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LINEAR ALGEBRA SYSTEMS OF LINEAR EQUATIONS AND MATRICES

Chapter 1

[Systems of Linear Equations and Matrices]

Covered Topics :
® Introduction to Systems of Linear Equations
® Gaussian Elimination
® Matrices and Matrix Operations
® Inverses; Algebraic Properties of Matrices
® Elementary Matrices and a Method for Finding Inverse
® More on Linear Systems and Invertible Matrices

® Diagonal, Triangular, and Symmetric Matrices
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® Introduction to Systems of Linear Equations

® When you have the matrix A, then you can determine the location of entries using symbol (i) to
determine the row, and ( j ) to determine the column, so when you are talking about matrix A,

definitely the entry ai,, then this entry is located at the first row, second column.

O Example:

If A is 3x4 matrix denoted by A=2i— j2 , then find A.

According to the note above and applying the Changes on entries as mentioned in the

equation

as you can say : d15 = 2’ x 1 - 22=12,

1 -2 -7 —-14
Then A is : [3 0 -5 —12]
5 2 —3 —-10

® What you should basically figure about matrices :

3 0 -5 -—-12

[1 -2 =17 —14]
5 2 -3 —-10

—>This matrix is taken from this couple of equations :
X+-2Y +-7Z =-14

3X+-5Y=-12
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5X +2Y +-3Z =-10

— It has three rows and four columns, then we say the size of the matrix is 3x4, as mentioned in the

question.

® Types Of Matrices :

—> Square Matrices :

1 2
A_, matrix —> [ number of rows = number of columns |, like : A= [ 3 4l

—> Diagonal Matrices :

Ay, is a diagonal matrix if and only if a;; = 0, for i # J-

Sogall b (3 53sse Lo 5lS Y VSl ot Sy L Al Slaall (ol gl Ua -
3-0 0

Like A= |0
0

5
0
3 00
0
0

0] , & you can consider this matrix diagonal too :

2

B=|{0 O
0 O

—> Triangular Matrices :
> Upper Triangular Matrix :

B is upper triangular matrix if and only if aj - 0, fori> ]
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3 5 6
Like:B=|0 4 98
O 0 3

Hograll L3 359 835250 Lo (gl ¥ S SNl ot 055 5 i Gl Sbually ols poll Va -
> Lower Triangular Matrix :

B is lower triangular matrix if and only if a;_0, for i < J-

3 0 O
Like:B=134 4 0
2 6 3

Aogaall b Sl 335 90 Lo gl ¥ I Ml o 550 5 i ALl Slogaally ol g5l s -
—> Symmetric Matrices & Skew Symmetric Matrices :

- This type of matrices is based on an operation called the transpose.

- To do the transpose you should interchange the places of entries as the way done here :

3 0 O 3 34 2
fB=|134 4 (|thenB transpose = B= |0 4 6
2 6 3 0 0 3

s W sseall o balab aladl i caMese (i e oI Caall bl e sgadl b wlolhe 1 -
Il a5 gmall a8 e dap ll (sl URKa 5 (Gl oSG il (55l (il
Y ol dagpe Sligiae o8 olgw Slogaall

ead) s 5 ¢ pladl Leadl sse e wad) i 300 g « Bjaall & Sy transpose J) Jos U -
3x3 a5 transpose JI s ¢ Jell 3 (55 daype Dgall Ca8Al- (3131« mludl Lo sue (ol 2yad
I dm 2x3 Lo Dganme S ¢ ulaaV 508 (5luy Cogaall e Y 3x3 Lot Jiy dlesi Lo sy 5 «

3x2 g5 pa transpose
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> Symmetric Matrices :

A is symmetric matrix if (A = A*) or ( a;=a;)

3 2 5
Like A=|3 4 6
6 6 7

> Skew Symmetric Matrices :

A is said to be skew symmetric matrix if ( A = -A")

0 2 —5
Like A= |—2 0 4
5 —4 0

—> Identity Matrix :
A square matrix, has a couple of properties and a special usage, & will be explained later with the

TOPIC : Gaussian Elimination.

