . i 2 RS Reeq W s\y
e figure shows a constant exp 3T thd e X s NN |
envelope, even though the sinusoidal 1 / s Nequenys=2 ‘\ ‘é&"‘;‘ ) \69“‘ \
response is changing frequency. / W X /l - L—LM Gl
N/ . % Fsitea J\ - ) u!:,;n q‘]‘\iS
Since all curves fit under the same ! Gats ﬁ o S W\T&\h 1 oo M |
exponential decay curve, the settling time ~ . C\S. sl Gadly : 8 e ‘
is virtually the same for all waveforms, —=(GS Uslioly . 2 s R*M\al A
©) ) @Ak ) s i
Note that as overshoot increases, the risef\_;'. P eoel. W oy ‘_@{n \J.va \.. !\ﬁ)
time decreases. (4 ;\)@E \yp 58 Sk °°A5 -'S\'c&c W\ C a_g ) (b |
@ . Sﬁ'“‘ll@-}.'ﬂ‘lﬂ S\M\"\h %\@ &\ \‘)\5-')_)&‘;3 X . . . <LED“_C&9?_Q B _S\b;;—\_\)ﬁ

(_,\.J:A\\N;*\W?"u‘é  Cige time, N2\ e~ oveldhast @sﬁ «— ;(eqom?ji&i\ﬁk
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AR AR 3
. al
Let us move the poles to the right or left \eft side Mg #5052 S
Since the imag i e LU
. e the :m?gmary part is now constant, J»bsb‘s’“‘ oedd \"QJ,BM 0\
vement of the poles yields the o) S Walos S
responses shown in the figure.  Onahable :
Frequency the same 2 1 Jjar
Here the frequency is constant over the 2 - splane
range of variation of the real part. As the / R ) —o
poles move to / ' - -h Pole
the left, the response damps out more ey ey
rapidly, while the frequency remains the 2-¥
same. S ' : '
Notice that thaifeak time is the same)for ® an\s F@‘i}’e"?j'“@ ? |
all waveforms because the imaginary part F . Rl ot 2oy O
remains the same. R O \

\ . C % e 3 ol
(Aol By s Reokdie WSy pfe ¢ Reok dghubniis adiabls Qlsswiadh B feak N

- - 3 k ; f - . % *
&asmsﬁ' Moving the poles along a constant radial line <«
(_ain) 9 Yields the responses shown in the figure : \}s:\ o
. (equen ‘"\&\l’ T
535‘@:*\ Here the percent overshoot remains the equ “5 : l) i

same. =
T ‘ </ Pole 1|
Notice also that the responses look exactly F(eq’,_,u\? ;_&,_, /‘gl pole |
alike, except for their speed. The farthe:r the M 3 |
poles are from the origin, the more rapid the . \
(e) | : 5
response : M(\% AN _.,\?(et.ma\\-s\)&.\ RS

x (CL mn—\&d\mﬂ Gy @3q_uuﬂ\\-o:hue_ Ca)ais 5&!
0 gyshess 3 Cadiodl) sl s ¢ e dhis Bngllghaite %—\M;M&iﬁL
- Fhakie ) Yl duits ¢ Mo averdhost WG eshlda NS Se!

R L ?q@mm it o
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System Response wj

thAdditional'Poles and Zeros

|
x> We analyzed systems with one or two i

derived only for a : poles. The formulas describin { overshoot, settling time, and peak time were |
System with g percent overshoot, settling time, and p : _ \
Wo complex poles and no zeros. Agd M Y\ A

If a system ha 530 S g
S more than two poles or has Z8ros, we cannot use the formulas to calculate the performance SPeCiﬁcat‘Ong’é" %

Ao
However ; N ARG TR
system ﬂ:\:‘n: € certain conditions, a system with more than two poles of with zeros can be approximated as a seco d<c‘>_rb'.er e X

s 5 ust two complex dominant poles. —» 2 demitent fes By 3 Mes N a3 o3 Y sibsiadssll

X >
X >

wis |
K> OQ‘V then, the formulas for percent overshoot, sellling lime, and peak lime can be applied to these higher-order systems by l
using the location of the dominant poles. \ Lo 3 |
A > We will restrict our analysis to a system of three poles (3" degree), or a 2@ degree system with a zero %\\}S)..;:ems;\ﬁ WS
hew exoniel la) et e M )= 4 . Sl ieus L exfe Qdcsml&hdﬁg“\ 1
( eauadion ) Systemde tefm Skml,- S Gt e St Crtefia S NAPSH S BB
e - - - - -d - 3 p
c()\& Au(r) + e %" (B cos wat + C sin wat) + De™™" 5l J’&}q\'&? i) Ne J
eamﬁ\\ai&rm}\w OsMes & 131@0“5'21 IS e Seliile b
Beody-Stde Woaso L Laiitgds Gt &

; g \ =z .
 Lzete of D0es ks.,'.ss\ésqs\,u‘kbossW*

. Conslai \4 M\ b Zek-os\',gg?_, O\ da %3&\&6 Na%

» Suppose that in the denominator, we have a third real pole a,., we will consider three cases: »&\é g Pae Nawdy

! < -
» Casel a, =, whereilis notmuch larger than { w, L 3_. C.ﬁ*efoq . S & (e L ‘))&Q‘
p Casell: a, =a,; whereitls much larger than { w, \ 3 e s \:\)
p Casellla, == A
Jjto Jw j‘"
" . P Py !;(1 i
O&b\ _);ﬁ\Dg_;'é k’&& § ¢\ e X ] s-plane & X s-plune s-plane \ \ Pf‘g\ \m
e # — X o o (M
b \=- ‘ .Y i (C- _ r— a - :\ _"wlt -S-“)u i - .
.$3$ .5\9:}3‘4‘\5,“, one a, =§w o, ;( e _\r\“.d N o "
"M e
& m| Casell coent | SUamals &Sé\ Rle
B - agplex. 1 Ambl e ds

Z&M\N\‘é\:;,\c:\\\dhn -
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¥ > Casell > Pure Second Order System
“k > Casell> Woy >> ¢4

he pure exponential will di i g

o . x| '€ out much more rapidly than the second-order underdamped step response. If the pur

ﬁmpont_al?gal term decays to an insignificant value af the fime of the first ove!yshoor, Such parameters as percent overshoot, setting lime, and peak
© Will be generateq by the second-order underdamped

second-order system.

rdamped step response component. Thus, the total response will approach that of a pure
* > A, > ¢ W, butis not much greater than ¢ Wy, the real pole’s transient response will not decay to insignificance at the peak time or settlinr? -
time generateq by the second-order pair. In this case, the exponental decay is significant, and the system cannot be represented as a seco
order system. 4
?
> > How much farther from the dominant poles does the third pole have to be for Its effect on the second-order response to be neg’f!{ib& © &
% » Depends on the accuracy desired. The textbook book assumes that the exponential decay is negligible after five time constants: —> €3 ;
=k > Thus, if the real pole is five times
second-order pair of poles

: e gt B
farther to the left than the dominant poles, we assume that the system is represented by its dominant -

\opeke dlatls y ) Doicant pole NS 233EL0

\qrele
3% > Magnitude od the exponential term has less effect on the system as the pole move?funher away to the left

Response | |
Auth) + ¢=5(B cos @ + C sin ayf)
m

Case [

!
0 ( De 3! |

Case ]

Time !
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Onderdamped 3 L Sad8lo0 o,

Lo 2 -oMe3t

4 Ward-qsd, 677 & = 2,7 “on ~ 445

% » Find the step response of the following transfer functions and compare them. Which one of T, or T; can we apply the
performance equations we leamnt to?

wp IUis clear that T, is a second-order system while T, and T, are third order systems Ty(s) = 24.542 = o&c\er{

«» There s a frequency component w, = sqrt(24.542) = 4,954, therefore s+ 45 +24.542 Sﬁs’ff«‘
{=41(2" 4.954) = 0.4037, s0 T, is an underdamped system Ty0) 245.42 }

5) =

%» We notice that T, and T, have identical complex poles like T, but with extra real : (s + 10)(s? + 4s +24.542) -‘atc\
poles, one at 10 for T, and one at -3 for T, , s0 expect the shapes of T, and T, 73.626 wdef
fo have similar shapes to T,, but the effect of the dampening by the extra real Ts(s) = : b
pole will change them. (s+3)(s? +4s+ 24.542)

a second-order system and use the eguaﬁon§ or not. s s s R A
Cecendl  Scapddsil ol Blis - V4% g“‘l axder 2 338w 9'\"““—’99““_% df
Qe Cabsll Poles Wi TR EWALS o alA e Y® e

% p» We must know if the new shape will still resemble a second order system, 5o that we can approximate the third-order system as A

=Ly scdoadiak bl Pelas e e e
c'&\k_.&méﬁ\nmvl\i& C) T, 2 L Na®e _-lo .5 - T \s\4 T,,_?g&éis‘gﬁ_s
\a:\,sﬁ\iﬁﬁ&;\i\\n&b Ll l A Toloasy <“* 5339 y& e = -lo N,
Qelaiy s 9\ Second )
Second oder A\3e By (WL PR —s Wi\ sl e § susls
&mﬁdfs\n&.m}s —‘3 2 3 Y _T\d&\'é_‘a%g.

cal

% » We should find the location of the complex poles , and see if the real pole is five times further away to the left !

»% p We know from the equations that the complex pole location will be at-{w,=-0/2=-04037 x 4954 =-2 3

% » ForT,a, =-10 which five times larger than -2, s this system can be approximated as a 2nd order system. We can use the ‘I
equations we learnt for settling time, overshoot, ris¢ time, and peak time to APPROXIMATE the solutions. ‘

%p» ForT,a =-3 which 1.5 times larger than -2, this system cannot be approximated as a 2d order system. We cannot use the
equations we learnt for settling time, overshoot, rise time, and peak time. _ .
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transfer functions, and you get the time domain equation. Once you
do that, plot the equations.

%p We can see how ¢,(!) is close to and resembles the shape of
the second order function ¢,(t), while c,(t) differs in shape, and
yields
more error if we use the performance equations on il.

Qe yssin B, s ¢

% » Using plots, you can do an inverse Laplace transform on each of the 14

3y ‘\N\JML@*
 Gomnd ol B3I IS
ay \vssrs w_faal\ Louyy |
L*) 5 C1A) ¢ 2\ |
0 c\\é\sqg&e&nbw

1 L ) -

Time (scconds)

)

! 1 |

0.5 1.0 1.5 20 25 30 k
l

‘.

\

IE——

et (espens W Esporse ¥ e saSpeed Vo fespores WS A ;;,i\\;;\?;\;é" Mx
2 Wi 48 ol N (saitngron Srapean s anatl o Peal\ A4S ¢ Vnable Qo
(s cse S35 W) Fofead (esponse) Sheody-Sided 20 i s oy Zekes A%

% p Allthe second order systems we have analyzed so fa

*p Wesaw(se

ks Mo 3 Rl Y g o hob x A

Shaloility s doagh o Syinhli G

Leesmid i Concladrisghis Saybull

t had no zeros, only poles. What if the transfer function had a zero as well?

e slide 7) that the zeros of a response affect the residue, or amplitude, of a response component but do not affect

the nature of the response—-exponential, damped sinusoid, and so on.

% » Suppose we have the system with the complex poles -1 £ 2.828§

and we add each time a different zero at-3, -5, and -10

) |
- -9-
10 R ‘ 5
2

 Zege N P ) 2efes Mo \gpadiaio Pelad A \alassnakal anedysis Ntak k

SAVAS e g Byshem Npdiatio=tep s Gl 5 At fole Nasa®

Onllees \3\)
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s » We can see that the closer the zero Is to the dominant poles
the greater its effect on the transient response. As the zero

moves away from the dominant poles, the respons

approaches that of the two-pole system. e

zeroat =10

. 12
%10} |
2 08F I ceron-
oo Londion wa\ 2ets Notldne £ o | Hremns |

. . 04 no zero
O Qa) & |
QAN 3 gyhe iy funckien ¥ g, | |
1 1 | E—— | i
0 20 4.0 6.0 i
Time (seconds) l

'S Hansler fnd ipan

TE©)

Qo) (-2
F1 25+

Suppose we have a transfer function of a 2" order function T(s) = SZTZ:W

. 90
in the shape of T(s) = Fﬁs%)o

» Ifwe think of it by using the laws of dis
» sT(s)

order system basically has the effect of adding
response, usually this derivative is positive at the beginning.

» When ais large, the scaled version overcomes the derivative part, and the

() Constast g (PP PR NS

A3 b)) Qain \abise
(53 Qpun SN
of Winaahies ) s 3 |
_(_‘,%@};5_9'?.\&3 o L 5o |

5 if T(s) were to have a zero, it would be for example

where a is any number. Basically, we multiplied T(s) by (s+a)
tributions, the version of a second order system with a zero is sT(s) +aT(s)

means the first derivative of T(s), while aT(s) is a scaled version of T(s), so in other words, adding a zero to a second
the derivative of the system to a scaled version of itself.

For a unit step

derivative part become negligible, this is why we l

noficed that as the zero value increases, it approximates a second-order system

» When a is small, the derivative effects are more noticeable R\ LA S A\WSS 0%\,35:.\\::&\%&;1! X 1
(2Muad \stmaeineat ) s S ags Sullw X e:éu%‘a%»b\»\,cé\ﬂ»@‘:‘ |

IR WA\ AW PR [TUFC L»m\\s.@)so&&la&x\:.sﬂ-gﬂbw\.:& ¢
3o (s s G Sy Ve e s A laagi 2=t

Cofd Ns dsaliss
AR N8 X

oohad\otder
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Al i i i S G ) a

o 'f%“'“-”ﬁé\ﬁ\-\\iﬁse\
k@ﬁs axder bl it Cedie) 895 W%
Salde S Mompin el <SS

» Whatif the zero ais on the right-hand plane?

» We see that the derivative term, which is typic itive initially, wi i
' ally positive '
Soalod f85pONSe fom. typically positive initially, will be of opposite sign from the

» Notice that the response begins 10 turn toward the negative direction even though the final value is £
positive. A system that exhibits this phenomenon is known as a nonminimum-phase system.

