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Biological inspirationsBiological inspirations

Some numbers:Some numbers:
The human brain contains about 10 billion The human brain contains about 10 billion 
nerve cells (neurons)nerve cells (neurons)
Each neuron is connected to the others Each neuron is connected to the others 
through 10000 synapsesthrough 10000 synapses

Properties of the brain: Properties of the brain: 
It can learn, reorganize itself from experienceIt can learn, reorganize itself from experience
It adapts to the environment It adapts to the environment 
It is robust and fault tolerantIt is robust and fault tolerant



Human Nerve CellHuman Nerve Cell



Biological neuronBiological neuron
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A neuron hasA neuron has
A branching input (dendrites)A branching input (dendrites)
A branching output (the axon)A branching output (the axon)

The information circulates from the dendrites to the axon via thThe information circulates from the dendrites to the axon via the cell bodye cell body
Axon connects to dendrites via synapsesAxon connects to dendrites via synapses

Synapses vary in strengthSynapses vary in strength
Synapses may be excitatory or inhibitory Synapses may be excitatory or inhibitory 



Connectionist ModelsConnectionist Models
Consider humansConsider humans

Neuron switching time ~.001 secondNeuron switching time ~.001 second
Number of neurons ~10Number of neurons ~101010

Connections per neuron ~10Connections per neuron ~1044--55

Scene recognition time ~.1 secondScene recognition time ~.1 second
100 inference step does not seem like enough100 inference step does not seem like enough

must use lots of parallel computation!must use lots of parallel computation!
Properties of artificial neural nets (Properties of artificial neural nets (ANNsANNs))

Many neuronMany neuron--like threshold switching unitslike threshold switching units
Many weighted interconnections among unitsMany weighted interconnections among units
Highly parallel, distributed processHighly parallel, distributed process
Emphasis on tuning weights automaticallyEmphasis on tuning weights automatically



When to Consider Neural NetworksWhen to Consider Neural Networks

Input is highInput is high--dimensional discrete or realdimensional discrete or real--valued valued 
(e.g., raw sensor input)(e.g., raw sensor input)
Output is discrete or real valuedOutput is discrete or real valued
Output is a vector of valuesOutput is a vector of values
Possibly noisy dataPossibly noisy data
Form of target function is unknownForm of target function is unknown
Human readability of result is Human readability of result is unimportantunimportant

ExamplesExamples

Speech phoneme recognition Speech phoneme recognition 
Image classification Image classification 
Financial predictionFinancial prediction



ALVINN drives 70 mph on highwaysALVINN drives 70 mph on highways
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Neural NetworksNeural Networks

What is a Neural Network?

Similarity with biological network
Fundamental processing elements of a neural network is 

a neuron:

1. Receives inputs from other source

2. Combines them in someway

3. Performs a generally nonlinear operation on the result

4. Outputs the final result

• Biologically motivated approach to         
machine learning



Similarity with Biological NetworkSimilarity with Biological Network

• Fundamental processing element of a 
neural network is a neuron

• A human brain has 100 billion neurons

• An ant brain has 250,000 neurons



Synapses, theSynapses, the basis of basis of learning learning and and memorymemory



What is an artificial neuron ?What is an artificial neuron ?

Definition: Nonlinear, parameterized function Definition: Nonlinear, parameterized function 
with restricted output rangewith restricted output range
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Basic Neural NetworkBasic Neural Network
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Inputs Inputs –– normally a vector of measured parametersnormally a vector of measured parameters
Bias Bias –– may/may not be addedmay/may not be added
f() f() –– transfer or activation functiontransfer or activation function

Outputs = Outputs = f (f (∑∑ WW pp + + bb))
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Activation FunctionsActivation Functions



Activation functionsActivation functions
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a = hardlim (wp + b)a = hardlim (n)

Single-Input hardlim NeuronHard Limit Transfer Function
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Linear Transfer Function Single-Input purelin Neuron
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Log-Sigmoid Transfer Function
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Log Log SigmoidalSigmoidal FunctionFunction
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Neural NetworksNeural Networks

A mathematical model to solve engineering problemsA mathematical model to solve engineering problems
Group of highly connected neurons to realize compositions of Group of highly connected neurons to realize compositions of 
non linear functionsnon linear functions

TasksTasks
ClassificationClassification
DiscriminationDiscrimination
Estimation Estimation 

2 types of networks2 types of networks
Feed forward Neural NetworksFeed forward Neural Networks
Recurrent Neural NetworksRecurrent Neural Networks



LearningLearning

The procedure that consists in estimating the parameters of neurThe procedure that consists in estimating the parameters of neurons so that ons so that 
the whole network can perform a specific taskthe whole network can perform a specific task

Two general types of learningTwo general types of learning
The supervised learningThe supervised learning
The unsupervised learningThe unsupervised learning

The Learning process (supervised):The Learning process (supervised):
Present the network a number of inputs and their corresponding oPresent the network a number of inputs and their corresponding outputsutputs
See how closely the actual outputs match the desired onesSee how closely the actual outputs match the desired ones
Modify the parameters to better approximate the desired outputsModify the parameters to better approximate the desired outputs



Supervised learningSupervised learning

The desired response of the neural The desired response of the neural 
network in function of particular inputs is network in function of particular inputs is 
well known.well known.

A A ““ProfessorProfessor”” may provide examples and may provide examples and 
teach the neural network how to fulfill a teach the neural network how to fulfill a 
certain taskcertain task



Unsupervised learningUnsupervised learning

Idea: group typical input data in function Idea: group typical input data in function 
of resemblance criteria unof resemblance criteria un--known a prioriknown a priori

Data clusteringData clustering

No need of a professor:No need of a professor:
The network finds itself the correlations    The network finds itself the correlations    
between the databetween the data

Examples of such networks:Examples of such networks:
KohonenKohonen feature mapsfeature maps



What do we need to use NN ?What do we need to use NN ?

(1) Determination of pertinent inputs(1) Determination of pertinent inputs
(2) Collection of data for the learning and    (2) Collection of data for the learning and    

testing phase of the neural networktesting phase of the neural network
(3) Finding the optimum number of hidden  (3) Finding the optimum number of hidden  

nodesnodes
(4) Estimate the parameters (Learning)(4) Estimate the parameters (Learning)
(5) Evaluate the performances of the  (5) Evaluate the performances of the  

networknetwork
(6) IF performances are not satisfactory (6) IF performances are not satisfactory 

then review all the precedent pointsthen review all the precedent points



Classical neural architecturesClassical neural architectures

PerceptronPerceptron
MultiMulti--Layer Layer PerceptronPerceptron
Radial Basis Function (RBF)Radial Basis Function (RBF)
KohonenKohonen Features mapsFeatures maps
Other architecturesOther architectures

An example: Shared weights neural networksAn example: Shared weights neural networks



Multiple-Input Neuron
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Layer of NeuronsLayer of Neurons
Layer of S Neurons
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Abbreviated NotationAbbreviated Notation
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FeedforwardFeedforward Neural NetworksNeural Networks

The information is The information is 
propagated from the propagated from the 
inputs to the outputsinputs to the outputs
Computations ofComputations of NoNo non non 
linear functions from linear functions from nn
input variables by input variables by 
compositions of compositions of NcNc
algebraic functionsalgebraic functions
Time has no role (NO Time has no role (NO 
cycle between outputs cycle between outputs 
and inputs)and inputs)

1st hidden 
layer

2nd hidden
layer

Output layer

x1 …x2 xn



Multilayer NetworkMultilayer Network

First Layer

a1 = f 1 (W1p + b1) a2 = f 2 (W2a1 + b2) a3 = f 3 (W3a2 + b3)
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AbreviatedAbreviated NotationNotation
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Delays and IntegratorsDelays and Integrators
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Recurrent NetworkRecurrent Network
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Brief History of ANNBrief History of ANN
McCulloch and Pitts (1943)McCulloch and Pitts (1943) designed the first neural network. designed the first neural network. 
HebbHebb (1949)(1949) who developed the first learning rule. If two neurons who developed the first learning rule. If two neurons 
were active at the same time then the strength between them were active at the same time then the strength between them 
should be increased. should be increased. 
Rosenblatt (1958)Rosenblatt (1958) –– introduced the concept of a introduced the concept of a perceptronperceptron which which 
performed pattern recognition.performed pattern recognition.
WidrowWidrow and Hoff (1960)and Hoff (1960) introduced the concept of the ADALINE introduced the concept of the ADALINE 
((ADAptiveADAptive Linear Element).  The training rule was based on the Linear Element).  The training rule was based on the 
idea of Leastidea of Least--MeanMean--Squares learning rule which minimizing the Squares learning rule which minimizing the 
error between the computed output and the desired output. error between the computed output and the desired output. 
MinskyMinsky and and PapertPapert (1969)(1969) stated that the stated that the perceptronperceptron was limited was limited 
in its ability to recognize features that were separated by linein its ability to recognize features that were separated by linear ar 
boundaries.  boundaries.  ““Neural Net WinterNeural Net Winter””
KohonenKohonen and Andersonand Anderson –– independently developed neural independently developed neural 
networks that acted like memories.networks that acted like memories.
Webros(1974)Webros(1974) –– developed the concept of back propagation of an developed the concept of back propagation of an 
error to train the weights of the neural network.error to train the weights of the neural network.
McCellandMcCelland and and RumelhartRumelhart (1986)(1986) published the paper on back published the paper on back 
propagation algorithm.  propagation algorithm.  ““Rebirth of neural networksRebirth of neural networks””..
TodayToday -- they are everywhere a decision can be made. they are everywhere a decision can be made. 