Done By Power Unit .
€3 group : Power Unit—JU || page : Power Unit

Web Site : powerunit-ju.com
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LINEAR ALGEBRA

® Matrices and Matrix Operations

® Simple operations to apply on matrices :

Addition & Subtraction, Transpose & Trace, and Multiplication :

—
@) ExamPle:

2 15 3 1 4 |
IfA:[l 3 1 andB:[_z 2 5 then find :

(1) 2A (2) A-B (3) At

(1) Multiplying by a constant (multiply each element by the constant) :

4 2 10
L2 6 2
(2) Normal Subtraction :
w170 )
L3 1 — 4

el 0 ol ool Lo a8l iy oy ) el Slogial) 550 o 1 gyl Lyl -

Transpose as mentioned above :

(3)

2 1
At=11 3 NOTE —> the new size of A is 3x2.
5 1

(4) Trace: it is an operation only used for square matrices by adding elements of the diagonal to each

other :
3 2 5
o Example : find the trace of matrix A = 3 4 6
6 6 7
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Solution : trace(A)=3 + 4 + 7 = 14.

® Multiplying two matrices :

Pl e o ol -
30 oS 5 b e i i S Ll bl e Slogme s e Lot e ¥
329 (abe L) Byl 50l sie o S p3Y ) W) ¢ sl gl S W ¢ g s
Lol B gaall Gsao
YW ey day o bl gad W Sew) Jobl , BxA o k2 Ax B & gag v
LA Oga sae (solas oY1 aT sue 23 &) 5o W1 L

O Example :

Let A = l24 N ; ] and B - [12 :13 3] find (if possible)
- AxB
~ BxA

Solution :
(1)  For A x B, the size of A is (2x2) and size of B is (2x3)

number of A columns = 2 = number of B rows

v Valid multiplication.

S PR K FO S R PO

v’ Note that the resulting matrix has the size (2x3).

‘/ It took the number of A rows as its own number of rows & the number of B

columns as its own number of columns.
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v’ For this result we should take care of the validation condition of multipiication

that is mentioned above .

(number of A columns = 2 = number of B rows)

(2)  For Bx A, the size of B is (2x3) and size of A is (2x2)
number of B columns ?é number of A rows .

v Invalid multiplication.

O Example :
3 1
LetA:l Z 1]&C= 1 4 | find AC if valid .
5 —1 2 2 1

number of A columns = 3 = number of C rows .

v’ Valid multiplication.
A ii8 1gi

Done By Power Unit .

B3 group : Power Unit—JU || page : Power Unit

Web Site : powerunit-ju.com
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® Solving Matrices

M olye K Joaicdh Ji L 3 5 Row Operations | s Lo plasuly Sgaall Jo Jo £ S i |

To solve a matrix you should use the row operations :
— Multiplying any row by nonzero scalar
- Interchange the position of one row by another

- Adding a multiply of one row to another

O Solve the next system of linear equations :

X+y+22=9
2X+4y—32:1
3X+6y—52:0
Solu:
1 1 2 9
2 4 -3 —1]
.3 6 -5 0
1 1 2 9
O 4- —7 —17] 2R, + R, > R, 8(—3R1+R3—)R3
L0 3 -1 =27
1 1 2 9
0 2 _7 _17] 2R3 _>R3
0 3 —22 —54

10

[oaSCudl
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1 1 2 9
0 2 —7 —17| 3R+Ry— Ry
0 0 -1 -3

v Now we are done from working with the matrix .

v’ Backward substitution implementation :
1z=3—>z=3
2y—7Z:—17—>y:2
X+y+22=9—>x=1
ub;-““r@o\-ﬁwwt&&ﬁ& >

@““)uK‘“\V“\““’"\"“"‘JJ “ﬁ)uﬁady“}mu{yu@fj\

ol JLT 2Y
19 Ml o Jalall do dguns oy s b gaal| éu PRV
'g@“ipg)a{ﬁ”dj‘bu f\ﬁ&\\ﬁy\;ﬂjﬂ.@ltwk}w\)m -