» i amotorcycle or airplane was a nonminimum-phase system, it would initially veer left when
commanded to steer right.

sw)#»&'umqw AN
MCS*‘D (B delS gy — ]
-9 )\ 2efo D | 2

|
|
|
|

Suppose we have systems with many poles and zeros (high- .order systems). Can we cancel zeros and poles so that we reach a
system that approximates a ord order system that we already know how 0 analyze?

other, so that we end up witha second order \
|
l
|

Can we cancel the zefo (s +4)and the pole (s + 3. 5) which are the closest/lo_) egi{ Q 3
system? Cony S 2625(s + 4 B Rastial Hes ‘d‘-\@f.)‘qb
() A\ L_sE.:»A\ \)@&b* Ci(s) = m&mﬁ&'ﬁj - G Syms S ces)

)= 2625w (1) [

g (%35 Mo oni t—‘
) Step fonet Poes (s%(s+3D)% (3 )H(sr 6))
» Wemustdoa partial fractions expansions and evaluate the residue, we notice that the residue of (s * 3.5) term is SO close to w.
Rdtfae (ce) |

the others, therefore, N0 cancellation.
( =- HQM |
= 5 s+6 & ‘“’M |

Un\* S\' <—3
= Ay N KatlabSs 35 ,35 5\&@

>M\b,&4113\v@bwwu SRV W T H e S
) bl y m\&\&\%

%('5*3 5) B\

Sl 2elo
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Zero P_ch)lke Gancellation,

ssbubizin U (»&A o \5d ‘
’ p Can wé cancel (h' g e \_\36\
e zero (s + =
system? (5 +4) and the pole (s + 4.01) which are the closest to each ather, so that
, S0 that we end up with a second order

Cotey = 2625(s +4) A
Sl o e el

t e S eval i i i

£ o sk
<., e,s y; (uﬁ\c;:;ﬁg“ Cals) _ 087 ‘-.@_;‘_
: =—- ¥
%;%3\?%\\%\\&@ %‘ve:.&ﬁ-s‘to&c:\ e ’\* 53 Mdasty |
ey el <t Seady-dddvass ¢ @) 53 , 44 uy _\\r@ck\.%&u,es%\s |

~
~

-0-BF M e dassn
. w@:mg\v\s}ag@ ‘ 5s+5 546 (Aol o3 s J
mw:ﬂm@ (A0l Yo (o) (SR ysis 5o Wés> Sewd\
K_ﬂ};a.é\\’aks-

-
.

» The material in these slides are based on: ‘
Control Systems Engineering, Norman S. Nise, 7! Edition (2014), John Wiley And Sons |

. Chapter 4 - Time Response
» Sections 4.1, 4.2, 4.3, 4.4, 4.5 4.6,4.7 and 4.8 (Students kindly note that some sections
involve math derivations that we did not cover in class
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«» InChapter 1, we saw that three requirements play a major role in the design of a control system: transient response, stability, and

(steady-state ermors. {2\ Gnl U 2138 s and Sencby-Stadei s

g (Stabnli% is the most imporiant s¥stem sgecmcafnomlf a system is unstable, transient response and steady-state errors are moot points.
unsiable sysfem cannof be designed for 8 specific transient response or steady-state error requirement.
onse consists of only the forced res total response of a

% » We can conlrol the output of a system if the steady-state rese gonse: But the
system is the sum of the forced and natural responses ¢(y) é‘t.*.,'f:w; 5 (l,.m.u(r)”\\b* RITER R S N ShacmUas

4 » Using these concepts, we present the following definitions of stabilily. instability, and marginal slability: o= Ga &\uAs_Skd‘e_,
V'»  Alinear, time-invariant system is stable if the natural response approaches zero as lime approaches infinity. S-\_p\tm-“ (y=n _&

v'» Alinear, ime-invariant system is unstable if he natural response grows without bound as time approaches infinity. 2= \p
V» Alinear, ime-invariant system is marginally stable if the natural response'neither decays nor grows but remains constant or oscillates as \~ \ 4 A QJ\

time approaches infinity.
ﬂ » Thus, the definition of stability implies that only the forced response remains as the natural response approaches zero "—-‘\_-\s\hﬁ“
~> ot C fadital (&s?:nsé%gs\cﬂ\\\(ﬁglxqb@)ﬁK_mJ\aA\Q\% Sﬁs\m W

Gy Vi e \ngut Ay By Yiebls¢ WQut Mo \ai) (s
(il dmaidon doldab e ads b Sgh dyfus



https://digital-camscanner.onelink.me/P3GL/g26ffx3k

n }'\
i

natural response and not the total response. What If the input (forced

- > The previous definition only takes into account the
response) is from the beginning unbounded? BIBO Stability definition means:

V1 Asystemis stable if every bounded inputyields a bounded output.

v’ 2 2 Asystem s unstable if any bounded Inputyields an unbounded output

n, marginal stability, means that the system is stable for some bounded inputs and unstable foro
response grows without bound can cause damage to the system, to adjacent
e of the time response plot of a physical system, instability is displayed by

a total response that does not approach a steady-state value or other

thers.

A » Under this definitio

AL » Physically, an unstable system whose natural
property, or to human life. From the perspectiv
transients that grow without bound and, consequently,

forced response.

%Qcles in LHp — Shable.
¥ Roles 1 ng-oxs —> Undamped —> Harginally Sabite .
* Poles i RWP — opstable.

s »  Stable systems have closed-loop transfer functions with poles only in the left half-plane (LHP).
one pole in the right half-plane and/or poles of multiplicity

4 » Unstable systems have closed-loop transfer functions with at least
greater than 1 on the imaginary axis.
v» Poles in the right half-plane yield eilher pure increasing exponentials or exponentially increasing sinusoidal natural responses. These natural
responses approach infinity as time approaches infinity.
/» Poles of multiplicity greater than 1 on the imaginary axls lead to the sum of respanses of the form A

which also approaches infinity as lime approaches infinity
osed-loop transfer functions with only imaginary axis poles of multiplicity 1 and poles in the left

—_—

1" cos (wt + @), wheren=1,2, ..,

4. » Marginally stable systems have cl

half-plane
GaualUsdbis Apoles Q * Mulbplicy 0 &

% T Lsm" X — (33 (o) 0 Poes (i)
(oanB ) )

o, ozt Splediisda A Gl i ¢\ e
G 4 6%t o Yhable of b L

Lidihs Lnstebled Lo pla oy
) fx):nzn‘)LQ)\)!l‘_\ \SAM EL
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+» Routh-Hurwitz Criterion is a method that yields stability information without the need to solve for the closed-loop system poles.
Using this method, we can tell how many closed-loop system poles are in the left half-plane, in the right half-plane, and on the
juraxis. (Notice that we say how many, not where.) We can find the number of poles in each section of the s-plane, but we

cannot find their coordinates.

% » The method requires two steps: (1) Generate a dala table called a Routh table and (2) interpret the Routh table to tell
closed-loop system poles are in the left half-plane, the right half-plane, and on the jw -axis

the system remains stable (check last slide).

how many

)f we can use compulers lo easily get the roots (poles), why would we need this method? The power of Routh-Hurwitz criterion
does not lie in the analysis stage but in the design stage, as it can let us know how can we change the range of a parameter and
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TABLE 6.1 lmlul layout |

i T

| ln

i

M »  Suppose we have the following equivalent closed—!oop lransfer function: s as a ay
- 3 0
Rus) M) () ;_ = .
af iy ractraps e g '

¢ > Label the rows with powers of s from the highest power of the denominator of
the closed-loop transfer function to i
s w\%\m\-‘» Q_,Ls.’n AT
Sk »  Next start with the coefficient of the highest power of s in the denominator TABLE 6.2 Compicted Rouh bl = -
and list, horizontally in the first row, everx olger coefflq\enL . & ay @ e
EI 5&&& (]

X > Inthe second row. list horizontally” 3Tarling wilfy the niex! h(ghesf power of s, s as “
every coefficient that was skipped in Lhe first row. e v ta Wl a0
W bl - “lay 0
s> Eachenlryis anegative determinant of entries in the previous two rows LANC/H B NN By a5 =0
divided by the entry n the first column directly above the calculated row st 9 h " )
" i . 0 ay O
k> The left-hand column of the delerminant is always the first column of the |,, ,',’ - ; :j . h: 0
previous two rows, and the right-hand column is the elements of Lhe column g ML L =0 T o ‘
above and to the right. b z '0 f 'u '
I b I 2
»  We can multiply/divide any row, if needed, by a positive constant without B “le 0 “ley 0
F Y l =0
changing the analysis ° =d =0 R

“Hetnx &_'mnw\bﬁ\s»uo\\ sl % }

I
- i

e

LR S oo |G '
» Make the Routh table for the system shown in the right. _? Tt e+ s+ 5) { \
» First, we need to find the equivalent iransfer function for the entire system, then fill
in the table LI WIRWSPY R S |
\ o \) e:”gs?ﬁs R(s) 1000 ) F
/v, \'&;A \Sam.;,{ié) \ ,\;..u) \) Corsd el ¢ 35+ 1030 :
3 ( 3l 0 . M \, - = \ $. 4 "
g ! s stead\ \3\ A\ !
<L a0 1030 103 0 Rl “ >3 > Q‘i X s*:{,'\; )
_|1 T e o _\1 0. PO e |
o Lwl. lJ ol_y 1l ol CQ(I’{?\E’\ 3\ & l
1% 3\ '
_‘ | 1m| :;91_‘ wlfe) n [ 10 fead s \e3 o i
8° -2 0] _ s 3R —72 0 =12
) S g 7N - (@) \
= ‘»ﬂ \@:\n

e \

)
(bb&»m\\? BAVELST) :ﬁégm% (‘_%Jr, C Ho.'t\\le. ﬁ.\ﬁtni\ ;
@\E&m\ﬁ\o\ SN QS\W ;

Jﬁ&%uwwbwﬂmwu ¢ Gushen st s L Poveiss ‘
B Sus onstablee (UL pEMES) ((Rip ) T i\ \.\;::’t\ﬂ\g} SO
#
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»  The number of roots of the polynomial that are in the right half-plane is equal to the number of sign changes in the first column.

» Ifan entire row of zeros appear in the Routh Table, then we have |w poles

» Inthe previous example, we have a cubic equation, so we expecl three roots.
» We have two sign changes in the first column, this means two poles in the RHP - Syslem Unstable

» Wehave 3=2 = 1rootinthe LHP ({1 10 31 1030]]
> ronts 3 “l

L»kcludak’rﬂfve Ne o227
. Qpartladve Yl @adha o S

1.7068 - 8.59302

»  Norow is entirely zero, no pure jw poles

e{{al .3\ W)s o&'\d so.«\b&.é.&q—ee&oqy& d‘EJ‘S M\\Q\ex‘ =\§&nd§\u§“\
J._luns.b &)ﬂl =

» Find the number of poles in the left half-plane, the right half-plane, and on the jw -axis for the V) \
B s Be 200 . &\ 1 200
;{ wly -ln’”\i»(l /-L 53 & 1 & 1
7 0‘\"\3 Qaiq 2 1 2ur 20
\ =i
» Fust we find tne equivalent transfer function then complete the Routh Table - 3
& F 20
200
Fis)= @ s 4 1) - Oy 200
o ogegns((li & 1L & 232))
¥-» Athes' rowthereisa negative coefficlent; thus, there are two sign changes. The system is
unsiable, since it has two ngh!-hal!rlane poles and two lefl- hall lane poles. The system ekl
cannol have Ju po1es since a row of zeros did nol appeaajn oulh lable o8 SEi@Teh = N A4A8Y
=4.,278) - 2,.340%
PO\QS “\ 3 Pm‘e - Ei 1,276 - :.s:u:
1.274) = 2,840

Shem €
oretakb\e
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» Determine the stability of the closed-loop transfer function Ii‘l*—*mq—;\_{gﬁ'ﬁﬁ qs&:wp’mf\

it D L;,c\_,;mu.\ it assumplien o 'E & PRI\

Label First column =+ e== d\ 3\

S0 % : : D s

e L Z 0 9 -y & e - a d.okl W\A

7 : 2 B\ og-r 1) e ) A akee

st & - 3 0 S e A S N O] ; Sds\!l*s\w
\ 420 = 49 = S\ C=) 42¢ - 44 —@;l)l L"\ G 6 } g 5 )

- s v o ) -1y A )-8 $3»S
S° 3 0 0 § 3 + \‘.3\1_,\.9 Q)\i'n.\%k.’

€ st © S Cangh Wy 5 OEAIMES  (glable G Sesea il D o 2poles
e BHLs ) (Epailen) L GRabhia f.\:eJ“{\L\;mB e 3y3\B y2, Compaters N %

S o 3o il G Lota 2 ol 22se s 3D K

|

gl

. . : . 10
-half- -loop transfer f n  T(s)=
» Determine the number of right-half-plane poles in the closed-loop transfer functio T) = 59T e T TH 756 ﬂ S
» We stop at the third row, since the entire row consists of zeros R J\;...,\\
» We return to the row immediately above the row of zeros and form an auxilian{ s> 1 L) 81 Yy
polynomial, using the entries in that row as coefficients. The polynomial will N = =36 ELES ) 5 ':
start with the power of s in the label column and continue by skipping every s H o+ 4 B 3 4 4t 0 =
other power of S.  prey = v' 4 6s® <8 =% J"A\& AVEEA RN U <z Kl 8 0 &S
» Nexi we differentiate the polynomial with respect to s and obtain \.'.‘.;V“A\ <\ % 0 ')\_,‘\"M\
dPi) s 0 l S~

tn o e

oAt v = de [
S st o R\, !

) ~
» We use the coefficients of the differential to replace the row of zeros \_5 e !\‘B\%)'i t‘)\'““
» Al all entries in the first column are positive. Hence, there are no right-half-plane ; Mo \'bM e\l }.nu \._SN )0 \!9?

poles. We need to understand the concept of symmetry before moving forward in C 3 )\

our analysis. Qx-\\&_,ga E\_‘S 1
( pe dafocms s W) Math Shs,sh <8 dof ey hadioall s ERC\C YA\
Qial B354 ¢ amsle paBGULI J8lapud Cnnd AL Mo e ¥ Qb dasin

- Qs L8y M oal s \biitiodst W ¢ Gase Midla sgled Qe G\ SNSRI\ Py
. '“”‘*"*’“‘“N%ﬂw\\mxa&aﬁ\f\s\\mw\i (s') sl
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) s o\ s s L
‘—\Po\_eﬁ W0\ \M3 axis ‘—-E)\:‘dx\-\

oBa\we AR A 82 L g Al (e oty 2l Case Mo
o L bl '

» Letus |ook further in}o the case that ylelds an entire row of zeros. An entire row Jo
of zeros \wﬂl. appear in the Routh table when a purely even or purely odd v
polynomial is a factor of the original polynomial, For example, s* + 552 + 7 is an Cx ae™
even polynomial; it has only even powers of s.
» Even polynomials only have roots that are symmetrical about the origin. This — —L x-eo0
symmelry can occur under three conditions of root posilion: A
’ N
1 The roots are symmetrical and real, éx Sy
2. The roots are symmetrical and imaginary, or g

—

A Real and symmetrical ubout the vrigin
.u Imaginary and symmetrical about the OFigin  sm—
()uudmnlnl and rymmeicul about the ongin ===—=*

FAShMEih dAs o Cadwddd h ,\%PSQ\\QQ%S\_:L@M"\

- \maginary pad N lgsds myn f-%\ﬁ \g\d o % N & S&dmmejfj N %
(N Soweﬂw:} \ke His 2 ox 2y (Lusn:aﬁl\c\é)b\d% \)»‘D:)\!Lg @\a wW-L
"o L ¥oetd b naginely Yoo Beles S

(s REP e Potes B as (13t 1550 sons BN B 9 -2
AV s\ae»efs‘u..sécxé@._ime*f:ss\

1

3. The roots are quadrantal.

.

