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Chap 1 Problem Solutions

1.1 If v = 141.4sin(wt + 30°) V and ¢ = 11.31 cos(wt — 30°) A. find for each (a)
the maximum value, (b) the rms value and (c) the phasor expression in polar
and rectangular form if voltage is the reference Is the circuit inductive or

capacitive?
- - Y S ~
Solution: - (4 4 oS Cu)’t‘(”;o c?(,) L -
L (a) Maximum values: (60 (’ GC
Vinaz = 1414 V Imez = 11.31 A -
(b) rms values: 2
141.4 11.31
Vi= — = 100V Il = — = 8A -
Vi=—% H 7 \
(c) Phasor expressions in polar and rectangular form:
V = 100; = 100+;50V

a7)é“:"f’(e/ I = 8( g 4—]693A

The circuit is in%ve as I legs V. €30
lecas
1.2 If the circuit of Prob. 1.1 consists of a purely resistive and a purely reactive

element, find R and X, (a) if the elements are in series and (b) if the elements

are in parallel. R -l \/\
Solution: Z [\+ ")K
(a) Elements in series: ,n 3(\«, ev @ \> r
100,£0°
Z = = 25700 S ="625+=7r1083"2
8/ ABB 13 TETTTIGS R B
R = 636 Q Xe = w8 Q %& J
\ {b) Elements in parailel 6, 2.3 (Q ';b ‘p" 4_' \
g L =~ T v - GI‘SB 1 ,06‘13““'\3-'0
R S
. 'lf-)(c*'" R = £2 - 14 Xe = = et Q \(ZG‘*J
M_ﬁ_~ Q:F G B o 41435V ‘ 26 . Cin 30\%“\‘)
T — 1.3 In a single-phase circuit V, = 120,45° Vand V, = 100,/~15° V with respect

to a reference node o. Find V. in polar form.

Solution:

Vie = Vig—Vy
Via 100, -15° — 120,45° = 96.59 — j25 88 — (84.85 + j84.85)
= 11.74 -7110.73 = 111.35,-83. 95°
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1.4 A single-phase ac voltage of 240 V is applied to a series circuit whose impedance
is 10/60° Q. Find R, X, P, @ and the power factor of the circuit.

Solution:
R = 10cos60° = 5.0 Q
X = 10sin60° = 8.66 Q
240,0° _ .
I = 10,.60° _24.&“5*.
P = (24)'x5 = 2880 W
Q = (24)°x8.66 = 4988 var
4988
— -1z =
pf = cos (tan 2880> 0.50
or cos <tan‘1%> = 0.50

1.5 If a capacitor is connected in parallel with the circuit of Prob. 1.4 and if this
capacitor supplies 1250 var, find the P and @ supplied by the 240-V source,
and find the resultant power factor.

Solution:
P = 2880 W
Q = 4988 -1250 = 3738 var
3738 :
= —1— =
p.f. cos (tan 2880) 0.61

1.6 A single-phase inductive load draws 10 MW at 0.6 power factor lagging. Draw
the power triangle and determine the reactive power of a capacitor to be con-
nected in parallel with the load to raise the power factor to 0.85.

~i3.33

Solution:
0651n(cos 06) = 1333 N
cos~10.8 = 31.79°
10tan31.79° = 6.2 var NI
Q. = -(13.33-6.2)

—-7.13_ Mvar 10

AR e Bt
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1.7 A single-phase induction motor is operating at a very light load during a large
part of every day and draws 10 A from the supply. A device is proposed to
“increase the efficiency” of the motor. During a demonstration the device is
placed in parallel with the unloaded motor and the current drawn from the
supply drops to 8 A. When two of the devices are placed in parallel the current
drops to 6 A. What simple device will cause this drop in current? Discuss the
advantages of the device. Is the efficiency of the motor increased by the device?
(Recall that an induction motor draws lagging current).

Solution:

A capacitor will cause the drop in current in the line because the lagging component of current
drawn by the motor will be partially offset by the leading current drawn by the capacitor.
The current drawn by the motor, however, will be unchanged if the terminal voltage remains
constant. So the motor efficiency will remain the same. Loss in the line supplying the motor
will be less due to the lower line current. If the line to the motor from the supply bus is long,
the voltage drop in the line will be reduced and this may be desirable.

1.8 If the impendance between machines 1 and 2 of Example 1.1is Z =0 — 55
determine (@) whether each machine is generating or consuming. power,
(b) whether each machine is receiving or supplying positive reactor power and
the amount, and (c) the value of P and Q absorbed by the impedance.

Solution:
100 + 50 — (86.6 + 750
I = +7 25 +350) _ 1044268 = 1035,15° A
EJJ* = 100(10—j2.68) = 1000 — 268
E;I* = (86.6+550)(10 — j2.68) = 1000 + ;268

Machine 1 generates 1000 W, receives 268 var
Machine 2 absorbs 1000 W, receives 268 var

Capacitor in the line supplies (10.35)2 x 5 = 536 var

1.9 Repeat Problem 1.8 if Z = 5+ 50 2.

Solution:

100 + 50 — (86.6 + 750)

I - = 2.68—310 = 10.35,-75° A
E.I* = 100(2.68+310) = 268+ 51000
E,J° = (86.6+750)(2.68 +510) = —268 + 71000

Machine 1 generates 268 W, delivers 1000 var



Machine 2 generates 268 W, receives 1000 var

Resistance in the line absorbs (10.35)2 x 5=2536 W

Both machines are generators.

1.10 A voltage source E,, = —120,210° V and the current through the source is
given by I, = 10,60° A. Find the values of P and Q and state whether the
source is delivering or receiving each. IS

G- ~ T
~ Solution: A &;l \ F
T T ¢

o ne a‘;r Eunll, = —120/210° x 10,=60° = —1200/150° = 1200,—30° _ _
E-a“ P = 1039 W delivered /
_‘1‘ o Q = =600 var delivered ne®
acny asoHve
N (+600 var absorbed by source, since I,,, defines positive current from n to a and E,, defines

point a at higher potential than n when e,, is positive.)

1.11 Solve Example 1.1if Fy =100,0° V and F; = 120,30° V. Compare the results
with Example 1.1 and form some conclusions about the effect of variation of

; the magnitude of E, in this circuit.
Solution:

—(103.9 160 -3.92—-7
; I = 100 - (1 3. 2 + 760) _ 392.- 760 = 1244078
] 2o Jo
E;I* = 100(—12—-50.78) = —1200 — j78
-8 E;xI* = (103.92+j60) (—12 — 50.78) = —1247 — ;720 — ;81 + 46.8
l = -1200- 7801

Machine 1 absorbs 1200 W and 78 var

Machine 2 delivers 1200 W and 801 var
801 — 78 = 723 var absorbed by line

In Example 2.1 the line received 536 var, half from each source. Raising |E2| caused some
increase in power transfer and some increase in Q supplied to the line, but the significant fact
is that raising | E3| caused that source to supply not only all the Q absorbed by the line but
also 78 var delivered to the |E;| source.

1.12 Evaluate the following expressions in polar form:

{ (a) a—1
; (b)) 1—a’+a
1 (c)a’+a+j




(d) ja + a®

Solution:

(a)a—1 = —0.5+50.866 —1 = 1.732,150°

(b)1—a?+a = 1—(—0.5~—;0.866) — 0.5+ j0.866 = 1+ 51.732 = 2.00,60°

(c)a?+a+j = —0.5-50.866—0.5+ j0.866+ 351 = —1-+;j1=1414,135°

(d) ja+a? = 17/210°+1,7240° = —0.866 — j0.5 — 0.5 — 50.866 = —1.366 — 71.366
= 1.932/225° :

1.13 Three identical impedances of 10,/—15° §2 are Y-connected to balanced three-
phase line voltages of 208 V. Specify all the line and phase voltages and the
currents as phasors in polar form with Vg, as reference for a phase sequence of

abc.

Solution:

1.14 alateed

Solution:
A
—-:—B Cn ~
—_—
_—
.,(Cl’\ -

Van = 120,210° V Voo = 2087240° V

Vin = 120,900 V Vee = 208£120° V

Vi = 120,=30° V Vie = 208,0° V

Lo Ve 1204210, 0, N\ v /a
Z T To,Is S )
Vin _ 120,90° ‘

I = 22 = 2225 = 12,105° A

b T Z T 10,-15 S X

Ve | 120,-30° .
L= 7 =1, 5 - 1284

d-three-phase system the Y-connected impedances are 10/30° Q.
Jf Ve = 416/ w specify I, in polar form.

c

~_

416 Ve
o5 = MOV
Ven = 240,—60° V /
240,—60° .
Ic‘n W = 244—-9 A b
. ; ~ &
24¢ (-GG
U Y PRACH o
Vew . 2486 - 24 /-9 4
e NYEN - -

'%CV\ -



eV

. | _‘ ‘.
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1.15 The terminals of a three-phase supply are labeled a, b and ¢. Between any
pair a voltmeter measures 115 V. A resistor of 100 {2 and a capacitor of 100 Q2
at the frequency of the supply are connected in series from a to b with the
resistor connected to a. The point of connection of the elements to each other
is labeled n. Determine graphically the voltmeter reading between ¢ and n if
phase sequence is abc and if phase sequence is acb.