2 ek s g pllsed) Ol
Gaussian Elimination el Slbsiall Jo (3 &85 passed L) o Jlgdl —
Jordan-Gauss Elimination |peud: Joll &85 posedy b) Gl Jlgudl =

Foeles o Wh 3 pblo 5K (55 2

sgas 51 558 Lo o o by il lae gw o 358 baliaaserns) 1 &3y Lall shacel @y ety Jall - —

11
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5 St ke K Sbsaall Jo 3 Waseods b 16 Jordan-Gauss Elimination : 431\ & )L\ —
uﬁg sine gnal) o713 bt LY (S’ A aasb Cj)ua)LaL\; e g 51 Lo el J4 W W isercdy

® Gaussian Elimination Implementation :

¢ 2 JBLb 3ol o sie e il Gy Jal) (sl 3 sy 2l JBLL e Wl Ml Bl s Jo S 7,
k}y{&\u"(ﬂ”\’d\ A

/
1 1 l/ 2 9
0 2 -7 —17
0 0 l/
T Al sl plae del oY pa
LeadingOneJ\gdﬂ\g(l)éJﬁ‘djﬁ'\Sx_}.al\xqé)dj\cg,&.,ougggcdj,'u:l\téla,q -
6.3\:&) Bl gy olle Lguall fo sl 5. ("*‘“H’f‘kéj R 83gaill SMsAl) -
O Solution:
1 1 2 9
0 2 -7 —17]
L0 0 -1 -3
4
1 11/ 2 9
0 1 _y _17] R,=2—>R, & Ry+-1—> R,
L0 0

Gaussian Elimination J) (3 :l) L3k, FAY 7 Jpa 18 Lao 5alls  J)\ Leading ones JI cnls —

Mo | 24 L sx 5 Row Echelon Form (REF) 4w &) o iy liro allay 1 3L Caal) Ko -
LSl o ST

® Jordan-Gauss Implementation :

Gaussian Elimination J| 3 5skas 5T s 0 UK O

12
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LINEAR ALGEBRA

19 &y kll da) plae LA 0¥ 5

o MBI s 4] des 7h M5 ¢ (25750 Leading omes 3 e Ch i
~4is Leading ones b &lu¥b 45 ) ftéﬂ\ K jaol 51 Leading ones 43 3, K)
By b ans Jow Y Aol gla A1 el 7, (1) B &AL -
S)lex! Leading ones (5o (3 o5 oY Ay dall gla 3 (s 13 op plie =
(_2ad 1K Jordan-Gauss Elimination )\, Gaussian Elimination J! &b ) 5 4a L>3)

O Solution:

1 1 2 9
[0 1 -7 —17]
0 0 1 3
1 1 0 9
[0 1 0 _17] 2R, +R,—> R, & 7R, + R,—> R,
0 0 1 3
1 0 0 9
[O 1 0 —17] R, +R, =R,
0 0 1 3

w&\wwfd\wjd;amju\ébr\wh&\w\l -
v’ Reduced Row Echelon Form (RREF)
v’ Also called the Augmented Matrix

e To summarize :

ROW ECHELON FORM (REF) REDUCED ROW ECHELON FORM (RREF)

13
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Obtained by Gaussian Elimination

Obtained by Jordan-Gauss Elimination

If a row does not consist entirely of zeros , then

the first nonzero number is 1(Leading One)

If a row does not consist entirely of zeros , then

the first nonzero number is 1(Leading One)

If there are any rows that consists entirely of
zeros , then they are grouped together at the

bottom of the matrix

If there are any rows that consists entirely of
zeros , then they are grouped together at the

bottom of the matrix

In any two successive rows that do not consist
entirely of zeros , the leading one in the lower
row occurs further to the right than the leading

one in the higher row

In any two successive rows that do not consist
entirely of zeros , the leading one in the lower
row occurs further to the right than the leading

one in the higher row

Each column that contains a ieading one has

Zeros every where else in that column

‘/ Note that : the two forms has the same first three properties except the last one .

v Leading ones notes :

1- Positions of leading ones in row echelon form are called (pivot positions ).