F A0 7 125 £ 225° + 3957 4 5957 + 4852 + 385 + 20 | how many poles are in the right half-plane,

20

T(s) =
For the transfer function )
in the left half-plane, and on the jw -axis

No sign changes exist from the s row down
{o the s° row. Thus, the even polynomial does ,
not have right-half-plane poles. Since lhere :
are no right-half-plane poles, no lefi-half-plane
poles are present because of the requirement

HY

»
AU}

26

48
a8

for symmetry. Hence, the even polynomial,
must have all four of its poles on the jw -axis.

(= | [Iv) NIRRT

A

4

A}

Since the polynomial is of degree 8, four rools S
remain, From the s® row down . -
1o the s* row, there are two sign changes, this -
means, two poles In the RHP, The two remaining '

\]

poles will therefore be in the LHP. N
Sty _S\:A»dow)

= ghYalole Ny (.s\a;m‘{\,-\ﬁ—\
23 Caseyel guainliodlosedh
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20

Ms) = { - e,
» Forthe transfer function o) Wb+ 120 4 3255 1 30y7 1 SO 4832 + 38 + 20 | how many poles are in the right haif-plan
inthe left half-plane, and on the jw -axis

> No sign changes exist from the s* row down
to the s? row. Thus, the even polynomial does
not have nght-half-plane poles. Since there
are no nght-half-plane poles, no left-half-plane ans =
poles are present because of the requirement
for symmetry, Hence, the even polynomial,
must have all four of its poles on the jw -axis.

> rooce((l 4 12 23 33 59 48 36 20])

122 51] =% ?\\\?

L1223

L51420 Y
Laad2r e
» Since the polynomial is of degree 8, four rools o E AN\ \Mc«.ﬂ}natj
remain. From the s row down .

ta the s¢ row. there are two sign changes, lhgsv ) TN
means. two poles in the RHP. The two remaining
poles will therefore be in the LHP.

AL DA 4 Sdinsg Potes Niblaf AslhS Ahng Yoo 3338 Mg %
x4x T Al el Rl Yiteles
AKX

» Find the number of poles in the left half-plane, the right half-plane, and on the jw -axis for the system

Fivi o= = ki 128 1y

;/ T de s e 235 4 AN+ U0 4 2% 4 1U2)

The closed Loop transfer function for the system is

128

T = T 0% = 24y 4 AR § 965 | 128 4 [W3y 4 |28
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T

» Two sign changes exist from the s° row down
to the s row. Thus, the even polynomial | 10 48 128 128
has two right-half-plane poles. Since there 1 a1 u K IR wr 64
are two nght-half-plane poles, there are two [ F 8 o 32 S04 i)
lef-half-plane due to symmetry. Y & 4 3 oz 16 4 e R 4 & 0,
» Since the degree of the even polynomial Is6, | ' 22 5 " M@
and we have found four poles on the left and ] 40 = § a5 ke
right, this means we have two poles ¥ N 24 8
remaining on the jw axis X ! i
> Since the degree of the overall polynomial is *_ beruse wehow 2 changede i
8. and we have found six, we look at the sign = .. joeea(is 3 23 26 43 vs 43¢ 182 22900 2 e Y
changes from s® row down to the s row, o, %Mj 3\%:‘“‘:‘ S 21\ e
since there are no sign changes, this means 0\ ol 3 i 2 \mqsi'mﬂj Sy

we have all remaining poles in the LHP 2003 + 23000t LMD e=| -2.0009 + 0.3000

gty I G e O (- ARG

. Complexpiny s (eal 3842 b o ety

Rees N e € Foy b s Mepdiaid 2 @m@é
- \Mc-.%u\oﬁj\s- oA oo Moo (Mde

v

)

.

mp\‘\Cae{ — s@llad sy 20 e aydn -S> \nefease et of \!o\!nse."l-
'

» Find the range of gain, K, for the system — — 5 g 7
shown in the figure that will cause the \ s? 18 ) K
~ IR6 —
system to be stable, unstable, and ?M\ Q '»*"lg 1 Caml 5.\\\0
marginally stable. Assume K > 0. Ao Roudth-Hwboitz )\ <o K L) ey
¥ ~ E1n) A C1s) k _\ F_;.g\ cm Q}:\ :
7 sy Tuse I @ Since K is assumed positive, we see that all elements in the first column are always

;¥ positive except the s'row. This entry can be positive, zero, or negative, depending
A3l upon the value of K[IFK < 1386) all terms in the first column will be positive, and

The clrsed-loop transfer function ,5“-65:’\&9 since there are no signlchanges, the system will have three poles in the left half-

\
—

> Yem3\ plane and be stable. %‘3&.\@'\3\" w&g\ 208k
K
S T - (TK> 1368] the s' term in the first column is negative. There are two sign changes,
'-}WJ’\‘ ikl " Teaaler Lael, ) indicating that the system has two right=half-plane poles and one left- half-plane
. - i P pole, which makes the system unstable
(2 Abqeddals edl) e -1

Sahead) Aosd Aiowll kN pid Tange <lapss Feols Lacdihan il %
ComMs ayalls > 69ah 33 00ms Ltlgddod Blodltm Stalble
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» I[KE 1386‘ we have an entire row of zeros, ;
which could signify jw poles, ¥ 1 77
: ) l_ [ 36 | —,
> Rflurmng lo the s? row and replacing K with & 36 ;
1386. we form the even polynomial o 2l boss e
Piv) = IR 4 1386 ey wi 1\\
» Differentiating with respect lo s, we have (Al s Labo W 13
Since there are no sign changes from the even polynomial (s2 row)
dPG) _ 364 0 down to the bottom of the table, the even polynomial has its two roots
s f on the jw -axis of unit multiplicity. Since there are no sign changes
» Replacing the row of zeros with the =bove the even polynomial, the remaining root i in the left half-plane.
coefficients of the differential, we obtain the Therefore the system is marglnallz stable
new Routh- Hurwitz table for the case of K = 3 SJEP K- of \3:&\
1386
9\“&& go( \oo? 2
\(\oua we Slue 'HAeS:: P{‘oblej\l\s in Ha?ﬂnj) -1’ 2 4_\):-1\;,.\\5 cxm-_,\\\ ;.E:L\@DA ¥
2)
foc Kk =\t 2e20 ?&%\@(a\mhsé\w@)g* _ 2 —3
R= fecks (L1 18 #F K3I) Ladsdis oaeo \L_\\oa\m ol Seczsncil
% myfoetS = (Rl (R) =, 5 el 8 s 0
e m' . .
i Oostabletd

i max (Mg-fesfs) 20

823’5? (¥ Sustem vnstable” )
\bleak 5

kzﬁ*&ﬂ“"q‘

ﬂ

‘ ; ’ : - il ‘ i
O{\yph\e - S\-c.h:,)\\( P‘m\-‘B&\‘S
VoStebl The materlal in these slides are based on:

Control Systems Engineering, Norman S. Nise, 7! Edition (2014), John Wiley And Sons
. Chapter 6 — Stability
» Sections 6.1, 6.2, 6.3, 6.4, (Students kindly note that some sections involve math
derivations that we did not cover in class)
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Steady State Errors
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Topics

(8 Sete oo, Bk s il Cont ghep ) L
Definitions and Signal Inputs

Sources of Error

The Final Value Theorem

Static Error Constants k,, k, and k,

Steady State Errors in Closed-Loop Unity Feedback System
Steady State Errors in Closed-Loop Unity Feedback System with Disturbance
Steady State Errors in Closed-Loop Non-Unity Feedback System

Steady State Errors in Closed-Loop Non-Unity Feedback System with Disturbance
Extra Examples
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Definition and Test Inputs

Steadystete ermoris the diference between the Input and the oulput for a prescribed test ~ Sodden ¢ suic ingcmuﬁ.,.,,,y%"
NPUL as t D w, T@q}(_\(\%(—— Satellite arbiting o N\

constant velncity W
Step inputs represent constant position and thus are useful In determining the ability of

the contral system to position tself with respect o a stationary target, such as a satellite Trneking o Acceerin
n geastationary orbit, with missile A
Accelefadan

Ramp inputs represent constant-velocity inputs to a position control system by their
lnearly increasing ampittude. These waveforms can be used {o test a system's ability to
follow a linearly increasing input or, equivalently, to track a constant-velocity target. For Tracking system
example, a position control system that tracks a satellite that moves across the sky at a
constant angular velocity

F’ arabolas, whose second derivatives are constant, represent constant acceleration :

Inputs to position control systems and can be used to represent accelerating targets, Y

Such as the missile in, to determine the steady-state error performance. ‘
*

ek Y D5l Setelite Whinon /o Wasyh, W\ el
&?‘-’ S Sofelite I pfls ANMIGUS AL Do Mty o (s

F =T E355e Tnput palhoiy Step funek phoiy s Syclendl g ¢ uids

ARSI pse WpUT : 4
%“‘P Sl TR L (condadt Velooty | e Mshokn st s op demladiie ) i

Tuld)

Test Waveforms:

TABLE7.1 Test waveforms for evaluating steady-state emrors of p | systems
Waveform Name Physical interpretation Time function Laplace transform
% \A\ ‘ n Step Constant position 1 1
- A (\ s
~ < —
Gall &y
WM kabao) |
) e\ln‘“ n Ramp Constant velocity ] 1
_ s
=PV RN
LoMe iyl
< - . 3 é il 1
sl &) alg,
-\ 1 ) Parabola Constant ucceleration |, 1
d&ﬂ‘ ‘.é"),qg:ml.ﬂs 5! 3
b:'r.\\g"aw i
- /

R Y5 -5 s Mmoo Edorl st el o el gt
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it Nl G (iag isdins ovlput 3
; W . \Q}\\ué, exc0)
P 1 oxotput Ndings b £38 ;
"1"’ - Tvpa ) e iy e aond gy
= Output 2
i Output 2 % Input
Output | Output 3
Time ‘ Time
(a) ®)

olzn ot W usabiacdpat W s\ *
NN ?&cﬂ\m\ﬁ exfor )\

Contel Propoconal (opinChmgifastion)) 2 "t \anods ¢\ s e\l
*s,gms{ e At §9
\eregal 3 . 2e@ NN\ WS Speds\ewsrs T

Sources ofErrors

» Many steady-state errors in control systems arise from nonlinear sources, such as backlash in gears or a motor that will not
move unless the input voltage exceeds a threshold.

» The steady-state errors we study here are errors that arise from the configuration of the system itself and the type of applied
input. Consider a system with only a gain, and a system with an Integrator (Laplace of integration has division by s)

R +enE6 | co), Soutees of exofg o
_i MS e Snegeazahiia), L dal

e al ) L iR _
'S \-\él £ o= %‘:\S\E’MS\: Esteady-state = > Csteady-state AN TRy | %\mﬁ(&% Nda ¢
00 Antung (i bpd) @ K ;
= N = X, ‘ JPE % K i\
sl e i extek (il ‘ O I - SR
f i = . \» e\t .
olock Inlepfuafer 2slishy =il e S oW ﬁ’jm\x &::2%;%\»3?4“
(8 Dock ) gs\aa:ﬁ\hs‘k\@;m‘sié . - Cioheten
DD cenfteler N (il e . B * LU @ S F ()
&::é@:“ -é'- = \t\’teg(cd‘cf Yleck 9 e Ve Lm?hce S‘-?tt'\ ) 3/ %@\eml\ao&m\u\;\&e
(onbatep® e Mdic NS ' :
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c«mq.\\'\’ we Demain 3\

The Final Value Theorem

h
From the definition of the steady-state error, steady-stale error Is the difference between the input and the output for a Prescribe,
testinput ast D,

We are interested i~ €(00) = lim e(r) Ao yad e (0 e Domain)

But since we are working in the s-domain, the final-value theorem is helpful

e(o8) = lim e(,) > el

tg\g,x\ e 2ad %
"N 2l Ll Yoy it effor W\iag %
PO O emel Nt gl ey oo Mg Sysem B

Example for Forward/Path System

- . ' ' R -
A4S Shable Al ) Salie s Sychem Ypd % REITE)
»  Find the steady-state error for the system shown if . »
T(s)= 5/(s* + 7s + 10) and R(s) is a unit step response 1/s R(s) - Cs) — o E(s)
2
s+ 7s+5
E) = a7 10) [P T
L6 = 1872 + 7% % SMUs*(x°2 + 75 4 10))
» To find the error e(«), we apply !l_."(], sE(s) ¢ ',” s
8 8+
» We solve the limil in MATLAB: ST +75+10)
5 limit s',k, - .
* R(S) % (1-Tes)) - R (\- s‘*”cSHO\ %[ ntesre - °’ -
X 1%—\ -5 e And \Aalge N\
= Ry (S5 ‘.'45«& 5 *( s;p\s«\ow 7 > A\ alls\\
&40 \° Y O
(T Rt YIRS NSae
= SAaRni B e
S(e?4tsalo) .
Bo7 Ay \als el
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8 Wl valsotheofeme Ttondy-shde-efer S dhic)ins

i S% (S')'\-?S'k'ca
330 S (STaTsy o) (Sz+=15*\°3 1

2 DY M Aai vt sl Command. g Matlab 3 dasada\sgas tgw\
N 2\ide 8 (’“ \B»&a\»mwef\‘cﬁw\ W a&gm S :

Errors in Closed-Loop Unity Feedback System |

\erned -\ M edF it
= with un&s Seadbaa (L)

E(s) = R(s) = C(s)
C(s) = E(5)G(s)

E(s) = ON R(s) 4%/% E(s) 6 &)
1+G(s) G(s) &
‘:'(m) SR(y)

2 el A\\sk‘u,g; \g\;
If the limit equals zero, this means there is no steady state error, otherwise we could have: \_";\N* - efor
» afinite (small)error and we need to check if it is within the required error band

. \-»\t\\?.(\\e en‘o('
or the emror grows to infinity! (x) D

Malue 'AJ\%A\% oallss A\ 2 2 Wt A \JAHQb A\stsm\.séﬁ-
| O RES) gy - NAN Cobmus aaluiin Giio & W stk 2300 RIS

Ravp / Dep @Al g Cyo Qs %SSMLQ,\“W( i\ adh d oo SR
. 0 U WRade vy |

. Rutetola

Errorsin CIosed-L_dop:_' | ty_Eeédback System |

R(s) could be a unit step, ramp, or parabola, therefore:

. > | Static Error Constants—l _ +z)(s+2)--
Step Inputl. with R(s) = 1 /s, we find . G(s) = "G Ep )6 +P~)
s(1fs) % Z/{ K Pourhan
() = eqy(20) = l'm —-01+G(s) (1+lim G(s lim G(s)|= = G(s) denominator must have at least
s ) =0 an s at the denominator for the limit
Ramp Input. with R(s) = 1/s2, we obtain S \nSaaion to be infinity (one integration)
= ® Velocky

s{172) i T
€() = egmp(0) = l'"3|+G(s) 1’—’%:+a6(s)<h$9b

Parabolic Input. with R(s) = 1/5%, we oblm’g . \"s;t\ms

A2 A
01+ G(s) ) + s2G(s) hnu_g_s)

G(s) denominator must have an s2 at

the denominator for the limit to be

infinity (two integrations)
accel\ebotion
G(s) denominator must have an s3 at
the denominator for the limit to be
infinity (three integrations)

hen

dodde
= %\S»SGN Btae € \oag Tiiow 'Tﬂ\s\e \Neggation 9 r pors Weqeiey
(gz\\:ciijo-\ \\>a-_\\4.~»n\\s»s Q= ._\._\;\»&m\sés Ka ¢ Ky e Kp pud ek

g

PR

e(x)= Cparota(£) = Ilm

b Hby, €:0 — 00 s B() S0 S0 \gdun s eh oo = GRS X
eq@don 1eagmn Ra 3 S ey %
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L§ slulae Unily ceaye Qoadbade Nidapdbx
: J

Example: Steady-State Errors for Systems with No. Integrations

. UQr & i 0
Find the steady.-state errors for input of 50(),Stu(t), and 5Cu() o the SYStem SPOWM | 7% Looei ) (csusyotsuay
assuming the system is stable. P“"‘\’é \—wﬂfw'oo\a P I
ECS\ &\ @Q&é\n* RGs) + E(s) 120(s +2) Qs)_ IZO;;':"?-:(.)”