Solution:

Sequence a-b-c

nk = 1_;-? =575 V
kc = 115sin60° = 99.6 V
meter reading = 57.5+996 = 1571 V
Sequence a-c-b
CFe = 996 V A I 5
nk = 575V
meter reading = 99.6-5375 = 421 V

1.16 Determine the current drawn from a three-phase 440-V line by a three-phase
15-hp motor operating at full load, 90% efficiency and 80% power factor lagging.
Find the values of P and @ drawn from the line.

Solution:
15 x 746
Il = = 2039 A
i V3 x 440 x 0.9 x 0.8
P = 3x440x20.39 x 0.8 = 12,431 W drawn from line

V3 x 440 x 20.39 x 0.6

O
|

9,324 var drawn from line




1.17

1.18

1.19
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If the impendance of each of the three lines connecting the motor of Prob. 1.16
to a bus is 0.3 + j1.0 Q, find the line-to-line voltage at the bus which supplies
440 V at the motor.

Solution:
I = 20.39(0.8 —30.6) = 16.31 —512.23 A
When the reference is voltage to neutral of the motor at the terminal where I is calculated,
or 440/v/3 = 254,0° V, the supply bus voltage to neutral is
254 + 0 + (0.3 + 71.0){16.31 — 712.23)
Line-to-line voltage |V| = V3 1271.1 + 512.64]

271.1 + 712.64
470 V

A balanced-A load consisting of pure resistances of 15 Q per phase is in par-
allel with a balanced-Y load having phase impedances of 8 + j6 (2. Identical
impedances of 2 + 55 2 are in each of the three lines connecting the combined
loads to a 110-V three-phase supply. Find the current drawn from the supply
and line voltage at the combined loads.

Solution:
Convert A to equivalent Y having 15/3 = 5 §2/phase
5(8+56) 40-1—_7'30.>< 13-356 700+ 550

5+8+76  13+j6 = 13—356 © 205
= 341+470.732 = 349,121° Q

Current drawn at supply: »

Z = 2+35+341+370.73 = 541+ 35.73 = 7.88,46.65° Q

¥ 110//3

—55 = 8.06 A from supply

Letting V; equal voltage at the load, line-to-line voltage:

V; = 8.06x349 = 28.13 V to neutral
Line-to-line Vo = V3 x2813 = 4872 V

A three-phase load draws 250 kW at a power factor of 0.707 lagging from a
440-V line. In parallel with this load is a three-phase capacitor bank which
draws 60 kVA. Find the total current and resultant power factor.

Solution:

Letting S; and S, represent the load and capacitor bank, respectively,

S; = 250+ 5250
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Sy, = 0-360
where S; + Sy = 25047190 = 314,37.23° kW
g o= 31400 o0 4
V3 x 440
p.f. = ¢0s37.23° = 0.796 lag

1.20 A three-phase motor draws 20 kVA at 0.707 power factor lagging from a 220-V

1.21

source. Determine the kilovoltampere rating of capacitors to make the combined
power factor 0.90 lagging, and determine the line current before and after the
capacitors are added.

Solution:

14.14
From the figure,

6 cos™10.9 = 25.84°

14.14tan25.84° = 6.85 6.85

14.14 ~6.85 = 7.29 kvar

6 mcos 0.9 = 25.8¢4°

Without capacitors: '
20,000

I = =/
Ml V3 x 220

= 525 A
With capacitors:
= 412 A

i " ]14.14 + j6.85] x 1000
V3 x 220

A coal mining “drag line” machine in an open-pit mine consumes 0.92 MVA
at 0.8 power factor lagging when it digs coal, and it generates (delivers to
the electric system) 0.10 MVA at 0.5 power factor leading when the loaded
shovel swings away from the pit wall. At the end of the “dig” period, the
change in supply current magnitude can cause tripping of a protective relay
which is constructed of solid-state circuitry. Therefore it is desired to minimize
the change in current magnitude. Consider the placement of capacitors at
the machine terminals and find the amount of capacitive correction (in kvar)
to eliminate the change in steady-state current magnitude. The machine is
energized from a 36.5 kV, three-phase supply. Start the solution by letting Q be
the total three-phase megavars of the capacitors connected across the machine
terminals, and write an expression for the magnitude of the line current drawn
by the machine in terms of Q for both the digging and generating operations.

Solution:

Assume line-to-line voltage |V] is constant. Then constant current magnitude |I| means
constant |S| where |S| = V3 [V] |I*| x 10~ MVA.




1.22

1.23

1.24

Dig period:

IS| = [0.92(0.8+50.6) — Q|
= 10.736 + j0.552 — jQ|
ISP = 0.542+0.305 — 1.104Q + Q7 = 0.847 — 1.104Q + Q?
Swing period:
IS| = [|~0.1,=60°—jQ| = |—0.05+ j0.0866 — jQ]

Ki§ (—0.05)2 + (0.0866 — Q)° = 0.0025 +0.0075 — 0.1732Q + Q*

= 0.01-0.1732Q + Q*

and equating |S l2 for the dig and swing periods, we have

0.847—1.104Q +Q* = 0.01-0.1732Q+Q?
0.937Q = 0.837
Q = 0.899 Mvar or 899 kvar

A generator (which may be represented by an emf in series with an inductive
reactance) is rated 500 MVA, 22 kV. Its Y-connected windings have a reactance
of 1.1 per unit. Find the ohmic value of the reactance of the windings.

Solution:
(22)°
= = 0.96
Base Z 500 8 N
X = 11x0968 = 1.065 Q

The generator of Prob. 1.22 is in a circuit for which the bases are specified as
100 MVA, 20 kV. Starting with the per-unit value given in Prob. 1.22, find the
per-unit value of reactance of the generator windings on the specified base.

Solution: .. ’LQQZ A

X = }){(65 (%> (%%)2 = 02577 per unit

Draw the single-phase equivalent circuit for the motor (an emf in series with in-
ductive reactance labeled Z,,) and its connection to the voltage supply described
in Probs. 1.16 and 1.17. Show on the diagram the per-unit values of the line
impedance and the voltage at the motor terminals on a base of 20 kVA, 440 V.

Then using per-unit values find the supply voltage in per unit and convert the
per-unit value of the supply voltage to volts.
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Solution:

Per-unit base calculations:

(0.44)% x 1000

Base Z = 3 — = 9.68 per unit
0.3 .
R = 76 = 0.031 per unit
X = 1_:8 = 0.1033 per unit
Base ] = —0:00 _ 604 4
3 x 440
20.39
= — = 0.77 i
I 654 0.777 per unit
Voltage calculations:
V. = 1.0+0.777(0.8 — 0.6) (0.031 + 70.1033)

1.0 +0.777 x 0.1079 7 36.43°
1.0 +0.0674 + 50.0408 = 1.0686,2.97° per unit
[Vir] = 1.0686 x 440 = 470 V

fi

1.25 Write the two nodal admittance equations,éimila.r to Egs. (1.57) and (1.58), for
the voltages at nodes @) and @) of the circuit of Fig. 1.23. Then arrange the

nodal admittance equations for all four independent nodes of F ig. 1.23 into the
Yhus form of Eq. (1.61). ’

Solution:

bus@ (Va-W)Ye+(Va-V)Ye+(Va-V,)Y. = 0
bus@ VYo +(Vi-W)Y,+(Vi-W)Y. = I,

Rearranging equations for bus @ and bus @) yields

bus @ -WYe+V2 (Ve +Ye+Y)-WY-WY. =0
bus @ VY -WYe+ Vi (Yo +Y+Y.) = I,

The Yy form is

@ ) &) @
O [(Ye+Ya+Yy) -Yy -Y. ~-Y; 1 0
@ -Y, (Yo+Ya+Ye) -Y -Y. V. _ | o
S Y. - Yo+Ys +7Y0) 0 Vi | | Iz
@ =Yy -Y. 0 (Ye+Y,+7) Vi I,

1.26 The values for the parameters of Fig. 1.23 are given in per unit as follows:

Yo=~j0.8 Yy=—j40 Y.=—j40 Yy = —78.0 Y. = —j5.0
Yy==-j25 Y,=-j08 I;=10,-90° I, =0.68,~135°
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Substituting these values in the equations determined in Prob. 1.25, compute
the voltages at the nodes of Fig. 1.23. Numerically determine the corresponding

Zys matrix.