An
Illustrative
Example



Simple Neural NetworkSimple Neural Network
One neuron with a linear activation function => Straight Line

Recall the equation of a straight Line:  y = mx +b

m is the  slope (weight), b is the y-intercept (bias)
p2

Mp1 + b < p2

Bad

Good

Mp1 + b >= p2

Decision Boundary

p1



Apple/Banana SorterApple/Banana Sorter

Sensors

Apples Bananas

Neural
Network

Sorter



Prototype VectorsPrototype Vectors

Measurement
Vector

Prototype Banana Prototype Apple
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Shape: {1: round ; -1: eliptical}
Texture: {1: smooth ; -1: rough}
Weight: {1: > 1 lb. ; -1: < 1 lb.}



PerceptronPerceptron
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TwoTwo--Input CaseInput Case
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Apple/Banana ExampleApple/Banana Example
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The decision boundary should
separate the prototype vectors.
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The weight vector should be 
orthogonal to the decision 

boundary, and should point in the 
direction of the vector which 

should produce an output of 1. 
The bias determines the position 

of the boundary



Testing the NetworkTesting the Network
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Hamming NetworkHamming Network
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FeedforwardFeedforward LayerLayer

For Banana/Apple Recognition
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Recurrent LayerRecurrent Layer
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Hamming OperationHamming Operation

First Layer

Input (Rough Banana)

p
1–
1–

1–

=

a1 1– 1 1–
1 1 1–

1–
1–

1–

3
3

+ 1 3+( )
1– 3+( )

4
2

= = =



Hamming OperationHamming Operation
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Hopfield NetworkHopfield Network
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Apple/Banana ProblemApple/Banana Problem
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SummarySummary
PerceptronPerceptron

FeedforwardFeedforward NetworkNetwork
Linear Decision BoundaryLinear Decision Boundary
One Neuron for Each DecisionOne Neuron for Each Decision

Hamming NetworkHamming Network
Competitive NetworkCompetitive Network
First Layer First Layer –– Pattern Matching (Inner Product)Pattern Matching (Inner Product)
Second Layer Second Layer –– Competition (WinnerCompetition (Winner--TakeTake--All)All)
# Neurons = # Prototype Patterns# Neurons = # Prototype Patterns

Hopfield NetworkHopfield Network
Dynamic Associative Memory NetworkDynamic Associative Memory Network
Network Output Converges to a Prototype PatternNetwork Output Converges to a Prototype Pattern
# Neurons = # Elements in each Prototype Pattern# Neurons = # Elements in each Prototype Pattern



Perceptron Learning Rule



PerceptronPerceptron

RosenblattRosenblatt (1962)(1962)
Linear separationLinear separation
Inputs: Vector of real valuesInputs: Vector of real values

Outputs: 1 or Outputs: 1 or --11
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Learning RulesLearning Rules
• Supervised Learning

Network is provided with a set of examples
of proper network behavior (inputs/targets)

p1 t1{ , } p2 t2{ , } …  pQ tQ{ , }, , ,

• Reinforcement Learning
Network is only provided with a grade, or score,
which indicates network performance

• Unsupervised Learning
Only network inputs are available to the learning
algorithm. Network learns to categorize (cluster)
the inputs.



PerceptronPerceptron ArchitectureArchitecture
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SingleSingle--Neuron Neuron PerceptronPerceptron
w 1 1, 1= w 1 2, 1= b 1–=

p1
an

Inputs

bp2 w1,2

w1,1

1

��Σ ��

a = hardlim (Wp + b)

Two-Input Neuron

p1

p2

1wTp + b = 0

a = 1

a = 0

1

1

1w

a hardlim w
T

1 p b+( ) hardlim w1 1, p1 w1 2, p2 b+ +( )= =



Decision BoundaryDecision Boundary
wT

1 p b+ 0= w T
1 p b–=

• All points on the decision boundary have the same inner 
product with the weight vector.

• Therefore they have the same projection onto the weight 
vector, and they must lie on a line orthogonal to the 
weight vector.

1wTp + b = 0

1w1w 1w



Example Example -- OROR

p1
0

0
= t1 0=,

⎩ ⎭
⎨ ⎬
⎧ ⎫

p2
0

1
= t2 1=,

⎩ ⎭
⎨ ⎬
⎧ ⎫

p3
1

0
= t3 1=,

⎩ ⎭
⎨ ⎬
⎧ ⎫ p4

1

1
= t4 1=,

⎩ ⎭
⎨ ⎬
⎧ ⎫



OR SolutionOR Solution

1w
OR

Weight vector should be orthogonal to the decision boundary
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Pick a point on the decision boundary to find the bias
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XOR FunctionXOR Function
X     Y    Z X     Y    Z = (X and (not Y)) or ((not X) and Y)= (X and (not Y)) or ((not X) and Y)

0     0     00     0     0
0     1     10     1     1
1     0     11     0     1
1     1     0 1     1     0 

1

0

No single decision boundary can separate the favorable 
and unfavorable outcomes

z

x
y

We will need a more complicated neural net to realize this function

Circuit  Diagram



XOR Function XOR Function –– Multilayer Multilayer PerceptronPerceptron

W5

W6

W1

W3

W2
W4

f1()

f1()

f()

z

b2
b11

b12

Σ

Σ

x

y

Z  = f (W5*f1(W1*x + W4*y+b11) + W6*f1(W2*x + W3*y+b12)+b2)



MultipleMultiple--Neuron Neuron PerceptronPerceptron

Each neuron will have its own decision boundary

w
T

i p b i+ 0=

A single neuron can classify input vectors 
into two categories.

A multi-neuron perceptron can classify 
input vectors into 2S categories.



Learning Rule Test ProblemLearning Rule Test Problem

p1 t1{ , } p2 t2{ , } … pQ tQ{ , }, , ,

p1
1

2
= t1 1=,

⎩ ⎭
⎨ ⎬
⎧ ⎫

p2
1–

2
= t2 0=,

⎩ ⎭
⎨ ⎬
⎧ ⎫

p3
0

1–
= t3 0=,

⎩ ⎭
⎨ ⎬
⎧ ⎫

p1
an

Inputs

p2 w1,2

w1,1

��Σ ��

a = hardlim(Wp)

No-Bias Neuron



Starting PointStarting Point

1w

1

3

2

Random initial weight:

w1
1.0

0.8–
=

Present p1 to the network:

a hardlim wT
1 p1( ) hardlim 1.0 0.8–

1

2⎝ ⎠
⎜ ⎟
⎛ ⎞

= =

a hardlim 0.6–( ) 0= =

Incorrect Classification



Tentative Learning RuleTentative Learning Rule

• Set 1w to p1
– Not stable

• Add p1 to 1w

If t 1 and a 0, then w1
ne w

w1
old

p+== =Tentative Rule:

1w

1

3

2

w1
new w1

ol d p1+ 1.0

0.8–

1

2
+ 2.0

1.2
= = =



Second Input VectorSecond Input Vector
a hardlim wT

1 p2( ) hardlim 2.0 1.2
1–

2⎝ ⎠
⎜ ⎟
⎛ ⎞

= =

a ha rdlim 0.4( ) 1= = (Incorrect Classification)

If t 0 and a 1, then w1
ne w

w1
old

p–== =Modification to Rule:

1w

1

3

2

w1
ne w

w1
ol d

p2–
2.0

1.2

1–

2
–

3.0

0.8–
= = =



Third Input VectorThird Input Vector
a hardlim w

T
1 p3( ) hardlim 3.0 0.8–

0

1–⎝ ⎠
⎜ ⎟
⎛ ⎞

= =

a ha rdlim 0.8( ) 1= = (Incorrect Classification)