2- A column that contains a pivot position is called a pivot column , and it’s

same with rows.

Done By Power Unit .
B3 group : Power Unit—JU || page : Power Unit

Web Site : powerunit-ju.com

e gl oS 1 g 55 5 S5 453 Sl ¢ ol Slaaall Jouw S S S hn

exactly one solution oy Jo | &42.20 v

14
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infinite many solutions Jyld-1 o 3ls ¥ s | dg2m0 v
inconsistent | o Y %5020 v
B8l Y 5t beld )y 538 Doy e 9 1 o 5T e 95 T =

S gl S o B o 3y gl ble W el o 4 S 91 g1 e Jie bl a3
it Sy A g

® The system with infinite many solutions :

O Example :
Solve the foHowing system :
X;+ Xp+ X3+ X+ Xg= 2

X1+ Xp+ X3- X4+ X5= 0

4X4 = 4
X3+ X5 =3
Solution :

1 1

by implementing Gauss Elimination

OO M
OO M
_ O
OB R R
_O = =
WhH O

this matrix will result

co o R
co o R
CO R R
oOrR O R
Y
O W N

You can stop here and continue the substitution , or you have the choice to continue the solution

with Jordan-Gauss Elimination

— Continuing the solution with [Jordan-Gauss]:

15
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1 1 0 1 0 -1
0 0 1 0 1 3 . .
o 0 o0 1 0 1
0o 0 0 0 0 0
1 1 0 0 0 =2
0 0 1 0 1 3,
o 0 o0 1 0 1
0o 0 0 0 0 0

Pl e X5 5 Xp (st sue Jo al ¢ b e Ble Y sae 9n WAL e W5 5 JAL Lo (M

The substitution :

X4=1

X3+ Xs=3 —> supposex; =T , T €R

x;=3-T

X, + X, = -2 = suppose X,=5 , S €R

x,=-2-—S

The solution{ -2 -S,S,3-T,1,T}

! et f;\;a\ LoV dlﬂ e J.c; 23 Ol e w'\ Cud b ¢ 3302 i fj,z;\

:J}\y@\w&.&\wx =

Ll jaan L cas 5T

: a\lte.')b

leading variables , & free variables : &l wal) ooy ke Jold-! o> Sl Yoase L Y ) S -

16
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X 5% e 5202 48 W o S ) o M Sl 2 leading J1 -
Xy ¢ e daad) alacY) mféwobﬁjcfd&aﬁ\%@&\ C')b}iil\r”free Q-

® The system with no solution :

O Example :

solve the following system
X+ X+ X3=3
X+ 2%, + 3X3= 6

2%, + 4%, + 6X3= 0

Solution :

1 1 1 3

1 2 3 6]

2 4 6 0

1 1 1 3]

O 1 2 3 |-R,+R,—> R, & 2R, + R, > R,
0 2 4 -3l

(1 1 1 3]

0 1 2 3|miror

0O 0 0 -9l

OOQPS!! the system has no solution because of the following :
0x,; + 0x, + 0x3=? -9
0 ?é -9 —> for this (the last row substitution) the matrix has wrong mathematic expression , then

it has no solution.

® Reverse questions :

O Example :

17
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You have the following linear system :
X+ 2y -3z =4
3x —y + 5z =2

4x +y + (2% - 14)z = a+2

Determine the values of “a” , for which the system has no solution , exactly one solution

or infinite many solutions ?

Solution:

1 2
3 -1 5

0 —7 14
(a2 — 16)
RN

(a-4) (a+4)

— When the system has no solution .
(a-4)(a+d)z = a -4
Trya=-4

0z =? -8

0z 7 -8 then it has no solution if a = -4

18

a+?2

4
— 10
a— 14

3R, + R, > R, & -4R, + R,

4
— 10
a—4

-R,+R; —> R,
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— When the system has infinite many solutions :
(a-4)(a+d)z = a -4
Try a=4

0z = 0 (it'll make the last row full of zeros)

— ThenifaZ 4and a7 -4, the system has exactly one solution .