Solution:

Using the Yy, solution of Problem 1.25, substitute the given admittance values:

—j145 ;80 j40 525 v
j80 —j17.0 740 5.0 Ve

540  j40 -j88 50

Va

j25 450 j0 —j8.3 Vi

Compute voltages:

meV = I
Ybus—leusV = Ybus—ll
50.7187
- 0.6688
where Yous™! = Zpus = :;'0.6307
70.6194
V = Yo'l
R W [ 40.7187 50.6688
Vo | _ | 70.6688 40.7045
Va | — | 70.6307 350.7045
R | 70.6194 j0.6258
" Vi ] [ 0.9285 — j0.2978
Vs _ | 0.9251 - 30.3009
Va | T | 0.9562-30.2721
78 | 0.8949 — ;0.3289

70.6688
70.7045
70.7045
70.6258

70.6307
70.6242
70.6840
70.5660

0

40.6307
§0.6242
70.6840
70.5660

§0.6194
30.6258
§0.5660
§0.6840

0

0
1.0,-90°
.68 ,—-135°

70.6194
j0.6258
70.5660
70.6840

0
0
1.0,-90°
0.68,—-135°

0.9750,—-17.78°

0.9728 ,—-18.02°

0.9941 , -15.89°
0.9534 ,—20.18°

Chapter 2 Problem Solutions

2.1 A single-phase transformer rated 7.2 kVA, 1.2kV/120 V has a primary wind-
ing of 800 turns. Determine (a) the turns ratio and the number of turns in
the secondary winding, () the currents carried by the two windings when the
transformer delivers its rated kVA at rated voltages. Hence, verify Eq. (2.7).

Solution:

(a)

N
Ny
Therefore, N =

Vi 12x10%

v, 120
Ny, 800
L= = =80
10 10
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To: ee5200-1@mtu.edu
Subject: sign convention, conjugate, cosine reference

Glad to see this kind of exchange on the e-mail list,
that is what | have been hoping for.

Some comments that could help with the Ch.1 review problems:

1) As | mentioned in the first lecture when we discussed

Euler’s identity, it is standard practice to define phasors

according to the cosine (real) component and this is termed
“cosine reference." Therefore, when converting from time domain
to phasor domain, we must first convert all sinusoidal functions to
equivalent cos functions. By sketching out a sine and a cosine
function, it becomes clear that a sine is just a cosine that has
been delayed by 90°. Therefore, sin(wt) = cos(wt -90°) or
cos(wt) = sin(wt + 90°).

2) The negative sign associated with | is most likely due
to how | is defined on the circuit, i.e. the assumed reference
direction of current flow that is marked on the circuit.

3) To correctly calculate complex power consumed by (or flowing in to) a
circuit element, Sin = VI* = P + jQ, where V and | have
reference polarity/direction according to passive sign convention.

4) Careful with conjugates: remember that the conjugate of a complex number
has the same magnitude, but the sign of its angle is changed. For

example, if | = 10/30° A, then I = 10/-30° A. Thus, negating a complex
number is not the same as taking its conjugate.

Thanks for the comments on the Ch.1 problems, | will try to go thru
these and then issue any corrections that may be required.

Looks like we are off to a good start, good to be thinking about these
details and doing some review/refreshing.

Dr. Mork

Printed for Bruce Mork <bamork @mtu.edu> 9/9/2003
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To: ee5200-1@mtu.edu
Subject: Solutions, Probs 1.1 and 1.10

Let’s take a look at the first couple of items in question:

1.1, 1.2: v(t) is given as v(t)=141.4sin(wt+30) and i(t) is given as
i(t)=11.31cos(wt-30). However, don't you need to put v(t) in terms of

cosine, which becomes v(t)=141.4cos(wt+30-90)? Using v(t) as the reference,
this give V=100@0 and I=8@30. Current is now leading the voltage and the
circuit is capacitive. Does this sound right?

Yes, this is correct, we use cosine as the common basis/reference for
expressing all phasor angles. Peak values must be divided by sqrt(2)
to get RMS values.

In prob. 1.2, the calculation method is correct, just update the values
according to the solution of problem 1.1.

1.10: | also assumed S=Ean(-lan)* and got a different answer than the
solutions.

The meaning of S=VI* really hinges on whether active or passive sign convention
is used. Use of double subscripts makes it much easier to explain and

to understand. The general equation S = VI* is clearly being implemented

here using ACTIVE sign convention, the subscripts clearly tell us.

Active sign convention (generator convention) calculates S produced:

Sout = (Ean)(Ina)* = (Ean)(-lan)* = Pout + jQout

Passive sign convention (load convention) calculated S consumed:

Sin = (Ean)(lan)* = (Ean)(-Ina)* = Pin + jQin.

The author's solution is therefore correct. From this we might agree
that it is indeed important it is to know the difference between active
and passive sign convention... Working at MS level, we need to
understand the concepts and details. These seemingly simple
problems bring that out.

Dr. Mork

Printed for Bruce Mork <bamork @mtu.edu> 9/9/2003
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To: ee5200-1@mtu.edu
Subject: Chap 1 - problems 1.8,9,11 and 1.23

1.8, 1.9, 1.11: | agree that they should use S1 = E1(-I)* like example 1.1.
Also, check the P & Q being delivered versus the P & Q being
absorbed/received, in 1.8 for example, where the Z=0-j5. The solution shows
S1=1000-j268 and S2=1000+j268. If Z=0-j5, which is purely capacitive, how
can all the Vars from machine 1 be transferred to machine 2, while both
machines are absorbing 1000 Watts? If you use S1 = E1(-1)*, the transfer of
P & Q makes more sense.

Here, | think that if you are careful with active and passive sign conventions,
discussed in the previous e-mail,

you will calculate the correct Ps and Qs and all of the P and Q that are
generated and consumed will balance out. Let me know if you have

any subsequent questions.

1.23: In problem 1.22, you are given a per unit reactance of 1.1pu. On the
given bases, this gives an actual reactance of 1.065 Ohms. In 1.23 you are
asked to find the per-unit reactance using a change of base, which is

illustrated in equation 1.56 on page 29. However, the solution uses the

actual impedance of 1.065 Ohms from 1.22 in the equation and gets .2557pu as
the answer. To get a per-unit reactance as the answer, wouldn't you need to
use 1.1pu as Z-old in the equation?

yes, there is a typo, he should have started with 1.1 pu, not the value in ohms.

The “canned" equation given by Eqn. 1.56 is not a very intuitive one, and you have
to be careful how you apply it. It is more intuitive if you think of a two-step process:

a) multiply the given p.u. value by its Zbase to obtain the actual ohms.
b) divide the actual ohms by the new Zbase to get the new p.u. impedance.

Therefore, it is more intuitive to express the equation as:
Znew,pu = Zgiven,pu (kVbase,given’2 / MVAbase,given ) <== step a)
/ (kVbase,new”2 / MVAbase,new ) <== step b)

If you rearrange these terms, you end up with what is given in Eqn 1.56.
To the author's credit, he suggests this two-step approach in the 2nd paragraph
on p. 30.

A philosophical observation:

Studying at the MS level, our goal is not only to learn more advanced "stuff"
but to also improve our understanding of the fundamentals and concepts.
Actually, encountering these errors and confusions in these review problems
may have taught us more than if the solutions had all been totally correct --
we had to stop and question what's going on, go back to basic concepts,

Printed for Bruce Mork <bamork@mtu.edu> 9/9/2003
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and figure it out.

Any more points of uncertainty or possible errors? Please go ahead and
start the discussion here, hopefully this is helpful.

See you all in class tomorrow morning, we will go through some more
per unit things.

Dr Mork

Printed for Bruce Mork <bamork @mtu.edu> 9/9/2003
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To: ee5200-l@mtu.edu
Subject: Chapter one problem 1.7

At 12:02 PM 9/3/2003 -0500, you wrote:
1.7: | believe that they drew the correct conclusion about the efficiency
but for the wrong reason. Anybody care to comment?

The author’s rationalization seems to be sound:

Adding shunt capacitors (shunt compensation) reduces the
inductive component of the current being drawn from the
mains, i.e. flowing down the line, thus reducing the net
current flowing in the line. This reduces the "2 R

line losses. The current flowing into the motor, however,

is unchanged (assuming the capacitor placement has not
changed the terminal voltage).

This is essentially a power factor correction situation, no
internal changes have been made to the motor, it is still
operating in the same way and with the same efficiency.
Since efficiency is related only to real power P, the Q
that is produced by the caps has no effect on motor
efficiency.

There are some devices, in cyclic loading applications,

that increase overall motor efficiency by reducing the source
voltage to the motor when the mechanical load on the motor

is removed/reduced, and then restores full voltage when the
motor is loaded down again. Not restoring full voltage, or
operating a loaded induction motor at reduced voltage

will draw excessive current, resulting in a very low efficiency

and extreme "2 R heating of the armature windings, thus burning
it out. One basic type of motor protection is thus to trip the motor
off line if the voltage is too low and/or the current is too high,
and/or if the winding temperature gets too high.

Dr. Mork

Printed for Bruce Mork <bamork @mtu.edu> 9/9/2003
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Substituting these values in the equations determined in Prob. 1.25, compute
the voltages at the nodes of Fig. 1.23. Numerically determine the corresponding

Zbus Matrix.