Qls) sy ey h (354 4) s+

. ‘ -

B LN CTOT e L

E_step =

Taking a look at E(s), we notice that the denominator has no standalone s term. We 5 gl =3

expect that we have finite error for the unit step but infinite for the ramp and parabola 2 L\,:.:\ 5%

mpts. [ EZramp =5/ limﬂs’ﬁ, s, a‘)m =
R(s) = 5/s R(s) =5/s? Ris) =10/s®  eram= o ]

s @

: lace M
% \(\‘re:a(o:l“ca\s \ Be=id} e Q) Dmpak av:é f
288 dde Onik Dep N Ay Syslem Whiansat
A it A Ol g

Find the steady-state errors for inputs of 5u(t), 5tu(t), and 5t2u(t) to the system shown ‘ syms s
assuming the system is stable. | = (100%(s42)°(s46))/ (s*(s03)"(s44))
System s SUe
G =
RS+ E) 100(s + 2)(s + 6) Cls) (1005 + 200) (s 4 6)
> e d) s(5+3)(s+4)
E | Estep = 5 / (1 4 Linit(s, 5,9, i)

Estep= 0 NAN ?ysq\%ﬁa% d

| E_ramp = 5 / lindt(s"G, s, 0)

Taking a look at E(s), we notice that the denominator has one term of s with a degree of ~ ¢_.ur -
s' That is one integrator, we expect that we have zero for the unit step but infinite for the i

ramp and parabola inputs. T»zo )
| E_parabola - 10 /linit(s*2%G, s, 8)

R(S) =5/s R(S) =5/ s2 R(S) =10/s3 E_parazals = 0o

—

clord @i (asrs 2 s \Wegeler A= Movpsy Gt
codul Ruabda JssRamp-Rtelss ont dep = o &
R "
\adecileda PRIUSNEIPARY
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(s Bt Yo Shedole 1) Dsem Nosmasy g3t %
T\ _5ds) b dedd

Example: Unstable Systems

@tmﬁ\okéag@i pSis Add yeteml urd L loi “‘5}\ %

A unity feedback system has the (ollowing forward transfer

G(S)Y [ s = th('s s
function: T Gcay| - (10 (s +20)%(s 430)) / (52 (s + 25)%(s + 35)%(s + 58));
Gls) == lO(.t+20)(.w+ 30) \r e\(s\‘ Sys = feed:ack Y ke S A
(s + 25)(s + 35)(s + 50) . nsil) s ¢ \ge\esiad

10 542 + 500 s = 66D ‘\‘FC ‘5‘\
Find the steady-state error for the following inputs: 15u(t), 15tu(l), 15 7ioreioiossesnrms e

and 15t2u(l) A5 + 110 s*4 + 3875 s*3 + 43760 s*2 + 520 s + €020 SjM" Gm
5 . i invous-time tran u n.
Notice, that unlike the previous examples, we did not assume or | (m, cosslie il biathe st
tell you that the system s stable, so we need to check if the L R B LB i e
system is stable, otherwise, nothing matters. ans = Sx1 complex
) i -52.9264 + 6,02001
This is a feedback system with a transfer function Sys given as: -34.0959 + 8.62081

AzEii = Gslom unshlle

@.0084 - @.37e31

.%3m\ao\cc NG Nuvete W\ dgmjb (a\.{:«:.n\

Finding Static Error Constants using MATLAB

- numg-Soa poly([ -2 -5 -6]); % Define nurerasor of €(2).
_ deng=poly([® -B -13 -12]); ¥ Lefine dencwinster of ().
& G-tf(nung deng); X Form G{s).

! ' Check Stability” % Display izbsi.

k&x..; 030*93\ e‘M\LOAM\W Rb‘l-:, Qc\vmné

ans = * Chesik Stability*
Evaluate the static errorconstantg a_nd find the expected error for the -, \'}’Ey fesaci(en) Lo il
standard step, ramp, and parabolic inputs.

Aaildey

l{‘-mIJ 6798 32 + 26983 5 + 30092

529 5°3 + 8309 5°2 + 25209 5 ¢+ WY

First, we need to know if the system is stable or not

Continuous-time transfer function.

I poles-pola(r) X 0isplay clo sed- 1c cop poles.

R(s) + Es) 500(s + 2)(s + 5)(s + 6) a0} S‘ i K 2 e
__? s(s + B)(s + 10)(s + 12) ';”‘ka»‘j ”‘f’n;.‘;:f:‘kﬁ fo\e commax\d B F
-5.7623
Cects A\ s L5y Tade N\ aksaalsd
Asin (feal gk ) M

,?‘L \)'3 %’(q_b‘e \)\'OD%S\'C(‘\S\MM % [Aoou ([ s 5795 hm @300
Aoy Fableiiosn S " s


https://digital-camscanner.onelink.me/P3GL/g26ffx3k

Finding Steady-State Error. Constants usig MATLAB

ST Step I

- \
| Kp=dcgain(G) % Evaluars Kp‘““’ﬂ/dsng ik, X
= .

4 @atic Error Constants

(] tmoo

Kp = Inf

3 %%f.') \kané > ... = e_step=1/(14Kp) & Em
. S o ' ’ Qarp lnputf /\j\ \\».k\
G\(s)\g%.wbq (/r;rﬁ-conv(u 0),nung); 3 Dafine oy,

densg=poly([@ -8 -10 -12]);
sﬁ-tf(numsg,densg); ~ Craste

erator pf s(s)
denomingyy, of w;
s6(s), ).
Kvedcgain(sG) 1 Evaluate KV=5%(s) fop 58,

- . ._;-, - 31,2500 T
[ ] lmsGe) [ o ¥ vt vy 2t e o s
s =

s \‘\s‘e’i“’&““-‘—'s?ﬂ ommen @ SS+0) *,(.,,N\_)
‘:-?(\‘\‘(Q A %(\Q@)" %' Parabollc Ir‘.put'/ Vo

% Define

nums2g=conv([1 @ 0],numg); X Define numerator of $%5(3),
dens2g-poly([o -3 -10-12]); & peflne denaninatar of sy,
slG-tf(numsZg_,denszg); % Create 8726(s).
E lim.slG(s) Ka=dcgain(s26) 2 Evaluste K32522G(s) for sup
5—0 e - T
I g_parabola = 1777k3 j
N ’ = . S e ————— B SRR
3 Weayadion e @it 00 o B Tor

2 ol

R(s) + \E(s) K(s +2))(s + 25) C6), The number of intéQrations d
s S"(s + py)(s + p2)

etermin,
errors we have in the system > the number ang value o

2\ CQfo'bac\s
- AE)) ary \(\\cc&(c.ib“\aé (s? Ssag P\\::); ‘-W
S6) Vel ) Systems v o \Negletors e Typed  (ama g 2 Typel

Type 2
3 > Stati
(s 4ak Steady-state error  Static ttrl:':)r Error mlllcsz;:‘t‘"' . Static erpor
Input formula consta l Ttor Constayg Er!
I ant k=
: Ky =Constant ¢ kK, K=o 0 Kodies 0
Step, u(r) 1+K, ;
: | _l_ K. =0 © K. = Consl:ml { -E K‘; =00 0
‘Ramp, ru(1) Ky
P 1 0 S i RS T onstay, L
1 = Ka= \ nt
Parabola, itzu(') K,

: c
i Wepokors W sy e C
\S;:f:jui\ig »ﬁm \(\\eg{o}or N EYC\ P
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Interpretation Example 1

* Moy Qs A4__s) (st ¥ o g el b N ¥
Interpreting the Steady-State Error Specification M B N
S W00t (0 gfenaos Comadh D g P e tbae

PROBLEM: What information is contained in the specification K, = 1000? Asss Qs g exve( R\
- fer Mlss
SOLUT!ON: The system is stable. The system is Type 0, since only a Type 0 system _%‘35 e
h_as'a ﬁnue- K, Type 1 and Type 2 systems have K » = 00. The inputtest signal is a step, since Cltlng S
K, is specified. Finally, the error per unit step is \ 220\ & T Ska‘o\e
— 1+K, 1+1000 1001

K SySem 1 Salle . *
» What conclusions do we draw if a system has K, = 1000

~ Corchalail\ay

‘\nQ\J\'

1. The system is stable.

2. The system is of Type 1, since only Type 1 systems have K,’s that are finite constants.
= Recall that K, = 0 for Type 0 systems, whereas K, = o0 for Type 2 systems.

3. A ramp input is the test signal. Since K, is specified as a finite constant, and the
= steady-state error for a ramp input is inversely proportional to X,, we know the test
input is a ramp.

The steady-state error between the input ramp and the output ramp is 1/K, per unit of
input slope. T

I
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Designing for.Gain, Error Specification and Stability

num=[1 5]; X Define numsrator of G‘(s)n(; ~
den=poly([® -6 -7 -8]); X Defire denoniragon
GoXetf(num,den); X Create G(s)/x. g
num=conv([1 @],nua); X Deflna numararq

PROBLEM: Given the control system in Fig““"t . m-com([1 8] o
" . ; 1 ; . =t f(num,den); raate s X .
value of K so that there is 10% error in the stcad)é s_:l\: R\ \,»Aeﬂ- 0.1 B o

~ find the

SOLUTION: Since the system is Type 1, the error stated in the TR —————

: ields a finite
problem must apply to a ramp input; only a ramp y1€ics © e T
error in a Type 1 system. Thus, @»5‘}“ ‘_[hv y dfnﬁ?@g —

e
P \(MC\‘)&M qath 3 , Ncheck stability vV
= «feedback(K*GdK,1); ol T(s).
o sty [T |, s | ]
X {s(s + 6)s + 7)(s +8) A VK e o e comies 1 I
f \ L ' -‘:A::. :z.‘am |
\ GG\‘ o). (3 \Q\bs\ -1:9952 -1:::;13 ‘
L . (r’%%&\bg) -5.0088 + 9.e000f ‘!
s fladls s g I QAeraal Uaiealdinl %
Kare=hfet e k(e Asee
% e= \O‘f- — l\(\j=-\— = \o G %ﬁ* (S""") <+3)
e (5) (V] - RS [
i it TIC et Bra OBGS

eB @b Woiim ¢ et e\ M Systems M g iy gunadl) 2SN Cpuangad & !
%\E\l\ » Feedback control systems are used to compensate for disturbances or unwanted inputs that enter a system. The advantagg'
Caa(aSn  sing feedback is that regardiess of these disturbances, the system can be designed to follow the input with small or zero efy

» The figure shows a feedback control system with a disturbance, D(s), injected between the controller and the plant. We nows

. \5.  derive the expression for steady-state eror with the disturbance included. By setting each input D(s) and R(s) to zero one a
) time, the transform of the output is given by:

(ictob ances)
L C(s) = E(5)G) (s)Ga(s) + D(s)G(s) D(s)

LISty = R -E) ' oty [ ++£ N
ORse _ l R(s) — —5209) Gy(s) G §
el BT TEGE60 = T TG (06w 2 - |
his o | — N ;
Sy Yoo om AIGEN  BG N |
.1.3_)3'\:& }_\65 PENGEN Rl Tk Oishorbance S oo ¥ |
s AP BH st ) Salseddd! |
(:s\l»\!;j:;\;b P ke N Ny Non- ety Mo tepat 2 o t
%’Ecs) - Seadbaik3) _(kuckeghﬁ\scﬂ&‘S"( "
I—‘ — |
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Steady-State Errors with Disturbances I

» Tofind the steady-state value of the error, we apply the final value theorem

OCs) & Loy pill %

= lin = Jify S ; Gils) | QL
e(c0) = lim sE(s) lim [+ Gi()G:0) R(s) _}1—'31_-;2;.@—;61(50(5? . Shep foncdlonss \)\-:S
= eg(20) + ep(00) ; (o) = —_}_—\

@ \ls O(s) 5S Giss

(00) =lim—— SR 5Ga(s) " RN
er ,s-l—-(] I+ G] (S)Gz(j) R(S) C‘D(W) = }lino 1+ G|(S)Gz(5) D(-‘) S\-Aeez\:-&a Mﬁ (.s\“\\-&;

> Notice that the first term relating the error to the input is the same as the one derived and analysed before (see slide 8), where G1 and G2 are in series
and can be replaced with G(s), and the input can be a unit step, a ramp, or a parabola Y (

e disturbance D(s). To simplify the analysis, we only consider a unit step error, that is

» Now, we only focus on the error due to th

= ituti i into the previous equation will yield: . ARy
D(s) = 1/s. Substituting this value of D(s) into -ep vious eq _ yie W LL%%\A“‘ = -
e s = Delubane
Imer i oK

st-ate error produced by a step disturbance can be reduced by increasing the dc gain of

(deaean ) Wows
i . v - L - @ \J‘
L s . ' -%@\MX\MMMG\\Q Q)__J*
&_»S\G\ L@;:: -1, o) Aol Gaady G 8) ) *
G, Msiy S 325 g
G Mo A st 083