1w

1

3

2

w1
ne w w1

ol d p3– 3.0
0.8–

0
1–

– 3.0
0.2

= = =

Patterns are now correctly classified

If t a, then  w1
ne w w1

o ld.==



Unified Learning RuleUnified Learning Rule
If t 1 and a 0, then w1

ne w
w1

old
p+== =

If t 0 and a 1, then w1
n ew w1

old p–== =

If t a,  then  w1
new w1

ol d==

e t a–=

If e 1, then w1
ne w

w1
old

p+=  =

If e 1,–  then w1
ne w

w1
old

p–==

If e 0, then w1
ne w w1

old==

w1
new

w1
ol d

ep+ w1
ol d

t a–( )p+= =

b
ne w

b
ol d

e+=

A bias is a
weight with
an input of 1



MultipleMultiple--Neuron Neuron PerceptronsPerceptrons

To update the i th row of the weight matrix:

wi
new wi

old
e ip+=

b i
n e w

b i
o l d

e i+=

Matrix form:

Wne w Wol d epT+=

b
new

b
ol d

e+=



Apple/Banana ExampleApple/Banana Example

W 0.5 1– 0.5–= b 0.5=

a hardlim Wp1 b+( ) hardlim 0.5 1– 0.5–
1–
1

1–

0.5+

⎝ ⎠
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎛ ⎞

= =

Training Set

Initial Weights

First Iteration

p1

1–

1
1–

t1, 1= =

⎩ ⎭
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎧ ⎫

p2

1

1
1–

t2, 0= =

⎩ ⎭
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎧ ⎫

a hardlim 0.5–( ) 0= =

Wne w Wol d
epT+ 0.5 1– 0.5– 1( ) 1– 1 1–+ 0.5– 0 1.5–= = =

e t1 a– 1 0– 1= = =

b
ne w

b
ol d

e+ 0.5 1( )+ 1.5= = =



Second IterationSecond Iteration

a hardlim Wp2 b+( ) hardlim 0.5– 0 1.5–
1
1

1–

1.5( )+( )= =

a hardlim 2.5( ) 1= =

e t2 a– 0 1– 1–= = =

Wne w W old
epT+ 0.5– 0 1.5– 1–( ) 1 1 1–+ 1.5– 1– 0.5–= = =

b
ne w

b
ol d

e+ 1.5 1–( )+ 0.5= = =



CheckCheck

a hardl im Wp1 b+( ) hardlim 1.5– 1– 0.5–

1–

1
1–

0.5+( )= =

a hardlim 1.5( ) 1 t1= = =

a hardl im Wp2 b+( ) hardlim 1.5– 1– 0.5–

1

1
1–

0.5+( )= =

a hardlim 1.5–( ) 0 t2= = =



PerceptronPerceptron Rule CapabilityRule Capability

The Perceptron rule will always 
converge to weights which accomplish 
the desired classification, assuming that 

such weights exist



PerceptronPerceptron LimitationsLimitations

Linear Decision Boundary

wT
1 p b+ 0=

Linearly Inseparable Problems



Supervised Hebbian Learning



HebbHebb’’ss PostulatePostulate
“When an axon of cell A is near enough to excite a cell B and 
repeatedly or persistently takes part in firing it, some growth 

process or metabolic change takes place in one or both cells such 
that A’s efficiency, as one of the cells firing B, is increased.”

D. O. Hebb, 1949

Axon

Cell Body

Dendrites

Synapse

A

B



Linear Linear AssociatorAssociator

p an

��
��

W
R x 1

S x R
S x 1 S x 1

Inputs

�
�
�
�

a = purelin (Wp)

Linear Layer

R S

ai w ij p j
j 1=

R

∑=a W p=

Training Set:

p1 t1{ , } p2 t2{ , } … pQ tQ{ , }, , ,



HebbHebb RuleRule
w ij

ne w wij
ol d α f i ai q( )gj p jq( )+=

Presynaptic Signal
Postsynaptic Signal

Simplified Form:
wi j

ne w w ij
ol d αaiq p jq+=

Supervised Form:
wi j

ne w w ij
ol d tiq p jq+=

Matrix Form:
Wne w W old tqpq

T+=



Batch OperationBatch Operation

W t1p1
T

t2p2
T … tQpQ

T
+ + + tqpq

T

q 1=

Q

∑= = (Zero Initial Weights)

Matrix Form:
…

W t1 t2 … tQ

p1
T

p2
T

pQ
T

TPT
= =

P p1 p2 … pQ=

T t1 t2 … tQ=



Performance AnalysisPerformance Analysis

a Wpk tqpq
T

q 1=

Q

∑
⎝ ⎠
⎜ ⎟
⎛ ⎞

pk tq

q 1=

Q

∑ pq
T pk( )= = =

Case I, input patterns are orthogonal.

pq
Tpk( ) 1 q k==

0 q k≠=

Therefore the network output equals the target:

a W pk tk= =

Case II, input patterns are normalized, but not orthogonal.

a Wpk tk tq pq
T pk( )

q k≠
∑+= =

Error



ExampleExample

p1

1–
1

1–

=

Banana

p2

1
1

1–

=

Apple

p1

0.5774–

0.5774
0.5774–

t1, 1–= =

⎩ ⎭
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎧ ⎫

p2

0.5774

0.5774
0.5774–

t2, 1= =

⎩ ⎭
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎧ ⎫

Normalized Prototype Patterns

W TPT
1– 1

0.5774– 0.5774 0.5774–
0.5774 0.5774 0.5774–

1.1548 0 0= = =

Wp1 1.1548 0 0
0.5774–
0.5774

0.5774–

0.6668–= =

Wp2 0 1.1548 0

0.5774

0.5774

0.5774–

0.6668= =

Weight Matrix (Hebb Rule):

Tests:

Banana

Apple



PseudoinversePseudoinverse Rule Rule -- (1)(1)

Wpq tq= q 1 2 … Q, , ,=Performance Index:

F W( ) ||tq Wpq ||– 2

q 1=

Q

∑=

Matrix Form: W P T=

T t1 t2 … tQ= P p1 p2 … pQ=

F W( ) ||T W P||– 2 ||E||2= =

||E||
2

eij
2

j
∑

i
∑=



PseudoinversePseudoinverse Rule Rule -- (2)(2)

W P T=

Minimize:
F W( ) ||T W P||– 2 ||E||2= =

W TP 1–=

If an inverse exists for P, F(W) can be made zero:

W TP+=

When an inverse does not exist F(W) can be minimized
using the pseudoinverse:

P + P TP( )
1–
PT=



Relationship to the Relationship to the HebbHebb RuleRule

W TPT=

Hebb Rule

W TP+=

Pseudoinverse Rule

P + P TP( )
1–
PT=

If the prototype patterns are orthonormal:

PT P I=

P
+

P
T

P( )
1–
P

T
P

T
= =



ExampleExample

p1

1–

1
1–

t1, 1–= =

⎩ ⎭
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎧ ⎫

p2

1

1
1–

t2, 1= =

⎩ ⎭
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎧ ⎫

W TP+
1– 1

1– 1
1 1

1– 1–⎝ ⎠
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎛ ⎞+

= =

P
+

P
T

P( )
1–
P

T 3 1
1 3

1–
1– 1 1–
1 1 1–

0.5– 0.25 0.25–
0.5 0.25 0.25–

= = =

W T P+
1– 1

0.5– 0.25 0.25–

0.5 0.25 0.25–
1 0 0= = =

Wp1 1 0 0
1–
1

1–

1–= = Wp2 1 0 0
1
1

1–

1= =



AutoassociativeAutoassociative MemoryMemory

p1,t1 p2,t2 p3,t3

p1 1– 1 1 1 1 1– 1 1– 1– 1– 1– 1 1 1– …1 1–
T

=

p an

�
�W

30x1
30x30

30x1 30x1

Inputs

��
��
��

Sym. Hard Limit Layer

a = hardlims (Wp)

30 30

W p1p1
T

p2p2
T

p3p3
T

+ +=



TestsTests

50% Occluded

67% Occluded

Noisy Patterns (7 pixels)



Variations of Variations of HebbianHebbian LearningLearning

W
ne w

W
old

tqpq
T

+=Basic Rule:

W
ne w

W
old

α tqpq
T

+=Learning Rate:

W
ne w

W
old

α tqpq
T

γW
old

–+ 1 γ–( )W
old

αtqpq
T

+= =Smoothing:

Delta Rule: Wne w Wol d α tq aq–( )pq
T+=

Unsupervised: Wne w Wold αaqpq
T+=



Widrow-Hoff Learning
(LMS Algorithm)



ADALINE NetworkADALINE Network

��
��
��

a = purelin (Wp + b)

Linear Neuron

p a

1

n

��
��W

��
��

b

R x 1
S x R

S x 1

S x 1

S x 1

Input

R S

a purelin Wp b+( ) Wp b+= =

…

wi

wi 1,

wi 2,

wi R,

=ai purelin ni( ) purelin w
T

i p bi+( ) w
T

i p bi+= = =



TwoTwo--Input ADALINEInput ADALINE

p1
an

Inputs

bp2 w1,2

w1,1

1

��Σ

a = purelin (Wp + b)