Solution:

Using the Ypus solution of Problem 1.25, substitute the given admittance values:

—j145  j80 j40 525 1A 0
780 —j17.0 j40 530 Vo | _ 0
540 ;40 —j88 4O Va 1.0 /—90°
j25 50 j0  —j83 Va 0.68 ,—135°

Compute voltages:

YV = 1
Ybus_lybusv = Y'bus——:lI
j0.7187 50.6688 30.6307 50.6194
o | jo.6688 50.7045 ;0.6242 50.6258
where Yous™ = Zbus = | 06307 j0.7045 50.6840 50.5660
706104 j0.6258 50.5660 50.6840

V = Yyl

v ] " §0.7187 50.6688 ;0.6307 50.6194 0

Va _ | jo.6688 50.7045 0.6242 ;0.6258 0

Vs | T 1506307 507045 ;0.6840 ;0.5660 1.0,-90°
| Va ] | j0.6194 j0.6258 ;0.5660 70.6840 0.68,—135°
[ v ] [ 0.9285 — j0.2978 0.9750 , —17.78°

Vs _ | 0.9251-50.3009 | _ 0.9728,—18.02°

Vi = | 09562-302721 | — | 0.9941,-1589°
| Va | L 0.8949 — j0.3289 0.9534,—20.18°

Chapter 2 Problem Solutions

2.1 A single-phase transformer rated 7.2 kVA, 1.2kV/120 V has a primary wind-

ing of 800 turns. Determine (a) the turns ratio and the number of turns in
the secondary winding, (b) the currents carried by the two windings when the
transformer delivers its rated kVA at rated voltages. Hence, verify Eq. (2.7).

Solution:

(a)

N Vi 1.2x 108 - 10
N, WV, 120
N, 800
Therefore, b, = — = — = 80
erefore, Ng 10 T 8
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Srntcd = ’Vllratgd ,Illrated = ]%lratedl'fﬁlrated
72x10° = 1.2x10% || 000 = 120 | 0 pen
7.2x 103
Dilrewes = 135708 =6 4
7.2 x 103
|12Ira:ed = 120 = 60 A
Left-hand side of Eq. (2.7): L _ 5 _ o
eft- q. (2.7): L~ -
H T
; 1
j ight- i L (2.7): 22 - - = .
Right-hand side of Eq. (2.7) , 10 0.1

Left-hand side of Eq. (2.7) = Right-hand side of Eq. (2.7)

2.2 The transformer of Prob. 2.1 is delivering 6 kVA at its rated voltages and

0.8 power factor lagging. (a) Determine the impedance Z, connected across its
1 secondary terminals. (b) What is the value of this impedance referred to the
i primary side (i.e. Z3)? (c) Using the value of Z/ obtained in part (b), determine
| the magnitude of the primary current and the kVA supplied by the source.

Solution:

(a)

|
|
|
| s = (3)
|

S, = |5]|/8 = 6x10%,36.9° VA
I S53/vy 53
3 (120)? 0
T 6x10%3,-36.9°

= 24/369° Q = (1.92+3144) Q

2 2
, 1%

= 240,36.9° Q = 102+ 5144 Q-

Al 1.2 x 103
I = ‘2 - e = 5
[ \Z3 540 A 5 A

WilIiIi] = 1.2x10°x5 VA = 6 kVA

15l

it




13

2.3 With reference to Fig. 2.2, consider that the flux density inside the center-leg of
the transformer core, as a function of time ¢, is B (t) = By, sin (27 ft) where B,
is the peak value of the sinusoidal flux density and f is the operating frequency
in Hz. If the flux density is uniformly distributed over the cross-sectional area
A m? of the center-leg, determine
(a) the instantaneous flux ¢ (t) in terms of B, f, A and t,

(b) the instantaneous induced-voltage e; (), according to Eq. (2.1).

(¢) Hence show that the rms magnitude of the induced voltage of the primary
_is given by |Ey| = V27 fN1BnA.

(d) If A=100cm? f=60Hz, Bn =1.5T and N; = 1000 turns, compute
|ELl.

Solution:
(a)
o(t) = B(t)A = B,Asin(27ft)

(b)

e;{t) = N, d?iit) = NleA% {sin(27 ft)} = 27 fN;BmAcos(27ft)
(c)
El = —%[el(t)]maz = 27rf]:[/1§BmA = ﬁﬂf]\’rleA

(c) With given values,

E, = V27rx60x1000x1.5x100x10™% V = 40 kV

2.4 For the pair of mutually coupled coils shown in Fig. 2.4, consider that L;; =
1.9 H, ng = L21 = 0.9 H, L22 = 0.5 H and Ty = Tgo = 0 Q. The system is
operated at 60 Hz. '

(¢) Write the impedance form [Eq. (2.24)] of the system equations

(b) Write the admittance form [Eq. (2.26)] of the system equations

(¢) Determine the primary voltage V; and the primary current I; when the
secondary is

(i) open circuited and has the induced voltage V; = 100,0°V
(7) short circuited and carries the current I, = 2/90° A
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Solution:

(a) From Eq. (2.22) and (2.23),

(8] = (B B2 ][] - o]

elle}
oo
[$1 K=}
| )
——
Renlog]
| S )

21 Las
= 3100 338 PR L]
(b) From Eq. (2.25),
(5] = 0 [ 18 18] (%)
- _J-lo-2[_~?;98§ -éfgggﬂl‘%}
(e) (@)
Loooe ] = o000 [ 1388 ],

hence I, = 0.295,-90° A
Vi o= 211.1170° V
(%)

I -2 o 0.947
[2@} = 10 XILQO[-L?os}Vl
hence Vi = 117.30,0° Vv

I = 111,-90° A

2.5 For the pair of mutually coupled coils shown in F 1g. 2.4, develop an equivalent-T
network in the form of Fig. 2.5. Use the parameter values given in Prob. 2.4
and assume that the turns ratio g equals 2. What are the values of the leakage
reactances of the windings and the magnetizing susceptance of the coupled coils?

Solution:

L” = L”—aLgl =19-2x09 H = 01 H
Ly = Lys-Liz/a = 05-2x09/2 H = 005 H

’Lyy, = 4x005 H = 02 H
Lm = aly; = 2x09 H = 1.8 H
w = 1207 rad/sec
i37170 1540 %—‘I—’

—— YV __ M2,

]v, j678.60 Ia V=2V,

Leakage reactances: z; = 377 Q
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), = 734 Q
75.4
Ty = == 0 = 188 Q
4
1
Magnetizing susceptance: B, = oL, 1207r1x 1.8 S
= 1474x107% 8

2.6 A single-phase transformer rated 1.2 kV/120 V, 7.2 kVA has the following wind-
ing parameters: 7, = 0.8 2, z; = 1.2 Q, 7, = 0.01 Qand z, = 0.01 Q. Deter-
mine

(a) the combined winding resistance and leakage reactance referred to the pri-
mary side, as shown in Fig. 2.8,
(b) the values of the combined parameters referred to the secondary side

(c) the voltage regulation of the transformer when it is delivering 7.5 kVA to
a load at 120 V and 0.8 power factor lagging.

Solution:
(a) With turns ratio a = 1.2 x 10%/120 = 10,

Ry = ri+a’ry = 08+100x001 Q = 1.8 Q
X = z;+a%zg = 1.24100x001 Q = 22 Q
(d)
Ry £ R;/a> = 18/100 Q = 0.018 Q
Xo £ Xi/a® = 22/100 Q = 0.022 Q
VA
I R iX1 Ia&
- NVWA____YYY\\ > o
Ivl IaV1
(¢) o— —o
n o= (1.8+522) Q —
7200 . :
Lipr = |So/Val =6 = T30 (=36.9° A = 60,-36.9° A -~
I \
Lrn = 2 = 60,-369° A ’
GVQ’FL = 1200 V

Vire = aVorL+ 11 rL2)
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= 1200 +6.0,-36.9° (1.8 +52.2) V = 1216.57,0.19° V

VarL] = 120V
Vane]l = Vier/a = 12166 V
% Regulation = (121.66-120)/120 = 1.38 %

2.7 A single-phase transformer is rated 440/220 V., 5.0 kVA. When the low-voltage
side is short circuited and 35 V is applied to the high-voltage side, rated current
flows in the windings and the power input is 100 W. Find the resistance and
reactance of the high- and low-voltage windings if the power loss and ratio of
reactance to resistance is the same in both windings.