» This equation shows that the ;teady—
G4(s) or decreasing the dc gain of G(s).
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Step Disturbance Example

Steady-State Error. Due {0

> Find the steady-state error component due to 2 ilip_d_isl“_fb_a,'.‘f for the system of the aove figure
ow b GO
Contlroliﬂ 3 Plant
R(s) E(s) : : s
‘?—" 1000 s(s+25)
() 1 | 1
S ep(®)=-— == ==
1 L imGily OFI00 1000

s—0 Gz(S) -0

Steady-State Error:Due to Step Disturbance Example

® b(lska\\.\&-_-b- %
» Evaluate the steady-state error component due to a step di
Assume the system is stable. p disturbance for the system shown in the figure using MATLAB.

syms §

| 61 = 1ee8;
G2 = (sol)l(lﬂ); D(
)

161 = Liait (6L, 3, @)

aa - 1000 R Ris) + 57 1 TR +
| a2 = dimit (162, 8 8) 1000 * s+2 Cls)
- . e s+4

IL_._}; - 1/ (161 + 162)

il | m& “‘;\&dﬂgé\;\\,\ LM e %
Ll extel Dot @z:\:& ¢ SeddSigpel Nupgd
Dickodoones N G A sg UL Tshods s

Od\@&gsé»a* * A& Ge ol el
f&dw@gs\\m AVESUNY

AFI?E’..{D '*SB\ : E‘\s*'ﬂ'dm“w iﬁev b
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Control systems o .
g physical r);wodel forfiﬁg g;)srt‘:rtnha%e ‘;mty feedback because of the compensation used to improve performance or because of the
- The feedback path can be a pure gain other than unity or have some dynamic representation. [‘

| feed ; ,
» Agenera back system, showing the input transducer, G1(s), controller and plant,G2(s), and feedback,H1(s),is shown in the ]w

Figure (a) below, now we go through the steps to make it look like unity feedback systems

R(s)

—1 Gi(¥)

Steady—_StaAte_-_,Er‘ror fodenu

A E,\(s)

G(s)

C(s)

H(s)

(@)

Gy Serp
@ -{Q
Gto a | ro rE0 [ g, |1 RGs)_+ on E() G
. 1+ GOHE) - G
u S(G:A\Jm:\(
H(s) [o— PQ.(&M Hs -1 = —
M
1 @ e
A2
@ =

()

R .
) + E,(s) Ges) C(5)
___—-%
H(s)
&‘b ’\S 3
S S53) ®

I’l'ityf

Gdoni 2 OO gany Syghem S

C(s)

< Sl b @hiyshap
SCECENR P W TR
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Steady-State Error for Nonunity. Feedback Systems Example

> Forthes
ystem shown in the figure, find the system type, the appropriate error constant associated with the system type
» ang

the steady- ;
y-state error for a unit step input. Assume input and output units are the same. '

G(s) 100

Ts(s+10
) R(s) +n Eos) | 100 Cts)
N s +10)
HS =—1-_
O =515 :
(s+5)
G-(S)=-—~& 1
1+G(5)H(5)'*G(J)=1‘3+150320(-i-;0i)—400 /—} I
ype o 5
Kp = lim G,(s) <10 %5 _ 5 e{oo) = . | |
- 3 °°)‘1+x,,=1—(5/4)=_4)
S\emlj-s'\nit\\ 3\\50&\
5% Sudienyedd
- . . s g L8 . . ~
G 58l 26 hels 20 U9kl
& SCNYE\\

e For the system shown in the figure, find the system type, the a
steady-state error for a unit step input. Assume input and output units a
L3 €« [* G=zpk([],[@ -18],1e8); jTP= dcx-i; E-) i =

ppropriate error constant assaei
Ssociated with the
system type, and the

d the system is stable. Use MATLAB

A h=zpk((],- 5,1);

i kp = -1.2500
T % Ge=feedback(G, (H-1));

a_é % Ge = tf {Ge); _estep= 1/ (1+kp) hﬁ

’ 3¢ T=feedback (Ge,1) e :
4-5\'.'»2’;}\ i o S <t IO o el LW e step = -4.0000 'm\
- i ]
My
188 5 + 509 ~
"]\

§43 ¢ 13 572 + 50 5 + 100

Continuous-tise transfer function.

o - gy h"

ans = 341 CoplrA : ‘ S’kob\e ;%\r

.11.3780 + 0.00001
-1.8110 + 2,34714
.1.9110 - 2.34721
|
b
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Steady-State Error: for Nonunity Feedback Systems

Example 2

» Find the steady-state error for a unit step input given the nonunity feedback system. Repeat for a unit ramp input. Assume input
and output units are the same.

| G=zpk((],[-4],108); kp = dcgain (G2)

| H=zpk([],-1,1); S RO + E | 10 )
l Ge=feedback(q, (H-1)); - - by s34
| Ge = tf (Ge); e_step = 1/ (1 + kp) B
‘[ T-fegab-:k (5-,{) - o xtep « 0.0365 N 0
: s+1

L nuef = (108, 100 ];

denf = [1, S ,184 ];
sdmmsmesesdudes mzf = conv(nu=f, [1, ¢ ]);
s*2 ¢ 55 ¢ 194 Gv = tf (nu=f, denf);

kv = degain(Gv)

100 s + 122

continuous-tise transfer functlion.
s e - o ky = @
‘ pole(T)
o e_rarp =1 / kv
ang = cxl cumplin —
-2.5000 + 9.88601 e_ramp = Inf
-2.5000 - 9.00691

L (digohences) O L_qud..\‘r\hi:ggR Catrlnl La il (apgin & &% ‘.

s .‘-,‘
_'Y',.
-9 N

Steady-State/Error for.Nonunity/\Feedback Systems
with Distirbances

» To continue our discussion of steady-state error for systems with nonunity feedback, let us look at the general system shown in
the figure, which has both a disturbance and nonunity feedback. We will derive a general equation for the stegdy-state error
and then determine the parameters of the system in order to drive the error o zero for step inputs and step disturbances.

e(00) = r(o0) — c(e0) sty 2@ o€ Sk

O R -

s
. ©Gs) tj G1(5)Ga(s) ]R(s) _ [ G (s) D(.r)]}
- e G5y C(s)

e(c0) = limsE(s) = }i_moS{ [1 17 GG (H) 1+ Gi(s)Ga(s)H(s) 5.4
H(s)

_ lim{Gi(5)Ga ) li Ga(5) ¢
elon) = 220 = {[‘ g+ GOGEOAD] I+ GEGOHE)

For zero error,

;i_mo[Gl(s)Gz(S)] i lig Gy(s) Gwo:=D Wé)N o VA;\?D@DA *

and

Tl + Gy (s)Gz(s)f{(s)l B L[+ Gi() G2()H ()] A\ 4 Bagren
VENEPER 5 : -
%) VG — '\:E‘)ﬁ

LR — S &d—a Q@L“ <)
NS aa el SOt RO}l
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Feedback Systems

SFeady-State Error for Nonunity
With Disturbances

with nonunity feedback, let us look at the general system shown

> To continy e
the fi € our discussion of steady-state error for sYs;eelg;ack. We will derive @ general equation for the steady-state emor

€ ligure, which has b : ity f ' :
and then determine theogla?a?;ittg?;agfc ti: ggsr;gnmumrder to drive the error 1o zero for step inputs and step disturbances,

For zero error, r daads
M\s‘.\\m\.\. \ ¥ 2 :

SNy % Lim[Gi(s)Gals)] lim _
o L = d —
f\ﬂ\g l{{%[l -:Gl(.!)Gg(I)H(S)] 1 an 5%[; +Gl(s)G;(s)H(s)]

> The two equations can always be salifilled i R AsdOBPS N, ro g Gs)
U > (1) the system i o \ Os) 9 - '
ar IR Sady e Rod: poss)
: (s)isaType1system, 229 J ) SN e -35- )
» (3) G2(s) is a Type 0 system and ™ _ S\ g VA
M (4) H(s) s a Type 0 system with a dg\g‘;i&n\%f unity. Q-""\»“ < sl
UQ(\U‘\A‘A _\‘\_\ ex(@( AS
s i (e oaak S‘ds’tcms with |
3y o alstnds Dighorbance- |
QS o3 e |
4,3,2,0 S\ bagll ES— A8
(ol e ) 4 bA:

Example

.l: » Find the steady-state error for the following system assuming that i isstable, and that both the input and disturbance are unit step:

W 5 e | eR- st (syin, s, @) P - mon
s Lﬂ; T sy AN s sty Ui ;
. 10 el e o |
Distorbasc! —~ e o _-\E g_.,_.;\:\)_\s i D(s) ']]
NowdsSy Ty et Yoo e | Typeo &
 Bistebanes——— L : R(s) + [ ok + 100 )
s et lesd ? e ] L ] »1
e T e [ = ‘
{ - Hel b it ™ RN eD= LB\ "“
i &i\j\j:“ (k- e racaam g N\d ¥ ;
N R * Aekal et = v .
| ohMayony 10— o= P’ s bl sios\s ¢ |
. p (__71‘_‘(5’;7”+|)(:+2)(1+5) g §L‘r\m b b _
cener O \allaad) el alasal «8Y
s s wH Ry | FETETNY - Bad Mo



https://digital-camscanner.onelink.me/P3GL/g26ffx3k

Additional Example |

Given the system First step Is to convert Second step is to evaluate the upper feedback loop
shown below, find the this system to a unity which yields:

system type and the feedback system as ¥

value of K to yield 0.1% follows: U“‘Jﬁj J-/bb\ #\<

error in the steady state ~> {omp ot
o
Step ot Pasbela 7

s+ D C(s) R(s) + (s+1) (s) R(s) + s+1 C(s)
SAs+2) _(X) s +2) _%) $3+252+(K-1)sHK-1)
_ \
K = K-1 2Lose S Ses\s \A
u§>.>a \h\ alo( 2
s\éhobbs\nb tep '\lwc o= \(P L ity
Lo\ (ﬁtae G Gan Topust 3 Sidodoances
Smlbeck N cla 55\ amplifter N\ hovs- ‘15‘3 Sl Ooins Dysresds
S50mtNaly IS\ bunincgay _, fangedosin — Wit amblbdl 2 \Lialleey)
8’)—%'&‘\3@“9 _Md\c:(,.\\.\ P‘Lkﬁ \Wvut)\ ‘K\%&%G(\Sd A\ 23O AL Qf\‘&

\§>&\ 0&-&\&&-\\).}&.\3

S\en.lj-skéfe

AN Guatd

Additional Example [- Gontinued

ar that that the system is Type 0, therefore, the static error constant mentioned in the question relates to K,

Analysing G(s), it is cle

I G K \gpuiitGan
=0.001=——7+r i
em(w) 1+K, f Al s R(s) +?‘ s+l cs)

Therefore, K, is 999 and we know that Kp is the it of G(s) as s goes to 0 S+2524+(K-1)s+HK-1)
it

i e
It is easier 1o solve this mathematically, by substituting s by 0

_ &7 s+1 __1 = = s+1
Kp = !'.T, s3+2524+(K~ 1)s+(K-1)) “(K-1) 999, then K = 1.001 and G(s) Is §3+4252+40.0015+0.001

Check if the system is stable (remember to retrieve the transfer function for the whole system firs first):

goses (12 1,601 3.003)) '";"m. oo %Ss*em_“ %’\bb \""3 A\%\_'),:ﬂb%*

-0,1327 ¢ 0,745

~0,1227 = 0,79531 ! : ;
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Additional Example I

™ Design the values of K, and K, in the system of the adjacent figure such that the steady-state error component due to a unitsf

disturbance is 000001, and the steady-state error component due to a unit ramp input is 0.002.

——)

IX(s)

++é K3
s(s+4)

Ki(x+2)
(s+3)

C(s)

R\J\-O-T

™ When analysing the steady-state error due to disturbance only, we assume that R(s) is equal to zero, rearranging the shape: |

Dix

We know that:

) 4 Ky C(s)
By s(s+4)
Klts + 2)
(s+3)

" Otudbose Mool R s

Additional Example II:- Continued

» Since D(s) is assumed as a unit step disturbance, the equation becomes:
lim Gz(s)
)= —liM————"""7
() =~ 0 T G1(5)G:0)
» Substituting: €y, G,, G;and rearranging

K>

00001 = lim( ) Ka(s+3)
> 0.00001 = 50 KiKa(st2) s-0 s(s+3)(s+4) + K Ka(s+2)

4 e

L ey

ep(o0) = —lim $Ga(s)

BT 606w )

5% = 0.00001, thus K, = 150,000
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Additional Example |l'- Continued

n analysing ihe steady-state error due to input only, we assume that D(s) is equal to zero, and the system becomes:

Wh
» R X
Dl 'ﬂz—) —-1 K C(s) a
- #+3) s(s +4)

. . 1
ramp, the error due to only the input is ep\(oo.)=K—v = 0,002 and we know that K, = lim(sG (s)) =
) s=-0

, Sice the input IS

ns+) K2 y) = i Ki1(0+2) _Kz V) _
um(shs(’i?' s(s+4))) lsl—rr%( 0+3 (0+4))) KiKy /6
=0

5,61 (KKD)Z 002 and we already got K, = 150,000. therefore, K, = 0.02

(Gne (69«5&\0\_33;\ Q\\ B’QQ)\-‘QS - d&.a;ﬁégumaf\

Additional Example

he steady-state output position

shalldiffer from the input position by 0.01 of the input, velocity; the natural frequency of the closed-loop system shall be 10 rad’s.