Two-Input Neuron

��
p1

-b/w1,1

p2

-b/w1,2

1wTp + b = 0

a > 0a < 0

1w

a purelin n( ) purelin w
T

1 p b+( ) w
T

1 p b+= = =

a w
T

1 p b+ w1 1, p1 w1 2, p2 b+ += =



Mean Square ErrorMean Square Error

p1 t1{ , } p2 t2{ , } …  pQ tQ{ , }, , ,

Training Set:

pq tqInput: Target:

Notation:

x w1

b
= z p

1
= a w

T
1 p b+= a xT z=

F x( ) E e
2 ][= E t a–( )2 ][ E t xT z–( )2 ][= =

Mean Square Error:



Error AnalysisError Analysis
F x( ) E e

2 ][= E t a–( )2 ][ E t xT z–( )2 ][= =

F x( ) E t
2 2tx Tz– x T zz

T
x+ ][=

F x( ) E t
2] 2x T E tz[ ]– xT E zzT[ ]x+[=

F x( ) c 2 xT h– xT Rx+=

R E zz
T

[ ]=c E t
2 ][= h E tz[ ]=

F x( ) c dT x 1
2
---x TAx+ +=

The mean square error for the ADALINE Network is a
quadratic function:

d 2h–= A 2R=



Stationary PointStationary Point
Hessian Matrix:

A 2R=

The correlation matrix R must be at least positive semidefinite. If 
there are any zero eigenvalues, the performance index will either 
have a weak minimum or else no stationary point, otherwise there

will be a unique global minimum x*.

∇F x( ) ∇ c dT x 1
2
---xT Ax+ +⎝ ⎠

⎛ ⎞ d Ax+ 2h– 2Rx+= = =

2h– 2Rx+ 0=

If R is positive definite:

x∗ R 1– h=



Approximate Steepest DescentApproximate Steepest Descent

Approximate mean square error (one sample):

F̂ x( ) t k( ) a k( )–( ) 2
e

2
k( )= =

Approximate (stochastic) gradient:

∇̂ F x( ) e
2

k( )∇=

e
2

k( )∇[ ] j
e

2
k( )∂

w1 j,∂
---------------- 2e k( ) e k( )∂

w1 j,∂
-------------= = j 1 2 … R, , ,=

e
2

k( )∇[ ]R 1+
e

2
k( )∂

b∂
---------------- 2e k( )

e k( )∂
b∂

-------------= =



Approximate Gradient CalculationApproximate Gradient Calculation

e k( )∂
w1 j,∂

------------- t k( ) a k( )–[ ]∂
w 1 j,∂

----------------------------------
w1 j,∂
∂

t k( ) w
T

1 p k( ) b+( )–[ ]= =

e k( )∂
w 1 j,∂

-------------
w1 j,∂
∂

t k( ) w1 i, pi k( )
i 1=

R

∑ b+
⎝ ⎠
⎜ ⎟
⎛ ⎞

–=

e k( )∂
w1 j,∂

------------- pj k( )–= e k( )∂
b∂

------------- 1–=

∇̂F x( ) e
2

k( )∇ 2e k( )z k( )–= =



LMS AlgorithmLMS Algorithm

xk 1+ xk α F x( )∇
x xk=

–=

x k 1+ xk 2αe k( )z k( )+=

w1 k 1+( ) w1 k( ) 2αe k( )p k( )+=

b k 1+( ) b k( ) 2αe k( )+=



MultipleMultiple--Neuron CaseNeuron Case

wi k 1+( ) wi k( ) 2αei k( )p k( )+=

bi k 1+( ) bi k( ) 2αe i k( )+=

Matrix Form:

W k 1+( ) W k( ) 2αe k( )p
T

k( )+=

b k 1+( ) b k( ) 2αe k( )+=



Analysis of ConvergenceAnalysis of Convergence
x k 1+ xk 2αe k( )z k( )+=

E xk 1+[ ] E xk[ ] 2αE e k( )z k( )[ ]+=

E x k 1+[ ] E x k[ ] 2α E t k( )z k( )[ ] E xk
T z k( )( )z k( )[ ]–{ }+=

E xk 1+[ ] E xk[ ] 2α E tkz k( )[ ] E z k( )z
T

k( )( )xk[ ]–{ }+=

E xk 1+[ ] E xk[ ] 2α h RE xk[ ]–{ }+=

E xk 1+[ ] I 2αR–[ ]E xk[ ] 2αh+=

For stability, the eigenvalues of this 
matrix must fall inside the unit circle.



Conditions for StabilityConditions for Stability

eig I 2αR–[ ]( ) 1 2αλi– 1<=

(where λi is an eigenvalue of R)

λi 0>Since , 1 2αλi– 1< .

Therefore the stability condition simplifies to:

1 2αλi– 1–>

α 1 λ⁄ i      for all i<

0 α 1 λm ax⁄< <



Steady State ResponseSteady State Response

E xk 1+[ ] I 2αR–[ ]E xk[ ] 2αh+=

If the system is stable, then a steady state condition will be reached.

E xss[ ] I 2αR–[ ]E xss[ ] 2αh+=

The solution to this equation is

E x ss[ ] R 1– h x∗= =

This is also the strong minimum of the performance index.



ExampleExample

p1

1–

1
1–

t1, 1–= =

⎩ ⎭
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎧ ⎫

Banana p2

1

1
1–

t2, 1= =

⎩ ⎭
⎪ ⎪
⎨ ⎬
⎪ ⎪
⎧ ⎫

Apple

R E pp
T

[ ] 1
2
---p1p1

T 1
2
---p2p2

T
+==

R
1
2
---

1–

1
1–

1– 1 1–
1
2
---

1

1
1–

1 1 1–+
1 0 0

0 1 1–
0 1– 1

= =

λ1 1.0 λ2 0.0 λ3 2.0=,=,=

α 1
λmax
------------< 1

2.0
------- 0.5==



Iteration OneIteration One

a 0( ) W 0( )p 0( ) W 0( )p1 0 0 0
1–
1

1–

0====Banana

e 0( ) t 0( ) a 0( ) t1 a 0( ) 1– 0 1–=–=–=–=

W 1( ) W 0( ) 2αe 0( )pT 0( )+=

W 1( ) 0 0 0 2 0.2( ) 1–( )
1–

1
1–

T

0.4 0.4– 0.4=+=



Iteration TwoIteration Two

a 1( ) W 1( )p 1( ) W 1( )p2 0.4 0.4– 0.4

1

1
1–

0.4–====Apple

e 1( ) t 1( ) a 1( ) t2 a 1( ) 1 0.4–( ) 1.4=–=–=–=

W 2( ) 0.4 0.4– 0.4 2 0.2( ) 1.4( )
1

1

1–

T

0.96 0.16 0.16–=+=



Iteration ThreeIteration Three

a 2( ) W 2( )p 2( ) W 2( )p1 0.96 0.16 0.16–

1–

1

1–

0.64–====

e 2( ) t 2( ) a 2( ) t1 a 2( ) 1– 0.64–( ) 0.36–=–=–=–=

W 3( ) W 2( ) 2α e 2( )p
T

2( )+ 1.1040 0.0160 0.0160–= =

W ∞( ) 1 0 0=



Adaptive FilteringAdaptive Filtering

Tapped Delay Line Adaptive Filter

p1(k) = y(k)

��
��D

��
��D

��
��D

p2(k) = y(k - 1)

pR(k) = y(k - R + 1)

y(k)

a(k)n(k)
SxR

Inputs

��
��Σ

b

w1,R

w1,1

y(k)

�D

�
�
D

�
�D

w1,2

a(k) = purelin (Wp(k) + b)

ADALINE

�
�

1

a k( ) pure lin Wp b+( ) w1 i, y k i– 1+( )
i 1=

R

∑ b+= =



Example: Noise CancellationExample: Noise Cancellation

Adaptive
   Filter 

60-Hz
Noise Source

Noise Path
    Filter

EEG Signal
(random)

Contaminating �
      Noise

Contaminated
      Signal

"Error"

Restored Signal

+
-

Adaptive Filter Adjusts to Minimize Error (and in doing 
  this removes 60-Hz noise from contaminated signal)

Adaptively Filtered 
Noise to Cancel 
Contamination

Graduate 
Student

v

m

s t

a

e



Noise Cancellation Adaptive FilterNoise Cancellation Adaptive Filter

a(k)n(k)
SxR

Inputs

��
��Σ

w1,1

�
�
D w1,2

ADALINE

�
�

v(k)

a(k) = w1,1 v(k) + w1,2 v(k - 1)



Correlation MatrixCorrelation Matrix
R zzT[ ]= h E tz[ ]=

z k( ) v k( )
v k 1–( )

=

t k( ) s k( ) m k( )+=

R E v
2

k( )[ ] E v k( )v k 1–( )[ ]

E v k 1–( )v k( )[ ] E v
2

k 1–( )[ ]
=

h E s k( ) m k( )+( )v k( )[ ]
E s k( ) m k( )+( )v k 1–( )[ ]