;
.
! Solution:
§ 5000
i Rated ] = 32-2? = 22.73 A (low voltage)
i
: = % = 11.36 A (high voltage)
100
= —— = 0.774 Q
R 11.362 4
= ﬁ% = 308 Q (R, Z, X high-voltage)
X 2.98
= /308707742 = 2. 5 = 0= =3
X 3.08 0.774 298 O I 0774 3.85
For equal loss in high- and low-voltage windings,
77
High voltage: r = %—4 = 0.387 Q
r = 385x0.387 = 149 Q
220\ ?
Low voltage: r = 0.387 x (m> = 0.097 Q
220 2
T 14 (440) 0.373 Q

2.8 A single-phase transformer rated 1.2 kV/120 V, 7.2 kVA yields the following
test results:

Open-Circuit Test (Primary Open)
Voltage V, = 120 V; Current I, = 1.2 A; Power W, = 40 W

Short-Circuit Test (Secondary Shorted)

Voltage V| = 20 V; Current I; = 6.0 A; Power W, = 36 W
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Determine

(a) the parameters R; = r; + a’ra, X) = z; + a’z3, G and Br, referred to the
primary side, Fig. 2.7

(b) the values of the above parameters referred to the secondary side

(c) the efficiency of the transformer when it delivers 6 kVA at 120 V and
0.9 power factor.

Solution:

(a) From open-circuit test,

G, = Wp/V} = 40/120°S = 2.78x 1072 §
V.| = I/V» = 12/1208 = 0.01 S
B! = yJIYiP—G.? = 9.606 x 107° S
e = 12x10%/120 = 10
Therefore,
G, = G./a? = 278 x107° S

Bnm B! /a® = 9.606 x 107° S
From the short-circuit test,
R = Wy/I? = 36/602Q = 1.0 Q
|1Z| = Wi/I, = 20/60Q = 333 Q

X = IZP-R = 318 Q

R R/a® = 001 Q X' = X/a® = 0.0318 Q
G, = 278x107% § B, = 9.606x10~° S

(¢) When S, = 6.0 kVA and V5 =120V,

6 x 10° _
I = 120 A =50 A
CorelossatV, = 120V = 40W

Winding loassat I, = 50 A = |LI’R = 502x001 W = 25 W »
Power output at S, = 60kVAat09pf = 6x10°x09W = 5400 W
5400 ‘.
= ———— = 08, -

K 40014053 - o8l

2.9 A single-phase transformer rated 1.2 kV/120 V, 7.2 kVA has primary-referred
parameters Ry = r;+a’r; = 1.0 Qand X, = z;+a%z; = 4.0 Q. At rated voltage
its core loss may be assumed to be 40 W for all values of the load current.
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(a) Determine the efficiency and regulation of the transformer when it delivers

7.2 kVA at V5 =120 V and power factor of (7) 0.8 lagging, (i) 0.8 leading.

(6) For a given load voltage and power factor it can be shown that the efficiency

of a transformer attains its maximum value at the kVA load level which
makes the /°R winding losses equal to the core loss. Using this result,
determine the maximum efficiency of the above transformer at rated voltage
and 0.8 power factor, and the kVA load level at which it occurs.

Solution:
(a) (i) cos6=0.8, lagging 6 = —36.9°
V, = 12040° V
I, = 7200 36.9° = 60,-36.9° A
2 = 190 £&/22 = £=3b.9"
Total loses = 40+ 602 x ilo_g W =17 W
Output power = 7.2 x 103 x 08W = 5760 W

5760
n = ‘—5760-%76 = 98.698 %

I ;
Virr = aVap + % (R1+37X;)

: . 60 o . o oo
ViFL = 120x10;0+mé—36.9 (10+74.0) V = 1219.3,073

VarL] = 120 v VerLl = VipLl/e = 12103 v
% Regulation = 121\{;320-—1—29 = 161%

(%) cos6 = 0.8, leading 6 = 36.9°
7 = 98.698% because it does not depend on whether ¢ is leading or lagging.

I
Vi = aVz,FL-i-'%(Rl +3X1)
‘60
VisL = 120 x 1040°+E436.9° (1.0+374.0) V = 1190.6,1.1°

119.06 — 120

% Regulation 735

= -0.78%
(b) Load current at which 7 is maximum is given by
w2 R
”2 l2 a_g = P, core
Therefore,

40
1.0/100

40 W

31

il

A = 63245 A

Winding loss at 13}

W
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Output = 120 x 63.245 x 0.8 W = 6071.57 W
6071.57

6071.57 +40+ 40 98.700 %

120 x 63.245 VA = 7.589 kVA

Nmaz

Corresponding kVA level

2.10 A single-phase system similar to that shown in Fig. 2.10 has two transformers
A-B and B-C connected by a line B feeding a load at the receiving end C. The
ratings and parameter values of the components are

Transformer A-B: 500 V/1.5 kV, 9.6 kVA, leakage reactance = 5%
Transformer B-C: 1.2 kV/120 V, 7.2 kVA, leakage reactance = 4%
Line B: series impedance = (0.5 4+ j3.0) Q2

Load C: 120 V, 6 kVA at 0.8 power factor lagging

(a) Determine the value of the load impedance in ohms and the actual ohmic
impedances of the two transformers referred to both their primary and
secondary sides.

(b) Choosing 1.2 kV as the voltage base for circuit B and 10 kVA as the
systemwide kVA base, express all system impedances in per unit.

(¢) What value of sending-end voltage corresponds to the given loading condi-
tions?
Solution:

(a) Ohmic impedances

5002

Transformer A-B Primary: 35<i5 X 70.05 = 71.302 Q
152 x 108 | :
Secondary: TEX10% x 1005 = 711.719 Q
2 6
Transformer B-C Primary: %)—Z% x 70.04 = 780
2 )
Secondary: 7%5 x 70.04 = 70.08 Q
Vi 02
Load: JITII/_G = 6—13—1—034005”10.8 = 24,369° Q p
ks
Q)
(b) Impedance bases ,;;
o 1.22 x 106 v
Circuit B: Toxio% Q = 144 Q
2
Circuit C: —1—2i-— Q =144 Q

10 x 103
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Per unit impedances on new bases:

.11.719
144
.8
T 141
(1.5 + 73.0)
144

2.4
. ——,36.9°
Load T4d Vi

Transformer A-B:

= 70.08138 per unit

Transformer B-C: 70.0556 per unit

Line B: 0.0104 + 70.0208 per unit

1.667 £ 36.9° per unit

(c) Sending-end voltage calculations

SE 0.0104 + j 0.0208 R.E.
Q—M L Pr—

jo.08138 © 50,0556

\/_———————'/ 1667 £369° pu.

(0.0104 + j 0.15778) p.u.

VR = 120V = 1.0 per unit
.667,36.9° + (0.0104 + 0.15778
Vs = 10x 1.667/36.9 + ' ) = 1.0642 per unit
1.667,36.9°
The sending-end voltage base is
500 3
VS,bue = ——I.SX 103 X 1.2x10° = 400 V

Therefore, the required sending-end voltage is

Vs = 400 x 1.0642 = 42569 V

2.11 A balanced A-connected resistive load of 8000 kW is connected to the low-
voltage, A-connected side of a Y-A transformer rated 10,000 kVA, 138/13.8 kV.
Find the load resistance in ohms in each phase as measured from line to neutral
on the high-voltage side of the transformer. Neglect transformer impedance and
assume rated voltage is applied to the transformer primary.

Solution:

8,000
Dinel = —=———— = 3347 A
Hiinel V3 x 138
138,000/+/3

R 33.47

= 2380 Q
~ 2.12 Solve Prob. 2.11 if the same resistances are reconnected in Y.

Solution:

If the A-connected resistors are reconnected in Y, then the resistance to neutral will be three
times as great and

R = 3x2380 = 7140 Q




21

A-A and have been supplying a balanced 15 kW purely resistive load at 220 V.
A change is made which reduces the load to 10 kW, still purely resistive and
balanced. Someone suggests that, with two-thirds of the load, one transformer
can be removed and the system can be operated open-A. Balanced three-phase
voltages will still be supplied to the load since two of the line voltages (and thus
also the third) will be unchanged.

5 2.13 Three transformers, each rated 3 kVA, 220 V on the secondary side, are conected

To investigate further the suggestion

(¢) Find each of the line currents (magnitude and angle) with the 10 kW load
and the transformer between a and c removed. (Assume Vg, = 220,0° V,
sequence a b c.)

(b) Find the kilovoltamperes supplied by each of the remaining transformers.

(c) What restriction must be placed on the load for open-A operation with
these transformers? :

(d) Think about why the individual transformer kilovoltampere values include
a Q component when the load is purely resistive.

Solution:

(a) Vi and Vi, remain the same after removing the third transformer, so V., is also the
same and we have a three-phase supply, and these voltages are: V,, = 220,0° V, V,. =
220,240° V and V., = 220,120° V. Then, Vo, =127,-30° V, Vi, = 127/ 210° V and
Ven = 12742 90° V. The line currents are

10,000
I = —,-30° = 26.24,-30° A
e V3 x 220 ==
I, = 2624,210° A
I = 2624,90° A
(b) kKVAsuppliea = 220 x 26.24 x 10=3 = 5.772 kVA | -

(¢) Theload must be reduced to (5.0/5.772) x 100 = 86.6% or 4.33 kW for each transformer.