Asecond-order, unity feedback system is to follow a ramp input with the following specifications: t

Find e Tollowing: B,

> The systemt
ype
and the error is finite (not infinite and not zero) =2 Type 1

Since wie are talking about steady state-error from input velocity, anc ¢
—_— s ) .!‘

¥ Tf\e exact expression for the forward-path transfer function \ﬂ\'oa(do( ‘---51“31 &R e_\—/ -
Since we have a type 1 system, the simplest assumption about G(s) is a pole with an integrator \8()~ (s+a) S—_\skem 0\
Is1l(l</u))_=0.01.orKIu=190‘ (PAWENC )

iora Type 1 system, the error is 1/ K, The limit will give K/ @S0 the err
;ewor the unity feedback system with systemw
4% s given that w, Is 10, this means that K = 100, and lhgrefore a=1 e

or
ith G(s) “‘(r’u) is Te)= 1 +(6)(T) deastK
X

wn
——_—__.d’
314.- 1%0’““‘“‘2“

% Th
[ c‘osed.'Oop Systemls damplng I'a"o 2wy =u= 1. Thus, § —',.;1'6

—
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Additional Example ll|

» Now, as a new exercise, find K and a, that will yield K, of 1000 and an overshoot of 20%

P08 = e~/ V1) x 100

For a 20% overshoot, this means c =0.456

@.K\-=looo=§ “T(s) =sle:—+——K g =YK Tmams O DecdL*
— a=09124K é’f“( ) @ )

Substituting a in the Kv equation, this will yield K = 831744 and a=831744 a 5\ YODsn

Additional Example [V

+ 10
s(s+1)(s+3)(s+4) B

=

2

+
9

Given the system in the adjacent figure, find the following:

» The closed-loop transfer function:

10
SEDENEH) 10
Gy(s) = 20 s(s3+852+195+32)

1+ G+ 1)(s+3)(s+4)

20
Ges)= 73,02
—T%v'e,!— o _i-(i +8s°+195+32)
G(s) 20
T() = 15G,(s) ~ s3+8s3+10s2+326420

» The systemlype
Since there is one Integrator In G(s), this means a Type 1 system
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Additional Example:1V

Given the system in the adjacent figure, find the following:
x» The steady-state error for an input of Su(t)

10 s
s(s+ 1)(s+3)(s+4)

E Step=0 —» T(_spe_l ¥
% » The steady-state error for an input of Stu(t)

2s

SN 20 . .
From G,(s). K¢ = El}}g 5G,(s) =33 =% . Therefore, Css=Ki"_ =8.
* P Discuss the validity of your answers to Parts ¢ and d'l

>;xjcts (11 8 1§ 32 20]) 3‘35! \mg\.&:)
-§,4755 + 0.00004 Y°Q\L3 Q&L %3 5“(:.}0\6
o GOSs QA4 Gystenn

-1.0000 + 0.00001

References.

. The material in these slides are based on:
Control Systems Engineering, Norman S. Nise, 7th Edition (2014), John Wiley And Sons

» Chapter 7 - Steady State Errors

. Sections 7.1, 7.2, 7.3, 7.4, 7.5, and 7.6, (Students kindly note that some sections involve math
derivations that we did not cover in class
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quick Intro to PID Controllers

P10 pomonal Denvatlve and Integral Control

RAF E; SUYYAGH

Dr.ASH
THE UNIVERSITY (03 JORDAN

DEPARTMENT OF COMPUTER ENGINEERING

PID Control - Intuitive Explanation

httgs://wwm@utube.com/watch?v=wkastquA&|ist=PLn8PRpmsu08L>QquxYFXSsODEF?:qurM
Orin presentation mode, click on the video below

 MATL



https://digital-camscanner.onelink.me/P3GL/g26ffx3k

Integral Windup Problem~ Intuitive Explanation
BaixYFXSsODEF3Jamm-y&index=2

hitps:/www.youtube.com/watch?v=NVLXCwcBHzM&list=PLn8PRpmsu08 Q
Or in presentation mode, click on the video below

Noise Filtering in PID Control- Intuitive Explanation

https://www.youtube.com/watch?v=7dUVdrs1e18&list=PLn8PRpmsu08pQBgixYFXSsODEF 3Jgmm-y&index=3
Orin presentation mode, click on the video below

(%3 CamScanner
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p.Controller (Proportional Control) —s usisi e o
(AP 1B Db swir s s sl o0 exfar Y ol sl ool )
onal contro, the controller produces a conirol action that Is proportional to the error. There is a constant gain K p acting
on the eror signal e and so:
? . cu 'l
ut = A — ) ) -
T i % ol ‘“vayan Qean Eror L2 [ & oter
W have steady-state errorl How the P-control gain K, affects the stead-state errors? ,
For a closed loop-system with a process transfer function G(s), and unity feedback: X(s) ; Y(s)
/'\ & = —H G(s)
G()Kr XG) \3»\
Ys) = _—-———] +G)Kr . \ :

\ /
We need to determining the value of the output as the }lme ttends to an infinite value. To do this in the s-domain, we use the final
value theorem (which if the limit exists):

li‘z.n A= I'lﬂ)l sK(s)

e o
e
P-Controller (Proportional Control) Pas
G@)K
Y(:)=|f—ng)fK—X() > Ys= llm.rWG—(H;,—X()
K x(t) = u(t), then X(s) = 1/ Kpl(s+1) =
x(t) = u(t), then X(s) = 1/s ys= lim ’-__——|+Kp/(5+|)l"'- SupposeG(s)exggsl)fortmsdemo

2 Kp
TIPTTAR alaienall ;
/) \_Lﬂs\nm Cﬁcun JSC\ASL}“-’&“*

Asthe imit goestozero > yu=K/(1 + Kp) e AP | PR ~ R U YL X
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1 05 dSian G Tnadrands Jsny
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Increasing the proportional galn decreases the steady state error, but it does not eliminate it to zero
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P-Controller (Proportional Control and Disturbance Rejection)

Previously we considered the effect of a disturbance on the performance of a closed-loop control system. We have seen that
closed-loop control systems are better at minimizing disturbances than an open-loop system.

Consider this closed-loop control system with two possible sources of disturbances, one being a disturbance affecting the
input to the process and the other affecting its output. @ (S S‘xgw N>

Q’(s) is KeG(s)e(s) + G(s)D(s) + D;(sb M
(Ermr: X(s) - 7(:).) _ QG\P\I‘ A\ 3\“Q\’\‘ ..\\\_»5 Coia T
Hs) = KeG(s)[X(5) - ¥(s)] + G(s)D, (s) + Dy(s) Signaf

‘ Y[1 + KeG(s)] = KeG(s)X(s) + G(s)Di(s) + Du(s)

. KPG(‘) G(s) 1. ncreasing  the jonal gain red the effect of
@:+KPG(S)X"')+ l+KpG(s)D'(")+ I+KpG(:)Dz(") ngc proporti g uces

The first term is the normal expression for the closed-loop system with no disturbances. The other terms are the terms arising
from the two disturbances. The factor 1/[1 + K:G(s)] is thus a measure of how much the effects of the disturbances are modifieg
by the closed-loop.

( drshurbonad) Biss) day B, 15D, 3 Vel loden

Cotslant S Aeyaed A
PD-Controller (Proportional and Derivative Control)

e

In derivative control, the controller produces a control action that is proportional to the rate at which the error is changing.
K d% where Kj is the derivative gain

Derivative control is not used alone but always in conjunction with proportional control and, often, also integral control.

controller output = Kpe + K4 Ee Proportional

The proportional element has an input of the error e and an output of Kpe. The derivative S
element has an input of e and an output which is proportional to the derivative of the error Error

with time ‘S Kos
Tt N\ (g o) Derivative

In Laplace form: controller output (s) = (K, + Kgs)E(s) Lol s

Can be rewritten as: _controller output (s) = Kp(l + Tys)E(s)

(Fwhere T, = K /K, and is called the derivative time const;@
\¥ /\

’ Cotfelled! el
Ty W
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D.controller (Proportional and Derivative Control)

has the controllr effectively anticipating the way an emror signal is growing and responding as the error signal

jalive control N3 ot
(This is why we say that the derivative controller looks for the future).

efl

problem with this is that noise can lead to quite large responses.

A

pdding derivative control to only proportional control still leaves the output steady-state error and does not eliminate it

cranging the amount of derivative control in a closed-loop system will change the damping ratio since increasing K, Increases

pedanp % —

dﬂ\\,ﬁxonl\&é §

uﬁée«\‘w Ny g
. e@s‘is

o Increasing
derivative gain

> Cm(\%‘\fcu\* /s
Pl-Controller (Proportional and Integral Control)

Inintegral control, the controller produces a control action that is proportional o the integral of the error with time.
K; f eds where K; s the integrating gain

Integral control is not used alone but always in conjunction with proportional control and, often, also derivatve control.

(Controller output = Kpﬂi_j_ejb

The proportional element has an input of the error e and an output of K.e. The integral Proportional
lement h ich i i the integral of the error d
element has an input of e and an output which is proportional to the integra

with time [ K, |
K Eror ) Controfle
In Laplace form; ~ controller output (s) = (K,, + —;—)E(s r

Integral

Can be rewritten as: controller output (s) = —,L(s + 'TI;')E(’) Pm%\-"‘\‘m%“‘lbi’") —Q‘%\
A\

ww/l(,- and is called the infegral time constant. \\;)b : 351 el o Sustend Golbal

A

The this is generally an important feature requiredin a control

syﬂé’:sence of integral control eliminates steady-state errors pnd

\\!
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PID-Controller (Proportional, Derivative and Integral Control)

The basic form is a three-term controller,

output = Kpe + X; IedHKd%f—

In Laplace form:

output (s) = K,(I + A;i; + %J)E(s)

K P
output (s) = K,(l + 7!'; +T )E(S)

Table 7.4 Effect of Increasing the PID Gains K., Kp, and K; on the Step Response

(ﬁ?‘aiﬁﬁ\q@u\ Jm%&p&j S\W Steady-State
PID Gain Overshoot Ss\eXe Settling Time Error
Increasing K Increases Minimal impact Decreases —3 Zefo -!d‘ﬁb’\“‘-“‘-‘
Increasing K; Increase Increases (Zcro steady-staie erron
Increasing K, Decreases| _____Decreases No impact !

v .
Oustehedt W3 <l X FCE TV ;\Lq, o Npornih o9
Mo ds Signal A

éamp‘.fa AN Qg;

Ovetghe M\ Nycib
Ovelahek M\ dohl 98 Ao
QWSML\Q\S‘\& S Dmd o s\\oo\‘ AAREEN
PID-Controller (Proportional, Derivative and#btegral Control)

The basic form is a three-term controller.

output = Kpe + K ]'ed1+Kd%

In Laplace form:

output (s) = K,( + TC&' + 45]5(3)

_ ATl
°utpul (;) = Kp(l + Ti-" + Td-' (-') Steady-state error to No Measured signal No
step Input acceptable? nolsy ?
Yes Yes
Controller Selection - o | More da -

fequired?
Yes

P control P! control PID control
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How are PID Controllers Realized (Classical Techniques)

This slide is just to have a quick idea, do not memorize the shapes or equations!
There are equations used to get the values for the resistors and capacitors from Ky, Ki and Ky

s a\s)\ A Doa\e s
= Zy(s & \
_ Funcion 2, Z) Gty =720 Ga«ﬁto\\ecl\&a ‘):7%0&_?'5?\
R, R, C :+—'-) Youly gals
P controlce M\~ MWAAHE . —— 240 Y Y A
'—{c PP %‘m
PD contreller —“@' —f\/{;\,— -R;C(: +R_,IE) _’\T{\;./'\'—‘IET—fD Y
\
_? 1 a5 hm?\'cd
ller ] —/\/\Rzl\,-{‘:: (&) 4n, ,:+R—'_‘-'-=
PID contral R, (— [(Rx Cz) >C T ] , S & : -b-“ *
' . Covewt W Conffcllets W\
Citend W\ Labosas Kigky o ° '5 R ?,3 s (Ban Cdf\fcs'\\ds ANEES
ASEY VIR VT HTTA E -Dleck of Y o Citenk
Sw N\ -Gt NG Soffwae Wls, A % é’:‘
How are PID Controllers Realized (Computer Control) =~ - "LZ[

-~

We use libraries and functions, because the controller and system equations are all realized in software, so is the PID controller

Lad\ajs 24) OIS - O%p M zzdiay

Example, ARM DSP library has a function for PID Controller

h_ttgs:flwww.keil‘comlpackldoc/CMSIS/DSF’/htmllqroup PID.html

Do O el Nssiy

P\“ wetel Cﬂ‘\\‘o\\&fu\“é\?‘
=< The function takes as input two parameters S and in: <~ )
—STATIC_FORCEINLINE float32_t arm_pid_{32 (arm_pid_instance_f32 * S, float32_t in )

' . Data Fields
in is the input signal obied —  Kiakokp elas — W\ e,
And S s a stnuct Which has the gains and the values of Kp, Kd. Ki . 3\ S
mpi‘f/’WWWVl':eil.corm’pack/doc/CMSIS/DSF‘/htmIIstructarm pid__instance I32.html€z"ﬁ'?T \,69 : :::‘:&
oa t A2
But where and how do we get the values of Kp, Kd, Ki? Noata2 t state 3]
MATLAB PID Tuner (DEMO In class) block Y\ Sty © domarndiDystem by Meat2 kg
T ot oo pavs Cetperne Nemy dhy gy ooy
/\J‘\f\m l—b&'\ g‘s\\\ eﬂ\ §A3 ﬁ;..‘ "‘,,,“ floataa_t m'_‘
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- : nd the type of controller you want to yge,
\ MATLAB has the pldtune command which takes in as input the plant system as m%l:}; :ystem to match a unity feedback design,
Medet 2 Notice, that MATLAB assumes a unity feedback design, so, if need be, transform y

.&m

v
r—s c 5ys y

. . d before (tf, zpk)
sys is the transfer function, it could be constructed using any of the techniques we “ivz:: t:)nly those(in red)
C could be any of the following controllers (in this course, we only cover 1-DOF types,

* P" — Proportional only

' Integral only

*'PI' — Proportional and integral

*'PD' — Proportional and derivative

*"PDF" — Proportional and derivative wilh first-order filer on derivalive ferm
* 'PID'— Proportional, integral, and derivative

* PIDF" — Propartional, integral, and derivative with first-order filler on derivative term 5/\ /2023 & \y&:,_n
* Dok No Meteb Wik 7 ol
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Brief Introduction to Digital Control

Introduction

» Inchapler |, we learnt about the advantages of digital systems over analogue
systems. We also leamt in this course and the embedded systems course about
how 1o fransform analogue data 1o digital data through sampling and quantization
(AD).

> We quickly reviewsd how 1o determine the proper sampling rates in order to get
digital representations that can faithfully represent the analogue signal.

> These days, many sensors are digital, that is, they have the A/D built-in an
provide 1€ sampled dala al cerlain configured rates to the digital controller.
These sensors can be used in the feedback loop or just to monitor the plant

> In otfier cases, the A/D Is built-in inside the controller chipset (SoC) and you h 7 N
1o configure if 1o take eamples in digital form al a required rale. pa— F—

(] - .
- j — 3 \‘;.
= W AR

[
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Digital Computer Role in Control Systems

A digital computer might not take a direct control role at all. The whole plant might by contralled through conventional classical and
analogue controllers, however, computers take a supervisor-role; Thal is, they simply collect data about the system operation, cr eating

logs, or showing real-time sensory data input to remoté screens where engineers can monitor the plant and see if there are hazards or
safety actions that need to be taken.

Adigital computer can replace many analogue controllers and be placed in the forward path, where it takes inputs, feedback data n
digital form, process them through software code, equations, libraries, software PID, and issue commands to the plant for direct
control. Programmer logic controllers (PLC) are common Industrial examples, SoCs for other applications.