‘/ Note that : we are depending on the last row in defining the situation , because the

substitution starts from there.

® Special study : The Homogenous System :
The definition :

A system is said to be homogeneous if the constant terms are all zeros .

g A\

Mk}lr‘@d)’\’j‘ ASYE-UK.J}BE\JrU’a;J\J\A
(the trivial solution) ..y , (exactly one solution) ey | 4 J& 5 -
o Ol o 42 S s 3
( the nontrivial solution) awy Jod-! -y @ﬂ\ sy ¢ Jgd e Gl Y oue d s 3~

SValall sse 5 S el sue gy nontrivial )\ trivial ) S 7 A A s ad > -
nontrivial : Jod1 o GLeY sae dl pladl o S SWall) e e ST olad) (3 Syl s 13)

19
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O Example :

Solve the following system : C? & ol ol &) LY

2%, + 2X, X3+ X5 = 0 / B le 5 o Sl
-3 X0 e— ) U 5l 2
X1+ 2X,-2X3 - X5 = 0 —
Xt Xyt X2 0

Homogeneous

19 OY¥alal) aue O"J‘.ﬁ ¢ Slpal) sae @) g )
I e Sl se dl o ), plladl s 1

Solution :

2 -1 0 1 0

-1 2 -3 1 0
1 -2 0 -1 0

0 1 1 1 0]

1 — 2 0 1 0]

-1 2 -3 1 OR(_)R
2 -1 0 1 o " 7

0 1 1 1 0.

20
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1 1 -2 0 -1
O 0 0 _3 0 R, +R R, & 2R, + R R
O 0 3 0 1 0 1+ Ry = Ry X 2Ry + Ry — Ry
0 0 1 1 1
1 1 -2 0 -1
o 0 1 1 1 e R
o o 1 0 1 2 Ry &Ry 3
0 0 0 —3 0 ]
1 1 -2 0 -1 0
0 0 1 1 1 R, + R R, & R, -
0o 0 0 -1 1] R
0 0 0 1 0 0
1 1 -2 0 -1
O 0 1 1 1 R.+ R R, & -1x R
0 0 0 1 0 R&EAAYTTTT
0 0 0 0 0
Substitution :
x, =0 , then x;+X,+x,=0 —> X3+ x5=0

assume that x;= T —> T € R, then x;=-T

assume that x,=S —> S€R , x;+2x,-2x3-%=0 ,

x,=-S+2T+T, x;, =-T =S

21
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® Manage Properties , & Special Ideas :

(1)  The matrix containing one column is called column matrix or column vector.
(2)  The matrix containing one row is called row matrix or matrix vector .

(3) LetA,B,C,anda,b,c, be three matrices and three constants :
—>A + B = B + A (Addition is commutative ).
—>(A + B) + C = A +(B + C) (Addition is associative)
—>A(B = C) = AB + AC
—>a(A + B) = aA + aB
—>(ab)C = a(bC)
—>(AB)c = A(Bc)

> Special : properties of transpose :

—>(A+B)= A+ B
—>(kA)' = kA"
—>(A') = A

—>(AB)= A'+ Bt
I ATTENTION (1) : multiplication is not commutative.
I ATTENTION (2) : cancelation law does not hold for matrices

But what does this mean with ?!

—)LetA:lg ;]’B:B ﬂ“lg LSL]’D:[(B; g]

—)AB:AC:[Z g] ,but BZ C..

22
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—)AB:[S 8],butA¢l8 8].,1375[8 8]

® Inverse , Elementary , & Identity Matrices :

v Zero matrix : [All entries are zero |
1 [0 0]
Example :
0O O

IIATTENTION(1) : A + (-A) = 0 , and (0) means zero matrix.
IIATTENTION(2) : A + 0 = A, and (0) means zero matrix.

v Identity matrix :

It is a nxn matrix (square matrix) , denoted by I, or I, and it has the same effect of

number (1) in multiplication — IA = Al = A

And you suppose it has the size (3x3) , it will have this shape : |0 1

—>Note that the main diagonal is full of zeros.