(d) The current and voltage in each of the remaining two transformers are not in phase.
Output of each transformer before the reduction in load is,

Sy = VIt = 220,0° x 26.24730° = 5000 + ;2886 VA
Sy = VIt = 220,60° x 26.24/270° = 5000 — ;2886 VA
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Note that Q is equal in magnitude but opposite in sign. There is no Q output from the
open delta. After the load reduction,

S; = 4333+ 72500 VA
S, = 4333 -72500 VA

2.14 A transformer rated 200 MVA| 345Y /20.5A kV connects a balanced load rated
180 MVA, 22.5 kV, 0.8 power factor lag to a transmission line. Determine

(a) the rating of each of three single-phase transformers which when properly
connected will be equivalent to the above three-phase transformer and

(b) the complex impedance of the load in per unit in the impedance diagram
if the base in the transmission line is 100 MVA, 345 kV.

; Solution:

(a) Eachsingle-phase transformer is rated 200/3 = 66.7 MVA. Voltage rating is (345//3) /20.5
or 199.2/20.5 kV.

(b)

2
Load Z = (2128'2) £cos™'0.8 = 2.81,36.87° © (low-voltage side)
At the load,
Base V. = 205 kV
_(208)°
Base Z = 00 - 4.20 Q

.8
Load Z = -‘QiT(l)436.87O = 0.669,36.87° per unit

2.15 A three-phase transformer rated 5 MVA, 115/13.2 kV has per-phase series
impedance of (0.007 + 50.075) per unit. The transformer is connected to a short
distribution line which can be represented by a series impedance per phase of
(0.02 + 70.10) per unit on a base of 10 MVA, 13.2 kV. The line supplies a bal-
anced three-phase load rated 4 MVA, 13.2 kV, with lagging power factor 0.85.

(¢) Draw an equivalent circuit of the system indicating all impedances in per
unit. Choose 10 MVA | 13.2 kVA as the base at the load.

(b) With the voltage at the primary side of the transformer held constant at
115 kV, the load at the receiving end of the line is disconnected. Find the
voltage regulation at the load.
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Solution:

(a) Base voltages are shown on the single-line diagram.

115KV 3 € 13.2kV ]

St I'—’Load
10 . m mee . )
Transformer Z = — (0.007 + 50.075) = 0.014 + 50.150 per unit
o
Ve = 1.0 per unit
Line Z = 0.02+ 70.10 per unit
(13.2)% x 1000 -
= m—— = 4356
Load |Z] 3400/0.85 °
3.2)2
Base Z at load = (13.2) = 1742 Q
10
43.56 —1nooe o
Load Z = 17,424cos 0.85 = 2.50,31.8

= 2.125+ 71.317 per unit

0.014 + j0.150 0.02 + j0.10

2,125

j1.317

(values are in per unit)

(b) Voltage regulation calculations

1.0 1.0
I = _
0.014 +0.02+ 2.125 + j(0.150 + 0.10 + 1.817) _ 2.668,35.97°
= 0.375,-35.97° per unit

Vrrr = 0.375,-3597° x2.5,31.8° = 0.937,—4.17° per unit
VR' Ny = Vs =10
1-0.937

2.16 Three identical single-phase transformers, each rated 1.2 kV/120 V, 7.2 kVA
and having a leakage reactance of 0.05 per unit, are connected together to
form a three-phase bank. A balanced Y-connected load of 5 Q per phase is
connected across the secondary of the bank. Determine the Y-equivalent per-
phase impedance (in ohms and in per unit) seen from the primary side when

the transformer bank is connected (a) Y-Y, (b) Y-A, (¢) A-Y and (d) A-A.
Use Table 2.1.

< W\Q‘\(; f& B
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Solution:

(a) Y-Y connection:

Vel =
WVul =

R, =

Zy =

X[=
z, =

(&) Y-A connection:

Vel =

Vul

Ry

X =

43

(c) A-Y cannection:

Verl =
Vul =

R, =
Zy =

X, =
Z

(d) A-A connection:

Vil
Vil

Ry

X
43

1.24TkV /7 120¥3V
12x10°xvV3 V iX 7.:3xE3WA
YYYY\__
1203 V S8
2
1200+/3 r r
5 x — = 500 2 , ,
? (120\/3) A R R
2
) ¢
(1.2v3)" x 10° = 200 O 1
72x10° x 3
0.05 perunit = 200x0050 = 10 Q
(500 + j10) Q
1.297kv 7120V
i% 72 x3kVA
1200 x V3 V MM 2s
s
120 V : I"' I"'
N\ 2
5y [1200VB) _ 50 g % ad N
120
10 Q from part (a) -
(1500 + j10) Q
12kV /120f3V
i X 72x3kVA
1200 V IYVVYA, %E
120v/3 V ,_.
1200 \?> 500
5 x = =— = 166.67 N R R
(120\/5) 3
12002
—_— = 67 -
7.2 x 3 x 108 66.67
0.05 per unit = 66.67x0.05Q = 3.33 Q
(166.67 + j3.33) Q
12kV/120V
iX 7.2%3kVA
YN, 3&
= 1200 V &
120 V I"
1200 2 _ R’ R

3.33 Q from part (c)
= (500+ 33.33) Q

2.17 Figure 2.17q shows a three-phase generator supplying a load through a three-
phase transformer rated 12 kVA/600 V'Y, 600 kVA. The transformer has per-
phase leakage reactance of 10%. The line-to-line voltage and the line current at
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the generator terminals are 11.9 kV and 20 A, respectively. The power factor
seen by the generator is 0.8 lagging and the phase sequence of supply is ABC.

(a) Determine the line current and the line-to-line voltage at the load, and the
per-phase (equivalent-Y) impedance of the load.

(b) Using the line-to-neutral voltage V4 at the transformer primary as refer-
ence, draw complete per-phase phasor diagrams of all voltages and currents.
Show the correct phase relations between primary and secondary quanti-
ties.

(c) Compute the real and reactive power supplied by the generator and con-
sumed by the load. L

Solution:

(a)

a:l
Voliage ratio = a = 22209 g00 = 20,30°
oltage ratio = a = 600 L = Y4
Current ratio = (—117 = 0.05,30°
2
(12 x 10%)
= b~ . = -0 Q
X[ 600)(103 x 0.1 24
Let Vs = 11'9/0° kV = 6.87 kV
S _\/g L - .
Then, Is = I = 20,-36.9° A
I = Ija® = 20x20,-369°~30° A = 400,-66.9° A
V[: = Vs—jXs = 6.87,0° — 24.0/.90° x 20,—36.9 KV %
1000
= 6.593,—-3.34° kV
6.593,—3.34°
Ve = Vi/a = 6593, -3.347 kV = 329.65,-33.34° V

20,30°

Line voltage at the load V3V = 571 V

Line current at theload = |[y| = 400 A

) — o

Loa’d impedance - ZL = VL/IL = i“_g_ﬁs— /——w—-
400,—66.9°

e M:%(:ﬂz.&“m;ﬁmemm

= 0.824,/33.6° Q
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(b) ref ref
20" 34 Vs =6.87 kV 36.9°
V. = 6.593 kV 30°
Vp=32965V Is=1I."=20A
I =400 A
(c) Py + jQg from the generator is 3VsIg, where '
f
3Velzs = 3x6.87,0°x20,36.9° kVA = 412.2,/36.9° kVA :
329.8 kW + j247.3 kvar
Pp + Q¢ by the load is 3V I}, where
v = SX32985 _313633 x 2004868 1 vA = 305.6,33.56° kVA i
= 329.7 kW + 5218.7 kvar ,
2.18 Solve Prob. 2.17 with phase sequence ACB.
Solution:
(a) Final answers remain the same except for the following intermediate results:
a = 20/-30° 1/a® = 0.05,-30°
Ip, = Ija® = 400,-36.9° +30° A = 400 (—6.9° A ;
Vi = V//a = 320.65,-3.34°+30° V = 329.65,/26.7° V P
(b)
Vi=329.65V
30° ref ef
3a° Vg=6.87 kV *
P 30°
V1’ =6.593 kV L o400 A

IL'=1s =20A

(c) Same results as in Problem 2.17.

2.19 A single-phase transformer rated 30 kVA, 1200/120 V is connected as an auto-

transformer to supply 1320 V from a 1200 V bus.

(a) Draw a diagram of the transformer connections showing the polarity marks
on the windings and directions chosen as positive for current in each wind-
ing so that the currents will be in phase.
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(b) Mark on the diagram the values of rated current in the windings and at
the input and output.

(¢) Determine the rated kilovoltamperes of the unit as an autotransformer.

(d) If the efficiency of the transformer connected for 1200/120 V operation
at rated load unity power factor is 97%, determine its efficiency as an
autotransformer with rated current in the windings and operating at rated
voltage to supply a load at unity power factor.