=



SignalsSignals
v k( ) 1.2  2πk

3
---------⎝ ⎠
⎛ ⎞sin= m k( ) 1.2 2πk

3
--------- 3π

4
------–⎝ ⎠

⎛ ⎞sin=

E v
2

k( )[ ] 1.2( )21
3
---

2πk
3

---------⎝ ⎠
⎛ ⎞sin⎝ ⎠

⎛ ⎞2

k 1=

3

∑ 1.2( ) 2
0.5 0.72= = =

E v
2

k 1–( )[ ] E v
2

k( )[ ] 0.72= =

E v k( )v k 1–( )[ ] 1
3
--- 1.2  2πk

3
---------sin⎝ ⎠

⎛ ⎞ 1.2 2π k 1–( )
3

-----------------------sin⎝ ⎠
⎛ ⎞

k 1=

3

∑=

1.2( )20.5 2π
3

------⎝ ⎠
⎛ ⎞cos 0.36–= =

R 0.72 0.36–
0.36– 0.72

=



Stationary PointStationary Point
E s k( ) m k( )+( )v k( )[ ] E s k( )v k( )[ ] E m k( )v k( )[ ]+=

0

E m k( )v k( )[ ]
1
3
--- 1.2  

2πk
3

---------
3π
4

------–⎝ ⎠
⎛ ⎞sin⎝ ⎠

⎛ ⎞ 1.2
2πk

3
---------sin⎝ ⎠

⎛ ⎞

k 1=

3

∑ 0.51–= =

E s k( ) m k( )+( )v k 1–( )[ ] E s k( )v k 1–( )[ ] E m k( )v k 1–( )[ ]+=
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Backpropagation



MultiMulti--Layer Layer PerceptronPerceptron

One or more One or more 
hidden layershidden layers

Sigmoid activations Sigmoid activations 
functionsfunctions

2nd hidden
layer

Output layer

1st hidden 
layer

Input data



Multilayer Multilayer PerceptronPerceptron
First Layer

a1 = f 1 (W1p + b1) a2 = f 2 (W2a1 + b2) a3 = f 3 (W3a2 + b3)
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Elementary Decision BoundariesElementary Decision Boundaries
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Function Approximation ExampleFunction Approximation Example
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a1 = logsig (W1p + b1) a2 = purelin (W2a1 + b2)

f
1

n( ) 1

1 e
n–+

-----------------=

f
2

n( ) n=

Nominal Parameter Values

w1 1,
1 10= w 2 1,

1 10= b1
1 10–= b2

1 10=

w1 1,
2 1= w1 2,

2 1= b
2 0=



Nominal ResponseNominal Response

-2 -1 0 1 2
-1

0

1

2

3



Parameter VariationsParameter Variations

-2 -1 0 1 2
-1

0

1

2

3

-2 -1 0 1 2
-1

0

1

2

3

-2 -1 0 1 2
-1

0

1

2

3

-2 -1 0 1 2
-1

0

1

2

3

1– w 1 1,
2 1≤ ≤

1– w1 2,
2 1≤ ≤

0 b2
1 20≤ ≤

1– b
2 1≤ ≤



Multilayer NetworkMultilayer Network
First Layer
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Second Layer Third Layer

a1 = f 1 (W1p + b1) a2 = f 2 (W2a1 + b2) a3 = f 3 (W3a2 + b3)
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Performance IndexPerformance Index
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Chain RuleChain Rule
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Next Step: Compute the Sensitivities (Backpropagation)
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BackpropagationBackpropagation (Sensitivities)(Sensitivities)
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The sensitivities are computed by starting at the last layer, and
then propagating backwards through the network to the first layer.
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SummarySummary
Forward Propagation
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Example: Function ApproximationExample: Function Approximation
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Transfer Function DerivativesTransfer Function Derivatives
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Choice of Network ArchitectureChoice of Network Architecture
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ConvergenceConvergence
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GeneralizationGeneralization
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Fuzzy LogicFuzzy Logic



IntroductionIntroduction

Example of Application areas of Fuzzy Example of Application areas of Fuzzy 
Logic:Logic:

Fuzzy ControlFuzzy Control

Subway trainsSubway trains
Cement kilnsCement kilns
Washing MachinesWashing Machines
FridgesFridges



Fuzzy SetsFuzzy Sets

Extension of Classical SetsExtension of Classical Sets

Not just a membership value of in the Not just a membership value of in the 
set and out the set, 1 and 0set and out the set, 1 and 0

but partial membership value, between but partial membership value, between 11
and and 00



Example: HeightExample: Height

Tall people: say taller than or equal to 1.8mTall people: say taller than or equal to 1.8m
1.8m , 2m, 3m etc member of this set1.8m , 2m, 3m etc member of this set
1.0 m, 1.5m or even 1.79999m not a member1.0 m, 1.5m or even 1.79999m not a member

Real systems have measurement uncertaintyReal systems have measurement uncertainty
so near the border lines, many so near the border lines, many 
misclassificationsmisclassifications



Member FunctionsMember Functions

Membership functionMembership function
better than listing membership valuesbetter than listing membership values

e.g. Tall(x) = {1 if x >= 1.9m , e.g. Tall(x) = {1 if x >= 1.9m , 
0 if x <= 1.7m 0 if x <= 1.7m 

else ( x else ( x -- 1.7 ) / 0.2 }1.7 ) / 0.2 }



Example: Fuzzy ShortExample: Fuzzy Short

Short(x) = {0 if x >= 1.9m , Short(x) = {0 if x >= 1.9m , 
1 if x <= 1.7m 1 if x <= 1.7m 
else ( 1.9 else ( 1.9 -- x ) / 0.2 } x ) / 0.2 } 



Fuzzy Set OperatorsFuzzy Set Operators

Fuzzy Set:Fuzzy Set:
UnionUnion
IntersectionIntersection
ComplementComplement

Many possible definitionsMany possible definitions
we introduce one possibilitywe introduce one possibility



Fuzzy Set UnionFuzzy Set Union

Union ( Union ( fA(xfA(x) and ) and fB(xfB(x) ) = ) ) = 
max ( max ( fA(xfA(x) , ) , fB(xfB(x) )) )

Union ( Tall(x) and Short(x) )Union ( Tall(x) and Short(x) )



Fuzzy Set IntersectionFuzzy Set Intersection

Intersection ( Intersection ( fA(xfA(x) and ) and fB(xfB(x) ) = ) ) = 
min ( min ( fA(xfA(x), ), fB(xfB(x) ) ) ) 

Intersection ( Tall(x) and Short(x) )Intersection ( Tall(x) and Short(x) )



Fuzzy Set ComplementFuzzy Set Complement

Complement( Complement( fA(xfA(x) ) = 1 ) ) = 1 -- fA(xfA(x))
Not ( Tall(x) ) Not ( Tall(x) ) 



Fuzzy Logic OperatorsFuzzy Logic Operators

Fuzzy Logic:Fuzzy Logic:

NOT (A) = 1 NOT (A) = 1 -- AA
A AND B = min (A, B)A AND B = min (A, B)
A OR B = max (A, B)A OR B = max (A, B)



Fuzzy Logic NOTFuzzy Logic NOT



Fuzzy Logic ANDFuzzy Logic AND



Fuzzy Logic ORFuzzy Logic OR



Fuzzy SetsFuzzy SetsFuzzy Sets



Fuzzy SetsFuzzy SetsFuzzy Sets

IntroductionIntroduction
Basic definitions and terminologyBasic definitions and terminology
SetSet--theoretic operationstheoretic operations
MF formulation and parameterizationMF formulation and parameterization

MFsMFs of one and two dimensionsof one and two dimensions
Derivatives of parameterized Derivatives of parameterized MFsMFs

More on fuzzy union, intersection, and     More on fuzzy union, intersection, and     
complementcomplement

Fuzzy complementFuzzy complement
Fuzzy intersection and unionFuzzy intersection and union
Parameterized TParameterized T--norm and Tnorm and T--conormconorm



Fuzzy SetsFuzzy SetsFuzzy Sets

Sets with fuzzy boundariesSets with fuzzy boundaries

A = Set of tall people

Heights5’10’’

1.0

Crisp set A

Membership
function

Heights5’10’’ 6’2’’

.5

.9

Fuzzy set A
1.0



Membership Functions (MFs)Membership Functions (Membership Functions (MFsMFs))

Characteristics of Characteristics of MFsMFs::
Subjective measuresSubjective measures
Not probability functionsNot probability functions

MFs

Heights5’10’’

.5

.8

.1

�“tall” in Asia

�“tall” in the US

�“tall” in NBA



Fuzzy SetsFuzzy SetsFuzzy Sets
Formal definition:Formal definition:

A fuzzy set A fuzzy set AA in in XX is expressed as a set of is expressed as a set of 
ordered pairs:ordered pairs:

A x x x XA= ∈{( , ( ))| }µ

Universe or
universe of discourse

Fuzzy set Membership
function

(MF)

A fuzzy set is totally characterized by aA fuzzy set is totally characterized by a
membership function (MF).membership function (MF).