—> It will help in finding inverse.

’ L]
** Inverse of the matrix :

Let A be a square matrix , if there exist a matrix B such that AB = BA =1, then we say Ais

invertible and B is called the inverse of A denoted by (A™ = B) .

—>The matrix with zero row or zero column is singular (has no inverse)

23
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v How to find Inverse ?

v Approach (1) :

If A= [Cl b] , and A is invertible , then
c d
1 d - b]

-1
AT = ad—bc _C a

@) Example :

pnint whoea-[2 ]
Solu:

3t

43

NATTENTION: if you are asked to check whether your answer is correct or not

—use : A(A') =1

v Approach (2) :

We will use the Identity matrix here , putting the matrix itself on the left , and its Identity
on the right , gathering them in the same braces .Then we will implement Jordan-Gauss
elimination to the whole big matrix till we reach the reduced row echelon form of the
original matrix on the left , and if you check the other side on right you will find the

Identity matrix replaced with the Inverse .

—>To figure how it reaﬂy works check the next example.

24
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O Example :

1 2
LetA=|2 1 31, find A* if exists.

—1
3 =2 0
Solu:

s 12 —-1110
Lot [2 1 3]0 1
Matrix A 3 _2 Olo O
1 2 —1] 1 0 0
0 -3 5|—-210
0 -8 3]-3 0 1
12 —-1] 1 00
0 —3 5|=210
0 -8 3]|-3 01
1 2 —-1] 1 0
01 —5\3]2\3 —1\3
0 -8 3] -3 0

1 0 7\3 | — 1\3

0 1 —5\3| 2\3

0 0 —31\3] 7\3
1 0 7\3| —1\3
0 1 — 5\3] 2\3
0 0 1] —7\31

)

Right

)

Identity

| /

1

0
|
1
2\3 0
—1\3 o]
—8\3 1
2\3 0
—1\3 o]
8\31 — 3\31

25
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10 0] 18\93 6\93 21\93
01 0| 27\93  9\93 — 15\93
00 1] —7\31 8\31 —3\31

/ |dentity / Inverse
of A

— When to use approach 1, and when to use approach 2 ?
(1) Approach 1 is only valid for 2x2 matrices.
(2) Approach 2 is valid for all matrices.

—> We will learn another ways of finding inverse in chapter 2 (Determinants) , but for now , if
you have more than one option for finding inverse , keep sure you will use the way with the least

complexity , depending on the numbers inside the matrix and how much it is hard to solve.
> Properties for Inverse
—>(AT)I=A
—>(AB)'= ATB’
—>(kA') = = A" [kis a scalar]
—>(A +B'£A! + B!

—>If A is invertible , then A'is invertible with (A")* = (A™)

26
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Y agrge 58 130 el S b § g 52 131 sl ol UG- i) (3 & Izl ™
inverse g\ Lo s singular ossa A Byall i LK pas Has Lao ) éa Joo 3l 5 13l 4

» Elementary Matrices :

We say E is an elementary matrix if E can be obtained from I by one row operation.

5 54> row operation e cyides identity matrix L) o oo juiy dgame Cas 13 —

@) Example :

B o Ball J4 L s 1S ) gy ey Lus

Which of the following is an elementary matrix?

(1)

(2)

(3)

2
L0
2
L0

1
.3

01
1.
01
21

01
1.

second one.

—> yes , is an elementary matrix , the first row is multiplied by 2

—> no, not an elementary matrix , the first row is multiplied by 2 and

then the second row is multiplied as well.