Solution: 250 A
—

1320V
30,000
rated IHV = m— = 25 A
30, 000 .
rated Ipv 156 = 250 A

Connected for 1200/120-V operation (regular transformer),

P,.. = 30,000 W P, = 30,928 W
Loss = 928 W '

Loss remains the same in the autotransformer because current in the windings and voltage
across the windings are unchanged. For the autotransformer,

Pou: = 250x 1320 = 330,000 W P, = 330,928 W

n 330, 928

Note that, once we consider loss, we no longer have an ideal transformer; and both winding
resistance and reactance as well as magnetizing current and core loss must be considered.
The applied voltage and input current will be greater than the values shown to achieve rated
output, in which case the equivalent circuit corresponding to Fig. 2.7 would be used.
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2.20 Solve Prob. 2.19 if the transformer is to supply 1080 V from a 1200 V bus.

§ Solution: 250 A
H B ——
120V
| 225A
| == e ¥ 1080 V «
i
1200 V T25 A
4
g As in Prob. 2.19, Loss = 928 W. As an autotransformer,
P,.: = 250x 1080 = 270,000 W
P, = 270,928 W
270. 000

= 0 = 997
n 570 928 < %0 %

Rated kVA = 270, 000, but see the note which accompanies the solution of Problem 2.19.

2.21 Two buses (@) and () are connected to each other through impedances X; = 0.1
and X, = 0.2 per unit in parallel. Bus b is a load bus supplying a current
I = 1.0,—30° per unit. The per-unit bus voltage V; is1.0,0°. Find P and @
into bus b through each of the parallel branches (a) in the circuit described, (b)
if a regulating transformer is connected at bus b in the line of higher reactance
to give a boost of 3% in voltage magnitude toward the load (a = 1.03), and
(¢) if the regulating transformer advances the phase 2° (a = ™/ 90). Use the
circulating-current method for parts (b) and (c), and assume that V, is adjusted
for each part of the problem so that Vj, remains constant. Figure 2.26 is the
single-line diagram showing buses a and b of the system with the regulating
transformer in place. Neglect the impedance of the transformer.

Solution:

@ X;=j0.1 @

YWYWN——{ —
T X2=j02 l1.04-30°

{a) Thru X; the current is I; = -g- x 1.0,=30° = 0.577 — 70.333 and thru X, the current is
I, = % x 1.0,=30° = 0.289 — j0.167. Into bus ® thru X;,

P+35Q = V,I} = 0.577 + 50.333 per unit
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and into bus ® thru X,
P+3Q = ViuI; = 0.2894 70.167 per unit

0.03
(b) AV =0.03; Iare 703 g
I, = 0577 —30.333—(—370.1) = 0.577 — j0.233

I, = 0.289—30.167+ (—j0.1) = 0.289 — j0.267
Into bus ® thru X,

P+3jQ = 0.577+ 70.233 per unit
and into bus (® thru X,

P+3;Q = 0.289 + 70.267 per unit
(c)
AV = 1.0z2°-1.0 = 0.9994 + ;0.0349 - 1.0 = -0.0006 + 50.0349
L, = —20006+500349 _ )16+ j0.002
703
I, = 0.577-370.333 -(0.116 + 50.002) = 0.461 —~ 70.335
Is = 0.289—30.167 +0.116 + 70.002 = 0.405 — 50.165
Into bus ® thru X,
P+3Q = V,I' = 0.461 + 50.335 per unit
and into bus (& thru X,
P+3Q = V,I" = 0.405+ 50.165 per unit

Note: Compare P and Q found in parts (b) and (¢) with part {a).

2.22 Two reactances X; = 0.08 and X, = 0.12 per unit are in parallel between two
buses (@) and (&) in a power system. If V, = 1.05,10° and V, = 1.020° per unit,
what should be the turns ratio of the regulating transformer to be inserted in
series with X, at bus () so that no vars flow into bus (¢) from the branch whose
reactance is X,7 Use the circulating-current method, and neglect the reactance
of the regulating transformer. P and @ of the load and V} remain constant.

Solution:
In reactance X,
1.05,.10°~1.0  1.034+70.1823-1.0

Iy = = = 2.279 — 50.
ab 70,08 70.08 2.279 — 50.425
To eliminate vars to bus (® thru X;, we need in the X7 branch
Iab, cire = —_70 425
AV .
081012 © IO
a—-1 = AV = -50425(;0.08 + 70.12) = 0.0850

a = 1.085 turns ratio
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Chapter 3 Problem Solutions

Determine the highest speed at which two generators mounted on the same
shaft can be driven so that the frequency of one generator is 60 Hz and the
frequency of the other is 25 Hz. How many poles does each machine have?

Solution:

Let P = number of poles:

2 x 60 x 60 2 x 60 x 25

speed = Peo - Pos
Po _ 60
P — 25

Pgo and Pus must be even integral numbers lowest value where Pgp = 2.4P,5. Thus,

Py; =10 Peo =24

The three-phase synchronous generator described in Example 3.1 is operated
at 3600 rpm and supplies a unity power factor load. If the terminal voltage of
the machine is 22 kV and the field current is 2500 A, determine the line current
and the total power consumption of the load.

Solution:

Using the values in the solution of Example 3.1,

45855 __
Co = 3gag X 2500V = 208691V
Given:
Vie = 22kV
Voo, = (V2/V3)x22000V =17962.9 V

If vo = 17962.9 coswt, then i, = i, _,, coswt and

€ = 17962.9coswt —4.1484 x 1073 x 1207 x i, _,_sinwt
= 17962.9coswt — 156391, ., sinwt
ear .. = \ﬁ7962.92 + (1.56394, .. )° = 29869.1 V
Hence, i,_,, = 152594 A

I, = i.../V2 = 1079kA
Py = V3x22x1079x1 MW = 411.2 MW

A three-phase round-rotor synchronous generator has negligible armature re-
sistance and a synchronous reactance X, of 1.65 per unit. The machine is
connected directly to an infinite bus of voltage 1.0,0° per unit. Find the in-
ternal voltage E; of the machine when it delivers a current of (¢) 1.0/.30° per
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unit, (b) 1.0,0° per unit and (¢) 1.0,—30° per unit to the infinite bus. Draw
phasor diagrams depicting the operation of the machine in each case.

Solution:

6 =

IS
N
I

(b)

I

Eisé

I
NIEN
o

EiLOO VaLQi'*'IaLe Xd490°
1.0,0°+1.0,6 x 1.65790°
1.0,0° +1.65,90° + 8

30°

1.0,0° +1.65,120°
1.44 / 83° per unit

OO
1.0,0°+1.65,90°

1.93/58.8° per unit 1.65pu.

-30°
1.0,0° +1.65,60°
2.32/.38° per unit

30°

1.65 p.u.
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3.4 A three-phase round-rotor synchronous generator, rated 10 kV, 50 MVA has
armature resistance R of 0.1 per unit and synchronous reactance Xg of 1.65 per
unit. The machine operates on a 10 kV infinite bus delivering 2000 A at 0.9
power factor leading.

(a) Determine the internal voltage E; and the power angle 6 of the machine.
Draw a phasor diagram depicting its operation.

(b) What is the open-circuit voltage of the machine at the same level of exci-
tation?

(c) What is the steady-state short-circuit current at the same level of excita-
tion? Neglect all saturation effects.

Solution:

(a) Choosing V;, = 10 kV and MVA, = 50 MVA:

Zg = (0.1+;1.65) per unit = 1.653/86.53° 2 Z,/a

8§ = cos10.9 = 258°

0
V = 1—0 per unit = 1.0 per unit |
3
L = S . ogsersa
ﬁ x 10 I
' 2000 ) i ‘
I, = SRRG 7T Per unit = 0.693 per unit

Eitd = VO +1.Z4/0+8
1.0£0° +0.693 x 1.6530, 112.37° per unit
1.195,61.83° = 11.95,/61.83° kV

Va=10pa. !

(b) Open-circuit voltage: E; = 11,95 kV . VF
(¢) Short-circuit voltage: l:,
E; 1.195 _ . ;

Z—d = 1633 per unit = 0.7242 per unit = 2090.7 A

e
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3.5 A three-phase round-rotor synchronous generator, rated 16 kV and 200 MVA,
has negligible losses and synchronous reactance of 1.65 per unit. It is operated
on an infinite bus having a voltage of 15 kV. The internal emf E; and the
power angle 6§ of the machine are found to be 24 kV (line-to-line) and 27.4°,
respectively.

(a) Determine the line current and the three-phase real and reactive power
being delivered to the system.

(b) If the mechanical power input and the field current of the generator are
now changed so that the line current of the machine is reduced by 25% at

the power factor of (a), find the new internal emf E; and the power angle
8.

(c) While delivering the reduced line current of (), the mechanical power
input and the excitation are further adjusted so that the machine operates

at unity power factor at its terminals. Calculate the new values of E; and
6.