Fuzzy Sets with Discrete UniversesFuzzy Sets with Discrete UniversesFuzzy Sets with Discrete Universes

Fuzzy set C = Fuzzy set C = ““desirable city to live indesirable city to live in””
X = {SF, Boston, LA} (discrete and X = {SF, Boston, LA} (discrete and 
nonorderednonordered))
C = {(SF, 0.9), (Boston, 0.8), (LA, 0.6)}C = {(SF, 0.9), (Boston, 0.8), (LA, 0.6)}

Fuzzy set A = Fuzzy set A = ““sensible number of sensible number of 
childrenchildren””

X = {0, 1, 2, 3, 4, 5, 6} (discrete universe)X = {0, 1, 2, 3, 4, 5, 6} (discrete universe)
A = {(0, .1), (1, .3), (2, .7), (3, 1), (4, .6), A = {(0, .1), (1, .3), (2, .7), (3, 1), (4, .6), 
(5, .2), (6, .1)}(5, .2), (6, .1)}





Fuzzy Sets with Cont. UniversesFuzzy Sets with Cont. UniversesFuzzy Sets with Cont. Universes

Fuzzy set B = Fuzzy set B = ““about 50 years oldabout 50 years old””
X = Set of positive real numbers X = Set of positive real numbers 
(continuous)(continuous)
B = {(x, B = {(x, mB(xmB(x)) | x in X})) | x in X}

µ B x
x

( ) =
+

−⎛
⎝⎜

⎞
⎠⎟

1

1 50
10

2



Alternative NotationAlternative NotationAlternative Notation

A fuzzy set A can be alternatively A fuzzy set A can be alternatively 
denoted as follows:denoted as follows:

A x xA
x X

i i
i

=
∈

∑ µ ( ) /

A x xA
X

= ∫ µ ( ) /

X is discrete

X is continuous

Note that Σ and integral signs stand for the union of 
membership grades; “/” stands for a marker and does 

not imply division.



Fuzzy PartitionFuzzy PartitionFuzzy Partition

Fuzzy partitions formed by the Fuzzy partitions formed by the 
linguistic values linguistic values ““youngyoung””, , ““middle agedmiddle aged””, , 
and and ““oldold””::



More DefinitionsMore DefinitionsMore Definitions

SupportSupport
CoreCore
NormalityNormality
Crossover pointsCrossover points
Fuzzy singletonFuzzy singleton
aa--cut, strong acut, strong a--
cutcut

ConvexityConvexity
Fuzzy numbersFuzzy numbers
BandwidthBandwidth
SymmetricitySymmetricity
Open left or right, Open left or right, 
closedclosed



MF TerminologyMF TerminologyMF Terminology

MF

X

.5

1

0 Core

Crossover points

Support

α - cut

α



Convexity of Fuzzy SetsConvexity of Fuzzy SetsConvexity of Fuzzy Sets
A fuzzy set A fuzzy set AA is convex  if for any l in [0, 1]is convex  if for any l in [0, 1]

µ λ λ µ µA A Ax x x x( ( ) ) min( ( ), ( ))1 2 1 21+ − ≥

Alternatively, A is convex is all its α-cuts are 
convex.



Set-Theoretic OperationsSetSet--Theoretic OperationsTheoretic Operations

Subset:Subset:

Complement:Complement:

Union:Union:

Intersection:Intersection:

A B A B⊆ ⇔ ≤µ µ

C A B x x x x xc A B A B= ∪ ⇔ = = ∨µ µ µ µ µ( ) max( ( ), ( )) ( ) ( )

C A B x x x x xc A B A B= ∩ ⇔ = = ∧µ µ µ µ µ( ) min( ( ), ( )) ( ) ( )

A X A x xA A= − ⇔ = −µ µ( ) ( )1



Set-Theoretic OperationsSetSet--Theoretic OperationsTheoretic Operations



MF FormulationMF FormulationMF Formulation

Triangular MF:Triangular MF: trimf x a b c x a
b a

c x
c b( ; , , ) max min , ,=

−
−

−
−

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝
⎜

⎞
⎠
⎟0

Trapezoidal MF: trapmf x a b c d x a
b a

d x
d c( ; , , , ) max min , , ,=

−
−

−
−

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝
⎜

⎞
⎠
⎟1 0

Generalized bell MF: gbel lmf x a b c
x c
b

b( ; , , ) =

+
−

1

1
2

Gaussian MF: gaussmf x a b c e
x c

( ; , , ) =
−

−⎛
⎝⎜

⎞
⎠⎟

1
2

2

σ



MF FormulationMF FormulationMF Formulation



MF FormulationMF FormulationMF Formulation

SigmoidalSigmoidal MFMF:: sigmf x a b c e a x c( ; , , ) ( )=
+ − −

1
1

Extensions:
Abs. difference
of two sig. MF

Product
of two sig. MF



MF FormulationMF FormulationMF Formulation

LL--R MF:R MF: LR x c
F c x x c

F x c x c

L

R

( ; , , )
,

,
α β

α

β

=

−⎛
⎝⎜

⎞
⎠⎟

<

−⎛
⎝
⎜

⎞
⎠
⎟ ≥

⎧

⎨
⎪⎪

⎩
⎪
⎪

Example: F x xL ( ) max( , )= −0 1 2 F x xR ( ) exp( )= − 3

c=65
a=60
b=10

c=25
a=10
b=40



Cylindrical ExtensionCylindrical ExtensionCylindrical Extension

Base set A Cylindrical Ext. of A



2D MF Projection2D MF Projection2D MF Projection

Two-dimensional
MF

Projection
onto X

Projection
onto Y

µ R x y( , ) µ
µ

A

y R

x
x y

( )
max ( , )

= µ
µ

B

x R

y
x y

( )
max ( , )

=



2D MFs2D 2D MFsMFs



Fuzzy ComplementFuzzy ComplementFuzzy Complement

General requirements:General requirements:
Boundary: N(0)=1 and N(1) = 0Boundary: N(0)=1 and N(1) = 0
MonotonicityMonotonicity: N(a) > N(b) if a < b: N(a) > N(b) if a < b
Involution: Involution: N(N(aN(N(a)) = a)) = a

Two types of fuzzy complements:Two types of fuzzy complements:
SugenoSugeno’’ss complement:complement:

YagerYager’’ss complement:complement:

N a a
sas( ) =

−
+

1
1

N a aw
w w( ) ( ) /= −1 1



Fuzzy ComplementFuzzy ComplementFuzzy Complement

N a a
sas( ) =

−
+

1
1

N a aw
w w( ) ( ) /= −1 1

Sugeno’s complement: Yager’s complement:



Fuzzy Intersection: T-normFuzzy Intersection: TFuzzy Intersection: T--normnorm

Basic requirements:Basic requirements:
Boundary: T(0, 0) = 0, T(a, 1) = T(1, a) = aBoundary: T(0, 0) = 0, T(a, 1) = T(1, a) = a
MonotonicityMonotonicity: T(a, b) < T(c, d) if a < c and b < d: T(a, b) < T(c, d) if a < c and b < d
CommutativityCommutativity: T(a, b) = T(b, a): T(a, b) = T(b, a)
AssociativityAssociativity: T(a, T(b, c)) = T(T(a, b), c): T(a, T(b, c)) = T(T(a, b), c)

Four examples:Four examples:
Minimum: Minimum: Tm(aTm(a, b), b)
Algebraic product: Algebraic product: Ta(aTa(a, b), b)
Bounded product: Bounded product: Tb(aTb(a, b), b)
Drastic product: Td(a, b)Drastic product: Td(a, b)



T-norm OperatorTT--norm Operatornorm Operator

Minimum:
Tm(a, b)

Algebraic
product:
Ta(a, b)

Bounded
product:
Tb(a, b)

Drastic
product:
Td(a, b)



Fuzzy Union: T-conorm or S-normFuzzy Union: TFuzzy Union: T--conormconorm or Sor S--normnorm

Basic requirements:Basic requirements:
Boundary: S(1, 1) = 1, S(a, 0) = S(0, a) = aBoundary: S(1, 1) = 1, S(a, 0) = S(0, a) = a
MonotonicityMonotonicity: S(a, b) < S(c, d) if a < c and b < d: S(a, b) < S(c, d) if a < c and b < d
CommutativityCommutativity: S(a, b) = S(b, a): S(a, b) = S(b, a)
AssociativityAssociativity: S(a, S(b, c)) = S(S(a, b), c): S(a, S(b, c)) = S(S(a, b), c)