—>yes , is an elementary matrix , we added the triple of the first row to the

t elementary lael o @M.L\ Sl

Caly Ganall bl Lo (1)

e a3 (2)

(& @A\ Jie ) i) ) Cao ) Cogaal) aol Cola) B3L2) (3)

27




LINEAR ALGEBRA SYSTEMS OF LINEAR EQUATIONS AND MATRICES

D OMad do gt i by elementary matrix J) 3,b o inverse Jl oz 5 > ®
By A e 3 L Oy e (ool il Bgrall 0o 4 jS, elementary matrix . &si0s 02l L (1)
la b] ll 0] la b]
X =
d ¢l 10 31 ld 3c
.identity J ldgoes ol B5a0l) e Jordan-gauss JI 3s L (2)
g inverse | lghgoey ¢ 50l - identity J| Je Jordan-gauss J\ 3ls L (3)
e 42Ul Bg2all 4w 5 row operation Lo identity e lghas L’.{S.ﬁo-j e K a5, 4
elementary &lbsans i ot \gounit C\) &) gl C\) Qj\ ¢ 3 e i Sl K elementary matrix
U229 ¢ Inverse J W% s> identity Jl v@.\w quU\ Oldaall o 80y o 440 e By 5
.inverse I llaay
E GOLDEN LINE : E.E,E; = A* which means that (E,E,E;)A =1
> Question 1:
2 0
Let A = 3 4 find A" using elementary matrices .
1\2 0
E, = 0 1 obtained by multiplying the first row of the Identity by 1\2
1 0
E,= 3 1 obtained by adding the negative triple of the first row to the second one

b= [3 1\2‘

v Multiply them to each other and you will get the inverse
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>Question2:
1 0 — 2
Let A = lo 4 3] find E, ,E, ,E; , such that (E;E,E;)A =1
0 0
1 0
E-|0 1\2
L0 0
1 0 1 0
L0 0 0
1 0
E-|0 1 - 3\4] a
0 0

> Question 3:

Let A [1 3]
e =
—4 5
® Find E,E,E; and show that (E,E,E;)A = L.

B Write Al as a product of elementary matrices.

B Write A as a product of elementary matrices.

— Solution (1):

. 0]

v 1
1 0

2210 1\17]

E, = 1 B ]then (E;E,E;)A =1
0 1
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— Solution (2):
A’ - EEE,

— Solution (3):
A=E * E, B E3 = (E1E2E3)>1

® Bold Lines & Proofs :

> Proofs :

(1) The Identity of matrices multiplication is unique .

Assume that I and I are two identities
IP=] > II’'=] > [=I
(2) If A is invertible then the inverse of A is unique.

Assume B and C are two inverses of A , note that
A—>B

A—>C
B=BI=B(AC)=(BA)C=IC=C
(3) If A is an invertible matrix with AB = AC , show that B = C.
AB =AC
(AA)B = (A'A)C
IB=1C
B=C
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(4) Show that (AB)! = A'B"
(AB)AB)' =1 — since the matrix has unique inverse then (AB)" = A'B"
—> (AB)( A'B") = A(BBHA™ = AIAT = AA™ =

(5) Show that (kA)* = %A»l

(kA)kA)T =1
1, 1 1
(kA) A" = (k. 2)(AAT) =1

(kAY! = A"

(6) Show that (A7) = A
(A7)(A) =1
(AT)AD) =1
A= (A7)

(7) For any square matrix B, B + Bt, and BB, are symmetric.

(a) (B+B)=B"+(B") =B"+B =B+ B —> Symmetric
(b) (BB")'= (B")" B* = BB*
(8) Show that B-B' is skew symmetric

(B-B)' = Bt — (B')' = B'— B = (B! — B)
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(9) For any square matrix A , AA' — A'A is symmetric.