Pﬂ‘cu}o% o (O e S u - D\%-}.;J. Yo

Dta‘(\oﬂ ) = — = A roﬂcf:’)

In Industrial automation, the computer role can be hybrid; that Is, it can take both a supervisory role and direct control role. These

systems are famous and are referred to as SCADA (Supervisary Contral and Data Acquisition). They provide Human Machine
Interfaces (HMI) to control PLCs, read sensors, log data, and Issue alarms.

hitps:/finductiveautomation.com/resources/article/what-Is-scada L__\c)é \\. ' %“RB\ 59“356\;‘5*
A Ndad ey plodiiinabseet i
\! . \ A <
Diegral coktel Y 2 Searpling (e M Pfoam N S:\iz\; ;b“
Roeden comads ¢ Sadem Onstalole ebisy G

Syl ¢ doi It Al Win quin N e ousads > hD Wospiess *
.onéleble Swtch & O/h 3

e

Review of the Sample and Hold

» Inthe embedded systems course, you learnt about the sample and hold circuit (SOH)
which is the circuit that samples the analogue signal and holds the analogue value as
steady as possible (unfortunately, we have drooping), then the A/D circuit converts this
analogue value to a digital binary representation based on the resolution and voltage

e
range of the ADC (quantization). A
» Upon the complexity of this Sample and Hold circuit, they can be modeled and referred L] I]
to as zero-order, first-order. In this course, we will assume the simplest circuit which is etk "-rl—pro-—..
~& L]

as it generates the stair-step“approximation.
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zero-order sample and hold, or *ZOH", You know this circuit from the embedded coursZ
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Voltage References and Quantization

> We have voltage references that the ADC must use to know the range of the analogue signal, V,,;, and V.., and we know the
resolution of the ADC to be for example N blts, and this means we have (V,y;, - V,q.) / 2" ranges, and each range will take one

of the 2V possible bin i - o i N
p ary representations. o a2 - 0 ~Sesars \\ € ; )Q_\_;@
> There is always an emor that is called the quantization error. No matter how much we increase the resolution, this érror is Q\-: S

- alwa y - N - i
. ys there and equals M for a non-uniform quantizer - Uan*_‘ u;kbhks Aq
B U 17" T T &N 389 eflof
N s e [T Sgtagy 7
Sl R ] faczzzozsastrliny - SuSs
I s e | [l[] e
0t 1 3 4 5 0 1 2 3 4 5 [ISF FI T WET=7 TR (L\‘(eQ;Vd;-\Ié‘)

Tirve (seconds) Time (seconds) Time (secunds)

4

(fesalotion) 2Y s anis Cmax [anin ) Sange Lsssiods, § Quastizakion X

N s 0 38 e 5 = Mex Vet 5-5 = ef. vk 3\ A/D Sﬁ%é‘-”

16 Qs Mhie a5l Lahioy M W gt o = Akl fasge a5 3 5O
- fores Mo Gas 2° sdele g Bhs

A

JR

Modeling the Sampler ;

- An b ya
» The simplest model for the sampler is that we have a pulse train (a series of b A ety
rectangular pulses, on and off) multiplied by the signal. Effectively, this means
! we are reding the signal when we have a pulse (sampling il), or not reading the , ,
signal when the pulse is off. T wor
Lo ~ lwpolse WS "'
“pyoe AWRN I T = ) i P .
\ lc‘m LSO =Tw 30 ST)S - KT N 20y " ot
r — - = 0 Tu
l pRiss2aT (Sampie Todes ) { Petiod) T Sy ]( , m&
. » Ideally, the width of the rectangular possible should be so small, more of an I T ’1
impulse train rather than a rectangular train. This ideal sampler can be Pissili=tv
mathematically described as * P Q§{ ng
o -
l_ =Y ST —kT) “:”][ revanery (g Ml
k== Lo e - .
20 T ‘:‘ i y\ 5 43.)3_ )
ety e

T eadtin T Vime Daomnain I\ eodiaal) diala% dicae /3 =0 \ay®
0 o8y Otectete dowean ot (@) deklan Sonction

c v.)‘(?;r'_(' t,“je \5‘2’ 3:."\-'.‘.‘ (\“\PU\SE)
: (('lbg-; (5{,\\_\:;\:55 ®26,05 %)
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Modelling the Zero Hold Circuit

» Once we have taken a sample, we need to pass It fo the quantizer to start converting it to a digital binary form. For this fo

happen, we need to keep the sampled value sleady for the entire duration (in pracice it drops a litlle due o capacitor
discharge, i.6. drooping effect)

Ideal sarpler
0 £20 20
> The laplace transform for the zera-hold circuit is given by oo Hold
— T
Gy(s) = L= im fn FA0) JAG)
2 SKD 51 = kT)

WD Cny Commpdi sl Lo seldind) & ; Al I H : '

N toter N ¢ digutal o Sgshesn W dsrd Tomiad M psliddax
S Moaleg \Sogy Sensors W6 dighal G R e S

@Q\/o“’oaeéewlad\g Ciceuot N ¢ 6\<:3th9 - T AW

v A %Q‘W;‘\ L:.&:a\)
AM‘OS A\S \O\c:mks Gaginod -uAng A‘g\’rol p gy N
blecke, 5 ¢ 08 (85D Qumann Jo \gys yoiy

.2 Demara N\ Lsie miy Otgtel S

% » In this course, we mainly dealt with classical analogue control systems with continuous time-domain inputs and outputs. Once
o ' digital controllers (computers) are involved, many blocks in the system are using discrete ime-domain samples of the original
b \M signal. As such, the Laplace transform can no longer be used to represent the system in the frequency domain.

AN » The discrete counterpart of the Laplace transform for digital control is the z-transform, and the new models we will develop in
M MATLAB will take into consideration the sampling rate F, or sampling time T,

S).(WP\\(\(} » We have already leamt how to properly choose a sampling rate based on the sampled signal characteristics (maximum

QLd:‘Qqa -\3 frequency component) and applying Shannon theorem of sampling and Nyquist rate. We also studied the concepts of
i 2393 yndersampling and oversampling.

» Now, whereas the stability and transient response of analog systems depend upon gain and component values, sampled-data
sysiem stability and transient response also depend upon sampling rate. So now, we have new things to consider when
choosing the sampling rate, that is the system stability.
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The z-transform

<> Similar to the laplace transform, the z-transform converts the function from the sampled time-domain to the frequency domain.

< > Inthe ime-domain, we no longer use the variable ¢ to represent time, since tis associated with continuous time signals. Instead,

we use the variable n to denote sampled time instances. This is the default for MATLAB commands as well.

Sk »  MATLAB has two commands to move between the sampled-time domaln and the z-domain, ztrans and Iztrans

Y»

el 2

* >

day S
syms n syms z
f = sin(n); F = 2%2/(2-2)"2;
ztrans (f) iztrans(F)
ans = ans =

(z*sin(1))/(2%2 - 2*cos(1)*z + 1)

%am@\es N
SN NP PR
e AP\ RNESOVN

2*n + 2*n*(n - 1)

The Transfer Function

e\

C() \)
In this course, we have leamt how lo obtain the transfer functions for classical ———] G |— 333“
systems as shown in Figure a. We have continuous time input R(s) going to P \&3\»\ G.:LS
: . L : a :

an analogue system represented in the s-domain, and giving a continuous ( Co(\'*\‘ AL o\')S\
output
In Figure b; however, we have a sampled input R*(s) instead of a continuous R R*(s) 6 [+0)) 5 d.}\‘)
fime input R(s). In this example, we assume that the output is continuous. b Oiaxt

%am() WQital
However, in many cases, we might only be interested in seeing the output for Sianal ) {‘\ B \\_\
those sampled inputs and not in between, in Figure ¢, an imaginary (phantom) & m—‘ﬁ%% 2
sampler is added af the output (coloured) lo denole that we are Interested to Rs) / R*(s) Cls) : P c-m
see the discrete output lo the discrete inputs only. This assumption further O a0 §>\¢

simplifies future analysis.
¢ (e@a)( \maginay) Phamtem o @m@m\@ A
A-fr.fdcc\_s xs»s\wpo’r B\E& sy g& Wi, %h{s\ el
‘Aj).u u\mg}m\ G DSI‘;S)Q p\NJS \Qﬁlg ks»&\ s 5o

O"S‘\\ Wmis A &\r- "\W\ A Lo\ (s c&\?c(::’t AN (ol \od \u\g\ PN\

_c-)g\?\i\ N e day \3&\\9 Q\\°C(t,\c:_\\

L o

‘:}¥§§f\t!-\
c}ica&ol %\\A 9

m CamScanner
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Converting G(s) in Cascade with Z.0.H. to G(z)

» This figure below shows a discrete sampled input using a sample and hold circuit that goes into the s-

domain block. Since the entire system is using sampled data, we need to find the overall new block G(z)
that represents this system.

> We can convert G(s) in cascade with a zero-order hold (z.0.h.) to G,(z) using MATLAB's G, =c2d (G._
T.z20h’) command, where G1 is an LTI continuous-system object and G is an LTI sampled-system object. T
is the sampling interval and 'zoh'is a method of transformation that assumes G(s) in cascade with az.o.h.

We simply put G(s) into the command (the z.0.h. is automatically taken care of) and the command returns
G(2).

LS G EO gy [
Y
Soio-<ly
J‘TQASFQ( ‘Pu{\ej' B ..\\
\-&" = oy M
g

Example |

Given a zo.h in cascade with Gy(s) = (s +2)/(s + 1) or

Gm:x = Z2-lmainl srd 3%

find the sampled-data transfer function, G(z), if the sampling time, 7, is 0.5 second. % _\\:)X
aaval e—1ee5; % Input sampling interval. Cenecza(es,T,zony T
e numgs=[1 2]; % Define numerator of G(s). e ————
QS.QA‘:SQ‘Z‘ dengs=[1 1]; % Define denominator of G(s). &n, =
e . Gs=tf(numgs,dengs) X Create G(s) and display. z - 2.2131
| sk UMATRA AT N ey 5 Su
wes 4 6s = T - 0.6065 % )S
O\f‘i» lare .42 sample time: 0.5 seconds &\i
..... Discrete-time transfer function.
%%S 3\ s +1 1- &\..\
d'\scfde continuous-time transfer function, g% D m\‘“
On-czd(GI,T,'zofi—')\5 ~ \__"_EC__

s o et
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—— [ .. 1 Y -l -J -U .)v' - .

- Sampling MadAedags W «— Sugerdls g *

» Given G(z) of a certain function, can we retrieve back the original block G(s)? Let us do this by reversing the pri vious example.

> Notice that we can use the familiar zpk command to represent transfer functions in the z-d.omain, the only f:hapge !s that we
need to specify the sampling period so that it knows it is dealing with sampled data, and give a representation in z instead of s

o emmmmmm | eealean S dserctarto coinoss
.

Sample time: 8.5 seconds
Discrete-time zero/pole/gain model.

7

Creating Digital Transfer Functions Polynomial Form

Adigital transfer function can be expressed as a numerator
polynomial divided by a denominator polynomial, that s, F(z) =
N(z) / D(z) . The numerator, N(z), is represented by a vector,
numf, that contains the coefficients of N(z). Similarly, the
denominator, D(z), is represented by a vector, denf, that
contains the coefficients of D(z). We form F(z) with the
command, F=tf(numf, denf, T), where T s the sampling
interval, F is called a linear time-Invariant (LTI) object. This
object, or ransfer function, can be used as an entity In other
operations, such as addition or multiplication. We demonstrate

wWith  F(z) = 150(2% + 22 4+ 7)/(z? = 0.3z + 0.02)

We MUST use an unspecified sampling Inferval, T= | ] since
we are already representing a digital system and not sampling
a continuous one, |t should be empty so that It creates a digltal
trangfer function nof a continuous one

p A t_denza.sass;
ap e K=1; < N e o
P 1ol e R . 2o PSunidia\dins)
Gz=zpk(num,den,K, \e= St AR, memee N
e ”é,u\:%:.g\ G G alnsls 2ol ¥ Rys N
e-e. 385 \\Ef EN.\ jN._ N Continuous-time zero/pole/gain model. KS»\\»}A\ QD‘-kgA\
s Cofliueds (i - ) \
s S - Domin Mo i it &b oo

numf=150%[1 2 7]; % Store 158(2*2+2z+7) in numf and
denf=[1 -8.3 0.02]; X Store(z2-0.32+08.02) in denf and

F=tf(num_f ,denf, [ ]()\_5%\,_:}51&)\&-\&2-%\;5\'

= Z-Detvain Yol
e e ks A
782 - 0.3 7 + 0.02 L A LSRye

Sample time: unspecified
Discrete-time transfer function,
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Creating Digital Transfer Functions Directly Vector Method

X > We also can create digital LTI transfer functions If the
numerator and denominator are expressed In factored form,

We do this by using vectors containing the roots of the
numerator and denominator. Thus,

K=20,;

G=

G(2) = 20(z + 2)(z + 4)/[(z — 0.5)(z — 0.7)(z — 0.8)]

can be expressed as an LTI object using the command, G=zpk
(numg, deng, K, T), where numg is a vector containing the
roots of N(z), deng is a vector containing the rools of D(z), K is
the gain, and T is the sampling interval.

7 numg= [ -2 4], .
deng=[0.5 0.7 ©.8]; % Store (£-0.5)(s-8.7)(s-8.8) in deng

G=zpk(numg,den:,K [n

28 (2+42) (z+4)

(2-0.5) (2-0.7) (2-0.8)

Sample time:
Discrete-time zero/pole/gain model.

2 Store (s+2) (s+4) in numg

% Define K

;-{;"'3’ ‘~:Eé}}l;L 5515\\25:13

%5“'\’\“\03 A\
du_'éj&, (ete

o (old

unspecified

T~ Domaina) SV s Lal) s edd

» Similar to before where we defined s = tf ('s'), we can use
z = tf ('), then write the digital transfer function directly

\S‘ \Su

2 Domain Lo < g GBS
elies Al £l o) \ebe-ddininso
SAlans VAN 25t o) feadlback o\

Conrotd (358 (i Qj\\f\m(\ Avasde i %
. Hedlab A\

L Gs?a‘(vtl?'(ztd)/[(z e s) (z ) 7)‘(; 8. x)]

"2 - 8.3 7 + 0.02

Sample time: unspecified |

DJscrete tire transfer function.

G =

20 272 + 120 2 + 160

sample time: unspecified
Discrete-time transfer function.
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Transient Response

n-pp_.lot(u? NN _
» Similar to before, we can observe the step response S”—
using the stepplot command A N s(itiod Yy Revoores

Block Diagram Reduction‘impo tant Note

> » Our objective here is to be able to find the closed-loop sampled-dala transfer function of an arrangement of subsystems that
have a computer in the loop

* » When manipulating block diagrams for sampled-data systems, you must be careful to remember the definition of the sampled-
data system transfer function to avoid mistakes.