Four examples:Four examples:
Maximum: Maximum: Sm(aSm(a, b), b)
Algebraic sum: Sa(a, b)Algebraic sum: Sa(a, b)
Bounded sum: Bounded sum: Sb(aSb(a, b), b)
Drastic sum: Drastic sum: Sd(aSd(a, b), b)



T-conorm or S-normTT--conormconorm or Sor S--normnorm

Maximum:
Sm(a, b)

Algebraic
sum:

Sa(a, b)

Bounded
sum:

Sb(a, b)

Drastic
sum:

Sd(a, b)



Generalized DeMorgan’s LawGeneralized Generalized DeMorganDeMorgan’’ss LawLaw

TT--norms and Tnorms and T--conormsconorms are are dualsduals
which support the generalization of which support the generalization of 
DeMorganDeMorgan’’ss law:law:

T(a, b) = N(S(N(a), N(b)))T(a, b) = N(S(N(a), N(b)))
S(a, b) = N(T(N(a), N(b)))S(a, b) = N(T(N(a), N(b)))

Tm(a, b)
Ta(a, b)
Tb(a, b)
Td(a, b)

Sm(a, b)
Sa(a, b)
Sb(a, b)
Sd(a, b)



Parameterized T-norm and S-normParameterized TParameterized T--norm and Snorm and S--normnorm

Parameterized TParameterized T--norms and dual Tnorms and dual T--
conormsconorms have been proposed by have been proposed by 
several researchers:several researchers:

YagerYager
SchweizerSchweizer and and SklarSklar
Dubois and Dubois and PradePrade
HamacherHamacher
FrankFrank
SugenoSugeno
DombiDombi



Fuzzy Rules
& 

Fuzzy Reasoning

Fuzzy RulesFuzzy Rules
& & 

Fuzzy ReasoningFuzzy Reasoning



OutlineOutlineOutline

Extension principleExtension principle
Fuzzy relationsFuzzy relations
Fuzzy Fuzzy if if -- thenthen rulesrules
Compositional rule of inferenceCompositional rule of inference
Fuzzy reasoningFuzzy reasoning



Extension PrincipleExtension PrincipleExtension Principle

A is a fuzzy set on X :
A x x x x x xA A A n n= + + +µ µ µ( ) / ( ) / ( ) /1 1 2 2 L

The image of A under f( ) is a fuzzy set B:

B x y x y x yB B B n n= + + +µ µ µ( ) / ( ) / ( ) /1 1 2 2 L

where yi = f(xi), i = 1 to n.

If f( ) is a many-to-one mapping, then
µ µB x f y Ay x( ) max ( )

( )
=

= −1



Fuzzy RelationsFuzzy RelationsFuzzy Relations

A fuzzy relation A fuzzy relation RR is a 2D MF:is a 2D MF:

Examples:Examples:
x is close to y (x and y are numbers)x is close to y (x and y are numbers)
x depends on y (x and y are events)x depends on y (x and y are events)
x and y look alike (x, and y are persons or x and y look alike (x, and y are persons or 
objects)objects)
If x is large, then y is small (x is an observed If x is large, then y is small (x is an observed 
reading and Y is a corresponding action)reading and Y is a corresponding action)

R x y x y x y X YR= ∈ ×{(( , ), ( , ))| ( , ) }µ



Max-Min CompositionMaxMax--Min CompositionMin Composition

The maxThe max--min composition of two fuzzy relations min composition of two fuzzy relations R1R1
(defined on (defined on XX and and YY) and ) and R2R2 (defined on (defined on YY and and ZZ) is) is

Properties:Properties:
AssociativityAssociativity::
DistributivityDistributivity over union:over union:

Week Week distributivitydistributivity over intersection:over intersection:

MonotonicityMonotonicity::

µ µ µR R y R Rx z x y y z
1 2 1 2o ( , ) [ ( , ) ( , )]= ∨ ∧

R S T R S R To U o U o( ) ( ) ( )=

R S T R S To o o o( ) ( )=

R S T R S R To I o I o( ) ( ) ( )⊆

S T R S R T⊆ ⇒ ⊆( ) ( )o o



Max-Star CompositionMaxMax--Star CompositionStar Composition

MaxMax--product composition:product composition:

In general, we have maxIn general, we have max--* composition:* composition:

where * is a Twhere * is a T--norm operator.norm operator.

µ µ µR R y R Rx z x y y z
1 2 1 2o ( , ) [ ( , ) ( , )]= ∨

µ µ µR R y R Rx z x y y z
1 2 1 2o ( , ) [ ( , ) * ( , )]= ∨



Linguistic VariablesLinguistic VariablesLinguistic Variables

A numerical variables takes numerical values:A numerical variables takes numerical values:
Age = 65Age = 65

A linguistic variables takes linguistic values:A linguistic variables takes linguistic values:
Age is oldAge is old

A linguistic values is a fuzzy set.A linguistic values is a fuzzy set.
All linguistic values form a term set:All linguistic values form a term set:

T(ageT(age) = {young, not young, very young, ...) = {young, not young, very young, ...
middle aged, not middle aged, ...middle aged, not middle aged, ...
old, not old, very old, more or less old, ...old, not old, very old, more or less old, ...
not very not very youndyound and not very old, ...} and not very old, ...} 



Linguistic Values (Terms)Linguistic Values (Terms)Linguistic Values (Terms)



Operations on Linguistic ValuesOperations on Linguistic ValuesOperations on Linguistic Values

CON A A( ) = 2

D IL A A( ) .= 0 5

INT A
A x

A x
A

A

( )
, ( ) .

( ) , . ( )
=
⎧
⎨
⎩

≤ ≤
¬ ¬ ≤ ≤

2 0 05
2 05 1

2

2

µ
µ

Concentration:

Dilation:

Contrast
intensification:



Fuzzy If-Then RulesFuzzy IfFuzzy If--Then RulesThen Rules

General format:General format:
If x is A then y is BIf x is A then y is B

Examples:Examples:
If pressure is high, then volume is small.If pressure is high, then volume is small.
If the road is slippery, then driving is If the road is slippery, then driving is 
dangerous.dangerous.
If a tomato is red, then it is ripe.If a tomato is red, then it is ripe.
If the speed is high, then apply the brake If the speed is high, then apply the brake 
a little.a little.



Fuzzy If-Then RulesFuzzy IfFuzzy If--Then RulesThen Rules

A coupled with B

AA

B B

A entails B

Two ways to interpret “If x is A then y is B”:

y

xx

y



Fuzzy If-Then RulesFuzzy IfFuzzy If--Then RulesThen Rules

Two ways to interpret Two ways to interpret ““If x is A then y If x is A then y 
is Bis B””::

A coupled with B: (A coupled with B: (A and BA and B))

A entails B: (A entails B: (not A or Bnot A or B))
Material implicationMaterial implication
Propositional calculusPropositional calculus
Extended propositional calculusExtended propositional calculus
Generalization of modus Generalization of modus ponensponens

R A B A B x y x yA B= → = × = ∗∫ µ µ( ) ( )| ( , )
~



Fuzzy If-Then RulesFuzzy IfFuzzy If--Then RulesThen Rules

Fuzzy implication function:Fuzzy implication function:
µ µ µR A Bx y f x y f a b( , ) ( ( ), ( )) ( , )= =

A coupled with B



Fuzzy If-Then RulesFuzzy IfFuzzy If--Then RulesThen Rules

A entails B



Compositional Rule of InferenceCompositional Rule of InferenceCompositional Rule of Inference

Derivation of Derivation of y = by = b from from x = ax = a and and y = f(x)y = f(x)::

a and b: points
y = f(x) : a curve

a

b

y

xx

y

a and b: intervals
y = f(x) : an interval-valued

function

a

b

y = f(x) y = f(x)



Compositional Rule of InferenceCompositional Rule of InferenceCompositional Rule of Inference

aa is a fuzzy set and is a fuzzy set and y = f(x)y = f(x) is a fuzzy relation:is a fuzzy relation:



Fuzzy ReasoningFuzzy ReasoningFuzzy Reasoning

Single rule with single antecedentSingle rule with single antecedent
Rule: if x is A then y is BRule: if x is A then y is B
Fact: x is AFact: x is A’’
Conclusion: y is BConclusion: y is B’’

Graphic Representation:Graphic Representation:
A

X

w
A’ B

Y

x is A’

B’

Y

A’

X y is B’



Fuzzy ReasoningFuzzy ReasoningFuzzy Reasoning
Single rule with multiple antecedentSingle rule with multiple antecedent

Rule: if x is A and y is B then z is CRule: if x is A and y is B then z is C
Fact: x is AFact: x is A’’ and y is Band y is B’’
Conclusion: z is CConclusion: z is C’’

Graphic Representation:Graphic Representation:

A B T-norm

X Y

w
A’ B’ C2

Z

C’

Z
X Y

A’ B’

x is A’ y is B’ z is C’