(AA" — A'A) = (AAY) — (A'A) = A'A - AA* —> Symmetric

(10) If A is invertible then (Af)* = (A1)
(ANAY)'=1
(AYAY) = (AAT) =T'=T, thus (A)" = (AT)

» Bold Lines :
(1) A" = AA ...... A (n times)
(1) If A is invertible then A™ = AT A™ ...... A™ (n times)
(2) A° = I'( A powered by zero =1 )

—> Remember that T acts like number (1) in numerical operations.
(3) (An)m — Anxm
(4) (A")(A™) = A™
(5) When A is invertible with (A*)* = A , then :

v When A is invertible with (A™)* = (A)" then , (A"(A?)") = (AA) =1" =1

Done By Power Unit .
€3 group : Power Unit—JU || page : Power Unit

Web Site : powerunit-ju.com
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> Problem 1 :

3 6] .
Let A = lz 3 , find :

(1) Find A™

— -1 2
L S I

(2)If(3B-2I)'=A, find B.

(3B-21)'=A—>(3B-21)= A" —>3B=A"+2l > B=3A+zl

Then complete the solution and find the matrix B implementing (B = % A+ %l)

1 4
—2 3

X=[2 1 4]XA1=!2—1 le[z 1 4]

(3) [FAX - [2_1 | nax

-1 -2 3 > -1l -2 3

Then complete the multiplication normally. T

IATTENTION : Why we put the inverse of A before AX while multiplying ?
think about sizes , A has the size 2x2 , X has unknown size , then what is the thing
that gave the matrix AX a size of 2x3 ??

you multiply 2x2 size of matrix A x (unknown) size of matrix X = (2x3) size , in the

equation A x X = AX —> then surely X will be having the size (2x3).
Hence to have the right size and shape of X when multiplying A" x AX
Order them like this : A™' x AX

Il And to be noted , AX x A™ is undefined depending on multiplication rules, review

them!
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» Problem 2:
Let A be a square matrix such that A*> + 5A -1 =0, show that A is invertible with
A'=A+5l.
A*+5A-1=0
A%+ 5A =1
A(A+5I)=1—>1f B=(A +5I), then AB =1, then B is the inverse of A
SoA'=B=A+5I

> Problem 3:

Use Gaussian elimination to solve the linear system :

x -10y +10z = -31
2X —y+z=-1
3x + 2y 2z =9
-1 =10 10 —31
2 —1 1 —1
3 2 — 2 9

Gaussian elimination

1 10 — 10 31
0 1 —1 1
0 0 0 0

Solution ={ 1, 3+t, t, such that t € R }
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> Problem 4:

Determine which of the following is a linear equation or not.
(1) 2x + y + 5 —> yes, linear system

2
(2) 3x + Ak 6 — no , not a linear system

(3) %x +y +2z=3—> yes, linear system

» Problem 5:
For which values of (k) does the next system has nontrivial solution ?
(k-3)x+y=0
x+(k—-3)y=0

FR T

l Gaussian elimination

b —a-ma1

The system will have nontrivial solution when k = 4 or k = 2

v Check your solution
> Problem 6:

Solve for x , y,z

—4

1 2
—+—+—=1
Xy z

2 3 8
—+—+—-=0
Xy z
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Assume that

A-2 B-2 c-1
X y z
Then solve the system for A, B, C, after that you can find the values of X,V Z
» Problem 7:
Finda,b, c, d such that :
a+ 2b c—3d+a] [4 5]
b—d d—2cl 1-1 2

a+2b=4
c—3d+a=5
b-d=-1
d-2d=2

then solve the system normaﬂy

> Problem 8:

What conditions of the b’s such that the foﬂowing system has no solution

X + —Zy +Z= b1

2Xx+y+2z= b,

X-7Ty+z-= b,

Put on the matrix , then implement Gaussian elimination , then by the substitution you’ll

find values of b’s.
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> Problem 9:
If (3A*— 2I)* = [2 1] then find A
= 3 3] en fin

1 —
Final answer : A = 1

OO W]k

9
> Problem 10:

True or false?

(1) (A + B> = A2 + 2AB + B> —> false
(A +B)A +B)=A%+ AB + BA + B?

(2) (ABY)(BA™) = I —> true
AB'BA” = A(B'B)A" = AIA" = |

(3) (A — B)*= (B — A —> true
(A-=B)=(-(B-Ay)=(17(B-Ay=B-A)
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