% » Forexample, Z{Gl S)GZ( )} # GI(Z)GZ( ).

% » The §—domain functions have to be multiplied together before taking the z-fransform. In the ensuing discussion, we use the
notation G[ Gz (s) to denote a single function that Is G (s) G, (S)

%> z{Gi(5)Ga(s)} = 2{G1Ga(s)} = G1Ga(z) # G1(2)Ga(2)
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Wlock Manpulaion M e bl Sl i
Comlbined blecks s Berds Susbehes N ity oyt $ia dasim oy

Block Diagram Reduction Equivalent Blocks

¢
£

! - A CARY
CD W oK) . Cls) / () ) LEX PSS [ _ ——3 -\é\ j{“\z}s
Cefinooasmiisl 2 A Susdgralyre
®  myormf wen Mol
Jectddeaiall e o AL @iy M
@ Ry R0 Cts) W RE2) o L&PA\\N
oTfek o oferf ot Eafgaplen | CRTGT
(e) Qila 3\;
g R(s 9)G\(s [RG)G (5)1* s 5 \ RG(: aw
a3l « (D oc'—“- Gl g [ ALy
A\ AL @ e
G&&w\:«g adelesh cad Neded 39
SRR (oot AN sy

Rules for Adding:Pha

S\N\Q\‘\-Qtaheé\é%*& it ST o :
> Aphantom sampler is an imaginary sampler that can be added to simplify block diagram reduction.
» Rule I: You can place a phantom sampler at the output of any subsystem that has a sampled input,
provided that the nature of the signal sent to any other subsystem is not changed. For example, one can
add phantom samplers at the output C(s). The justification for this, of course, is that the output of a

sampled-data system can only be found at the sampling instants anyway, and the signal is not an input to
any other block.

» Rule I Another operation that can be performed is to add phantom samplers at the input to a summing
junction whose output is sampled. The justification for this operation is that the sampled sum is equivalent
to the sum of the sampled inputs, provided, of course, that all samplers are synchronized

\%B—®—J_@ - R/

S5k Hoaond () % &
AL LonvoSampler T G Oy gty —u)

e adsyinus tock Mg
avgd) s oeak e
| Codrot Wodeins Was e
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Digital Block Simplification Example

et Cl
R(s) + o—| 6w (s)
- S1
H(s) =

» Adding Phantom samplers per the rules

Rs) ok ¢ ® d‘ o - C(s)o/ oS®
s1

S' _ \o— Hs) | S‘;
P\MA’YOM 53 ) P\‘\Cl(\*oM
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Digital Block Simplification Example - cont.

Rs)_ 7 R%(s) + O/ oo cis) S )
52 - 51 54
E;\OJ G(s)H(s) =0

53 S1

Digital Block Simplification Example  cont.

- ] R@ + | G | C@_
Sudch WL i 3y WS ? J
" (bleck Menipoledt ion)

GH(z)

R(z) I G2 (1) R(z) . Gix) [CQk)
1+ GH(z) . 1+ GHQ)

R s b b el 2
%-Detvenn 3
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Digital System Stability via the z-Plane |
l ans‘ko(\*
o S & e g
o Qm""ﬂiek "= et = eTlotio) = e,r@ > @\\&33\
» The glaring difference between analog feedback control = T (cos T jon wT) 5\ L!“
I systems and digital feedback control systems, Is the effect that _ Ty ms;’ Jsme = \JQ
the sampling rate has on the transient response. Changes in P \\ E
sampling rate not only change the nature of the response from L)G ( deb_ﬁ\kb e
: overdarr_lped to underdamped, but also can turn a stable (coswT +jsinwTl) =1L eT. ( S )\.5\»33“ \
system into an unstable one. Im Im
» Inthe s-plane, the region of stability is the left half-plane. If the »plane wplane o S= °\'°3
transfer function, G(s), is transformed into a sampled-data g F =1

transfer function, G(z), the region of stability on the z-plane can
be evaluated from the definition, z = €™. Letting s =, we oblain

% ot circle G

[ -— L___}

U hos, S BN s B3N NS CR U Selle Cogn\iyank
nclable s S M R s S ok ﬂ
b o ye Yo LigLahs aHWOTY BN A

- Sxahlend \n(AanEs Cihydiin @t N er 3 MRS A NS
g“‘h‘f\s@w GevANses (oot \ \ S A

: H:wam

Digital System Stabilty:via the z-Plane

> A command — Comglex lumd\ s N\Qﬁm\&é\@_& + Qe Cotatnand
3% » Ifthe magniude &7 > 1, this means that the poles are outside the unit circle. Any point outside the circle means the system is J
unstable. This i$ equivalent to having a pole in the right half plane in the s-domain %e:s \ & \

% » If the magnilude es" = 1, the pole lies exactly on the circle. This is equivalent to having a pole on the jw axis in the s-domain.
>+ > Ifthe magnitude e*" < 1, the pole lies inside the circle. This is equivalent to having a pole on the left half plane in the s-domain 0-\.\:!-\—\k-‘>.m
3 > Stabillty criteria alag M
V(1) stable if :fll poles of l’he clo'sed-loop transfer function, T(z), are inside the u.nit- :?ircle on the z-plane, \))\."&5 U 33N
v12) unstable if any pole is outside the unit circle and/or there are poles of multiplicity greater than one on the unit circle, and LT .
v13) marginally stable if poles of multiplicity one are on the unit circle and all other poles are inside the unit circle. \y‘$\ § @"33
s As Loe

(onshbletisds Sostendls £ e araiole Sitetait ) uriebiass

CamScanner
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> The missile shown can be aerodynamically controlled by torques created by the deflection of control surfaces on the missile’s
body. The commands to deflect these control surfaces come from a computer that uses tracking data along with programmed

guidance equations to delermine whether the missile is on track, The information from the guidance equations is used to develop
fiight control commands for the missile. A simplified model is shown as well,

=X P Here the computer performs the function of controller by using tracking information to develop input commands to the missile. An
acceleromeler in the missile detects the actual acceleration, which is fed back 1o the computer.

X > Find the closed-loop digital transfer function for this system and determine if the system is stable for K = 20 and K = 100 with a
sampling interval of T = 0.1 second. P e

Tracking Mi,\sxlf ! "
Q\\ k&ﬁb‘;& ).an\Jd ol ﬂ— AD [~ Computcr Am;;}iﬁcr ] :;:-rm.::; acceleration _‘6\
Secod o é\j;\q\\},\' e l . \ E._- > kY

dada i ey

h e il pa \( éﬂéﬂj’\i\a

Volt M psirad dos : =

adpaiail Cymsiien o1 outifm oS e
cekonl Confralless gt e

Airfrume

Acceleration  Sample Hold Amplificr  dynamics

commaund + 1-e—T5 | 27 acceleration
% 5 sis +27)
N Sumple
s T Dt GG | —o™o

Missile

. Xt Airframe
b\;&ug Acceleration Sample Hold Amplifier  dynamics Missile
r
= - R g o command  + . 1-T8 5 27 acceleration
= ‘S Q . j \ = } ™ X Ns+27)
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Example - cont.

. Airfrume
Acceleration  Sample Hold Amplifier  dynamics Missile
command :( + l-e=Tr | & 27 acccleration
i, 3 sts +27)
Sample
O
Airframe
Acccleration Sample Hold Amplificr _dynamics Missile
command le 1-~ T L & 27 acceleration
5 s(s+27)

numg=27; % Define numerator of Ga(s).

deng=[1 27 @]; % Define denominator of Ga(s).

Ga=tf(numg,deng); % Create and display Ga(s).

(s) in cascade with z.o.h. and display.

Gz=c2d(Ga,©.1,'z0h’) % Find G(z) assuming Ga

GI =
8.066545 7 + 0.02783

z+2 - 1,067 2 + 0.06721

sample time: ©.1 seconds
piscrete-time transfer function.

o o )nr e, Suem ) (50 Y e w

R—@— | 0@\ ook sigdon”

CamScanner
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Example MATLAB Solution |l

( E‘ 3 \ < v~ e — _ R e A S i —————
N \&\ S * [ for K=1:0.1:5@; X Set range of K to look for % stability.

! N \.'@\,\ P‘& 5»! Tz=feedback(K*Gz,1); % Find T(z). q

r=pole(Tz); % Get poles for this value of K. . e Nideb
: o rm=max (abs(r)); % Find pole with maximum absolute value for this value . “
ks}'_\%\ss\ S\ if rm>=1, X See if pole is outside unit circle. i»bd’u'\
break; X Stop if pole is found outside unit circle.
Schle B et Doles 3N
[(._20( %% o o) | end 2@(03 3\3
Sbms display(K)

] ELUUN S . e an b e BRI \Lash
@3 M \(:'\b°3 K = 33,6000 —> \_\S[>3\.§::>§%QS S*qk)\e X\st\ﬁ____\f 30\1:»5\% \Ps
S\ W RN ’ DERSIERE e v e
Bble\siotndy - ) -
Sy o s
e
( unstabdle

Steady-State Errors in Digital Syétemé i

Dascping N s7sh Kal Ry e ko Elsmal A agnGoun 8 S-Domain, A r&\m\»@ "
» Any general conclusion about the steady-state error is difficult because of the dependence of those conclusions
upon the placement of the sampler in the loop.

» Remember that the position of the sampler could change the open-loop transfer function.

» In the discussion of analog systems, there was only one open-loop transfer function, G(s), upon which the general
theory of steady-state error was based and from which came the standard definitions of static error constants.

» For digital systems, however, the placement of the sampler changes the open-loop transfer function and thus
precludes any general conclusions. In this chapter, we assume the typical placement of the sampler after the error
and in the position of the cascade controller, and we derive our conclusions accordingly about the steady-state error
of digital systems
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Assumed System Model for Derivation

R 3 -l -
) “Q—O’ £ [1-T G Q) RGz) + E(2) )
A}I g — }——— __% .J G(2)

-

{ G(z)

) r ¢
Ra _~ F0 e B F) Qv o) @ k’
1 —E r - T

Suskem M\ i %

—dﬂ e etk
S A g“\\"_s\la\&:k\

/\\ \(\ z_“om““

Steady State Error Eq uvati_o‘n's_‘:“

The final value theorem for discrete signals states that —3 - N \\& S\S *CQe S T—> \
e'(0) = ELE:(] - Z“)E(Z) % %\‘\C&:\‘\ A\& wa-l’ﬁe Z. - —Ts
e \L
The error due fo a unit step input is defined as \\M S £(Gs) () ‘1:—1(, K =mGE | —3 ¢ a3 \\o
&5\\.5

S -chcun A W P S & K, .-‘-mn( t=1)G(2)

The emor due fo a ramp inpul is defined as . s 7l

NG SRA T
s

K =Lhm( 1)'(‘()

The error due 10 a parabola input Is defined as
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Example - MATLAB

» For Et_eg. ramp, and parabolic inputs, find the steady-stale error for the feedback control system shown in the figure if

20(s + 3) o) [1-T5 Cls)
G — etk 5 Sl R(s) + Exs) [1-TF] Gyts
l(s) (S+4)(S+5) { ATO——— s ()

» And the sampling rate is 0.1 sec, 0.5 sec

» We can use MATLAB's oommandto find steady-state errors. The command evaluates the dc gain of Gz, a digital LTI
transfer function object, by evaluating Gz atz = 1. We use the dc gain to evaluate, Kp, Kv, and Ka.

R VT SR PR S PPN

MATLAB Solution (T = 0:1)

T = e.1; % Input sampling interval. Tz=feedback(Gz, 1) X Create and display T(z).
Gls= zpk(-3, [-4 -5], 2@) e et Sadri
— N EEE— Tz =
= 1.4994 (2-0.7405)
20 (s43) . memmememeeseeseooo o
IR (z-0.7349) (2+0.9574)
(5+4) (545)
Sample time: @.1 seconds
Comlinuous-tise zero/pole/gain mode). Discrete-time zero/pole/gain model.
G1=c20(G1s,T,'zoh") X Convert G1(s) and z . o, h. to G(2) r=pole(Tz) % Check stability.
Gr = row 2y
0.7349
1.49%4 (1-9,7665) t .0.9574
(2-6.€783) (2-8,6065) x-
<
Lample 1ise1 8,1 ceconds . se
pivirete - Lime zero/pole/gain model, -L Uh\)S\
1
e Ms
Yol
’
o\ 38 Van
5 .

Ly %ot Ky N
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WM ERRRsEaxxxENEAREREEREREERR)}

MATLAB Solution (T = 0.1) - cont

| leb!(r)i % Displlyrmchitude of roots. . p
[ ) Xohoin e 21 ke i Stk

Me vl
8 5574 YW=y +3 -1
% A\adsrs o

% Calculate Kp. o E
- A x
) r—> w

=
| GzKv=(Gz*(z-1))/T;

Kv=dcgain (GzKv) % Calculate er. \f\’feq\'dd \N(eqfod'of

Ceo0Dd e xv=0 o - 7 7\ £y out \JES\EfB \&
Fd
62Ka=6z*(1/TA2)*((2-1)42); n=2\z — ¢ ds

Ka=dcgain(Gzka) X Calculate ka \“‘H&(C&Of \(\’(eg('a‘jof' B‘%‘\H 3\-‘
e: oo &— Ka=28 &

atbo effof N e Lo o138 99
%Tuspe e} i S Audb Lo dbtadS AR ALY
Slasis el Sesins b2
Block N\a alick
Goaiys ¢ 2 = % = 2-Dovandls \degeter Desddllt o\ daidis
TuPe o 5 Z-Devandallemawas Physical 6o ysis SN
A : YT

Kp=dcgain(Gz)

e-—_c;h'\\c e— Kp = 3.0000

- TALs%

T+ @.5;, X Input sampling ir-tervl-l. Tzefeadback(Gz, 1) X Create and display T(z2). .

or (), {4 51 39) R : e Lass G

- Lytem M)
e

(1-0.2085) (2+3.011)

i (sed)
""""" Sample time: 0.5 seconds U“S*o—h\e ‘)\Q

Discrete-time 2ero/pole/galn madel,
ConTinaous -1 ise Lero/pole/paln model.

rapole(Tz) X Cneck stabilivy.
Erec2g(61s,T, zon") & Convert €1(s) and 7 . o, h. to 6(2) L -
2
el

6 -
3.2 (1 0.212¢) Meaps(r) X Dlsplay msgnitude of roots.

(4@ 2552) (4 ©.Ums0l) I
v, 08

Sasrle Viee €5 sefunds o _’5 L (}‘.‘J-\.A'\
. q‘lj}. vaaalble s
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» The material in these slides are based on:
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* Chapter 13 - Digital Control Systems

Sections 13.1, 13.2, 13.3, 13.4, 13.5, 13.6, 13,7 (Students kindly note that these sections involve lots
of math, and we only described the ideas as we will use MATLAB instead)
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