Fuzzy ReasoningFuzzy ReasoningFuzzy Reasoning

Multiple rules with multiple antecedentMultiple rules with multiple antecedent
Rule 1: if x is A1 and y is B1 then z is C1Rule 1: if x is A1 and y is B1 then z is C1
Rule 2: if x is A2 and y is B2 then z is C2Rule 2: if x is A2 and y is B2 then z is C2
Fact: x is AFact: x is A’’ and y is Band y is B’’
Conclusion: z is CConclusion: z is C’’

Graphic Representation: (next slide)Graphic Representation: (next slide)



Fuzzy ReasoningFuzzy ReasoningFuzzy Reasoning

Graphics representation:Graphics representation:

A1 B1

A2 B2

T-norm

X

X

Y

Y

w1

w2

A’

A’ B’

B’ C1

C2

Z

Z

C’
Z

X Y

A’ B’

x is A’ y is B’ z is C’



Fuzzy Reasoning: MATLAB DemoFuzzy Reasoning: MATLAB DemoFuzzy Reasoning: MATLAB Demo



Other VariantsOther VariantsOther Variants

Some terminology:Some terminology:
Degrees of compatibility (match)Degrees of compatibility (match)
Firing strengthFiring strength
Qualified (induced) Qualified (induced) MFsMFs
Overall output MFOverall output MF



Fuzzy ApplicationsFuzzy Applications



Fuzzy ControllersFuzzy Controllers

Used to control a physical systemUsed to control a physical system



Structure of a Fuzzy ControllerStructure of a Fuzzy Controller



FuzzificationFuzzification

�� Conversion of real input to fuzzy set Conversion of real input to fuzzy set 
valuesvalues

�� e.g. Medium ( x ) = {e.g. Medium ( x ) = {
0 if x >= 1.90 or x < 1.70,0 if x >= 1.90 or x < 1.70,
(1.90 (1.90 -- x)/0.1 if x >= 1.80 and x < 1.90, x)/0.1 if x >= 1.80 and x < 1.90, 

(x(x-- 1.70)/0.1 if x >= 1.70 and x < 1.80 }1.70)/0.1 if x >= 1.70 and x < 1.80 }



Inference EngineInference Engine

�� Fuzzy rulesFuzzy rules
�� based on fuzzy premises and fuzzy based on fuzzy premises and fuzzy 

consequencesconsequences

�� e.g.e.g.
�� If height is Short and weight is Light then feet If height is Short and weight is Light then feet 

are Smallare Small
�� Short( height) AND Light(weight) => Short( height) AND Light(weight) => 

Small(feet)Small(feet)



FuzzificationFuzzification & Inference Example& Inference Example

�� If height is 1.7 m and weight is 55 kgIf height is 1.7 m and weight is 55 kg
�� what is the value of Size (feet)what is the value of Size (feet)



DefuzzificationDefuzzification

�� Rule base has many rulesRule base has many rules
�� so some of the output fuzzy sets will have so some of the output fuzzy sets will have 

membership value > 0membership value > 0

�� DefuzzifyDefuzzify to get a real value from the fuzzy to get a real value from the fuzzy 
outputsoutputs
�� One approach is to use a centre of One approach is to use a centre of 

gravity methodgravity method



DefuzzificationDefuzzification ExampleExample

�� Imagine we have output fuzzy set values:Imagine we have output fuzzy set values:
�� Small membership value = 0.5Small membership value = 0.5
�� Medium membership value = 0.25Medium membership value = 0.25
�� Large membership value = 0.0Large membership value = 0.0

�� What is the What is the deffuzzifieddeffuzzified value ?value ?



Fuzzy Control ExampleFuzzy Control Example



Input Fuzzy SetsInput Fuzzy Sets

�� Angle: Angle: --30 to 30 degrees30 to 30 degrees



Output Fuzzy SetsOutput Fuzzy Sets

Car velocity: Car velocity: --2.0 to 2.0 meters per second 2.0 to 2.0 meters per second 



Fuzzy RulesFuzzy Rules

�� If Angle is Zero then output  ? If Angle is Zero then output  ? 

�� If Angle is SP then output ? If Angle is SP then output ? 

�� If Angle is SN then output ? If Angle is SN then output ? 

�� If Angle is LP then output ? If Angle is LP then output ? 

�� If Angle is LN then output ? If Angle is LN then output ? 



Fuzzy Rule TableFuzzy Rule Table



Extended SystemExtended System

�� Make use of additional informationMake use of additional information
�� angular velocity: angular velocity: --5.0 to 5.0 degrees/ 5.0 to 5.0 degrees/ 

secondsecond

�� Gives better controlGives better control



New Fuzzy RulesNew Fuzzy Rules

�� Make use of old Fuzzy rules for angular velocity Make use of old Fuzzy rules for angular velocity 
ZeroZero

�� If Angle is Zero and If Angle is Zero and Angular Angular velvel is Zerois Zero
then output Zero velocity then output Zero velocity 

�� If Angle is SP and If Angle is SP and Angular Angular velvel is Zerois Zero
then output SN velocity then output SN velocity 

�� If Angle is SN and If Angle is SN and Angular Angular velvel is Zerois Zero
then output SP velocity then output SP velocity 



Table formatTable format



Digital Fuzzy ProcessorDigital Fuzzy Processor

�� Omron was the first to launch a controller    Omron was the first to launch a controller    
employing fuzzy logic for improved control employing fuzzy logic for improved control 
and tuningand tuning

�� Production of the world's fastest Production of the world's fastest digital fuzzy   digital fuzzy   
processor (DFP)processor (DFP) in 1990. in 1990. 

�� Reasoning speed of 10 Reasoning speed of 10 MFLIPSMFLIPS (1 (1 MMillion    illion    
FFuzzy uzzy LLogic ogic IInferences nferences pper er ssecond)econd)



Applications of Fuzzy Logic to Traffic Applications of Fuzzy Logic to Traffic 
Signal ControlSignal Control

Input Variables for Fuzzy Logic Traffic Signal Controller:

Maximum Queue Length (in metres): the distance in 
metres from the stop-line over which vehicles have queued

Average Occupancy Rate (%): percentage of time that the detection 
area was occupied by one or more vehicles.

Output Variable for the Controller:

Weight [0, 100]: the degree of green traffic signal requirement

Improvement

(up to) 25% in average travel time



# of rules : 16



Rule Table/Matrix for Traffic Signal Control

Maximum Queue Length

LL MM HH VHVH

LL VVLVVL LL MM HH

MM VLVL LL HH VHVH

HH LL MM HH VVHVVH

VHVH MM HH VHVH VVHVVHA
ve

ra
ge

 O
cc

up
an

cy
 R

at
e

L: Low, VL: Very Low, VVL: Very Very Low, 

M: Medium, H: High, VH: Very High, VVH: Very 
Very High



More fuzzy logic applications
use fuzdemos MATLAB function

¾ Ball Juggler
¾Water Tank (Water Level Control)

¾ Controlling cart and pole
¾ Controlling ball and beam

¾ Backing truck

Live Demo

MATLAB 7.0.lnk



More fuzzy logic applicationsMore fuzzy logic applications

Fuzzy Washing Machine
Camera Autofocus

Servo Motor Force Control
Glass Melting Furnace Control

Air Conditioner Control
Reactor Control

CAR Automatic Transmissions
Disc Drive Spindle Servos

Fuzzy Automated Manufacturing
Two-Stage Inverted Pendulum

http://www.aptronix.com/fuzzynet/applnote/wash.htm#(none)
http://www.aptronix.com/fuzzynet/applnote/focusing.htm
http://www.aptronix.com/fuzzynet/applnote/servo.htm
http://www.aptronix.com/fuzzynet/applnote/glass.htm
http://www.aptronix.com/fuzzynet/applnote/air.htm
http://www.aptronix.com/fuzzynet/applnote/reactor.htm
http://www.aptronix.com/fuzzynet/applnote/transmis.htm
http://www.aptronix.com/fuzzynet/applnote/disc.htm
http://www.aptronix.com/fuzzynet/applnote/manufact.htm
http://www.aptronix.com/fuzzynet/applnote/twostage.htm


Fuzzy Washing MachineFuzzy Washing Machine

Fuzzy Controller 
for Washing Machine



Fuzzy Logic applications in BioFuzzy Logic applications in Bio--Health InformaticsHealth Informatics

¾ Intelligent Detection of abnormal neonatal    

cerebral heomodynamics

¾ Bad cell prognosis

¾ Gene identification and gene network modelling



Intelligent Detection of abnormal neonatal cerebral heomodynamics

DOPPLER ULTRASOUND UNIT

 Normal baby

 Baby with severe birth asphyxia

SIGNAL PROCESSING UNIT

FEATURE EXTRACTION UNIT

Neuro - Fuzzy System for Detection



Bad Cells prognosis
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Prognosis



Gene identification and gene network modellingGene identification and gene network modelling
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