Solution:

(a) Using 16 kV, 200 MVA base;

V. = 15/16 per unit = 0.9375 per unit _
24
E/6 = Tg,g 27.4° per unit = 1.5/27.4° per unit

Eif6-V,0°0 = I,X4,90° -8
1.5,274°-09375,.0° = I, x165,90° -4
I.;90° -6 = 0.4818/60.27° per unit
I.,~6 = 0.4818,-29.73° per unit

Base I = M kA = 7.217TkA
V3 x 16
Therefore, I, = 0.4818x 7.217 kA = 3477 kA
S = 0.9375 x 0.4818 per unit = 0.4517 per unit
= 90.3¢ MVA

Thus, P = 90.34¢0529.73° MW = 78.45 MW
Q = 90.34sin29.73° Mvar = 44.80 Mvar

(b)

New I, = 0.75 x 0.4818 per unit = 0.3614 per unit
90 -6 = 60.27°
Eitd = Voy0°+1,X4790° -6

0.9375,0° +0.3614 x 1.65,60.27° = 1.337/22.8° per unit
= 214,228 kV L-L
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New I, = 0.3614 per unit 6 = 0° © . #Kum®
E/6 = 09375,0° + 0.3614 x 1.65/ 90° e, o
= 1.111,32.5° per unit = 17.8,/32.5° kV
29.73°

3.6 The three-phase synchronous generator of Prob. 3.5 is operated on an infinite
bus of voltage 15 kV and delivers 100 MVA at 0.8 power factor lagging.

(a) Determine the internal voltage E;, power angle § and the line current of
the machine. !

(b) If the field current of the machine is reduced by 10%, while the mechanical
power input to the machine is maintained constant, determine the new
value of § and the reactive power delivered to the system.

(c¢) The prime mover power is next adjusted without changing the excitation !
so that the machine delivers zero reactive power to the system. Determine
the new power angle 6 and the real power being delivered to the system.

(d) What is the maximum reactive power that the machine can deliver if the
level of excitation is maintained as in (b) and (¢)?

Draw a phasor diagram for the operation of the machine in cases (), (b) and :

(). }
Solution: |

(e) From Prob. 3.5,

Valor Vi) = 0.9375 per unit
S = 0.5 per unit Xa = 1.65 per unit 0 = -36.9°
I, = S/V, = 0.5/0.9375 per unit

Eisé6 = Vos0° +1,Xq/90°+6

0.5
= 0.9375,/0° + ———0 65 ° —36.9° i
+ 09375 x 1.65,90° — 36.9° per unit
= 1.6258,25.7° per unit = 26.0/25.7° kV
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New E; = 0.9 x 1.6258 per unit = 1.46322 per unit
P = 0.5x0.8per unit = 0.4 per unit

1 (PXa\ . - 0.4 x 1.65
_ -1 — 1 — -]
b = sin (V,E,-) s (0.9375 x 1.46322) 28.76

New Q = %—(E,-cos&-—Vt)
. d

22T (146322 cos 28.76° — 0.9375)

= 0.196 per unit = 39.2 Mvar

(c) When Q =0,
Ve 0.9375
—_— —1_1 = -1 — = 5 e
6 = cos 2 cos (1.46322.) 50.15
AT 0.9375 x 1.46322 .
P = %d_‘ siné = 1%6; 2 sin 50.15° per unit

= 0.638 per unit = 127.65 MW

(d) For V;, E; and Xy fixed, Qmqr occurs when 6 = 0°. Hence,

Vi 0.9375
ma. = 3 i Vi) = . - V. 5 i
Qmaz X (E t) 168 (1.46322 — 0.9375) per unit

0.2787 per unit = 59.74 Mvar

V,=0.9375 p.u.

3.7 Starting with Eq. (3.31), modify Eq. (3.38) to show that

Vel
R+ X3
Vil

Q = m {X4(|Ei]cosé — |V;|) — R|E;|siné}

P {IE:] (Rcosé + Xgsiné) — |V;| R}

when the synchronous generator has non-zero armature resistance R.
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Solution:
From Eq. (3.53), V = E; + I,(R + jX4) and, therefore,

|Ei| 28— [V 20°

Ia = .

(R+j7Xa) ﬁ
o= |E;| /=8 — V4]
¢ (R=-jXq) ‘

Vil 1Bl =6 — [Vi?

S = P+jQ = VIl =

(R=-37Xaq)
Vil |E:] (cos & — jsin6) — [V, [
(R-jXa)
Vel 1E:] (cos 6 — jsiné) (R + j Xq) = |Vi* (R + 5Xa)
h (R2+ X3
Separating real and imaginary parts,
V2l |E:] . V.’ R |
~————{Rcosé 6} — i
P (R2+X3){ cos +dem } (R2+X3) :
[Ve) . i
= m{lE,-}(Rcow-i»dem&)-—IV,{R} :
_ _IViE Cpan s _Vil* Xa
Q = @+ X0) {Xqcosé — Rsin 6} @+ X3
Vil .
= o537 {Xa(|Ei|cos 6 — [i|) — R|E;|sin 6}
R?+ X

3.8 The three-phase synchronous generator described in Example 3.4 is now oper-
ated on a 25.2 kV infinite bus. It is found that the internal voltage magnitude
|E:] = 49.5 kV and that the power angle § = 38.5°. Using the loading capa-
bility diagram of Fig. 3.14, determine graphically the real and reactive power
delivered to the system by the machine. Verify your answers using Eqgs. (3.38).

Solution:
. 25.2 . .
Vil = 252kV = 4 Perunit = 1.05 per unit
495 . ‘ .
|Ei] = 495kV = 5 Per unit = 2.0625 per unit
The distance n-k on the loading capability diagram is
|Eil 2.0625 . .
ViX: = 105x17240 units = 1.1393 units

The angle formed by points k-n-o0 is 38.5°. Hence, point k is marked as shown. By reading
from the chart, P, = 0.7 per unit and Q& = 0.31 per unit.

P+3Q WVel? [P +5Qi) = 1.052 (0.7 + 50.31) per unit
= 1.05% (0.7 + j0.31) x 635 MVA

P = 490 MW Q = 217 Mvar
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From Eq. (3.38),

AR
P = X, siné
1.05 x 2.0625 . . i ,
= SoTsin(385°) x 635 MW = 496.5 MW
V,
@ = Zlmicss-
1.05

{2.0625cos (38.5°) — 1.05) x 635 Mvar = 218.2 Mvar
1.7241

3.9 A three-phase salient-pole synchronous generator with negligible armature re-
sistance has the following values for the inductance parameters specified in

Table 3.1, ,
L, = 2.7656 mH M = 31.6950 mH L, =0.3771 mH
M, = 1.3828 mH L;s = 433.6569 mH

During balanced steady-state operation the field current and a-phase armature
current of the machine have the respective values

1y = 4000 A 1o = 20,000sin (63 — 30°) A

(a) Using Eq. (3.41), determine the instantaneous values of the flux linkages
Aa;, A, Ac and Ay when 64 = 60°.

(b) Using Park’s Transformation given by Eqs. (3.42) and (3.43), determine the
instantaneous values of the flux linkages A4, A; and )y, and the currents ig,
ig and ip when 63 = 60°.

(c) Verify results using Eqgs. (3.45) - (3.46)

Solution:

(a) From Table 3.1,

Laa La.b Lac La _Ms _Ma
Labc é Laa Lab La.c = _Ms La —M_,
Laa Lab Lcc —M, —M, L, .
cos 264 —cos2(6y+30°) —cos2 (6 + 150°)
+ L | —cos2(8,+ 30°) cos2(6y — 120°) —cos2 (6, — 90°)
—cos2(8s+150°)  cos2 (6 — 90°) cos2 (64 + 120°)
2.7656 —1.3828 —1.3828
Lope = -1.3828 2.7656 —1.3828
~1.3828 -—1.3828 2.7656

cos120° —cos180° —cos420°
+ 03771 | —cos180° cos (—120°) —cos(~60°) | mH
—¢0s420° — cos(—60°) cos 360°

e
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257705 ~1.0057 -1.57135
= -1.0057 2.37705 -1.57135 mH
| —1.57135 -1.57135 3.1427
[- L.y cos 8y
Lobe,y = Loy | = My | cos(8q—120°)
p; cos (64 — 240°)
cos 60° [ 15.8475
= 31.695 | cos(—60°) mH = 15.8475 | mH
cos (—180°) | —31.695
i sin (30°) ] 10
igbe 2 | @ | = 20000| sin(—90°) | A = | —20 | kA
ic sin (-210°) | 10
With iy =4 kA and L;; = 433.6569 mH,
)‘a -Laa Lab Lac La,f ia
Ab _ Lea L Lo Ly b
/\c - Lca ch Lcc Lcj ic
As | Lya Lpp Ly Lys i
[ 257705 —1.0057 —1.57135 15.8475 10
_ —1.0057 2.57705 -~1.57135 15.8475 -20 Wb-T
- -1.57135 -1.57135 3.1427  -31.6950 10
i 15.8475 15.8475 —31.6950 433.6569 4
[ 93.5610
—13.9215
= —796305 | WoT
| 1250.2026
(b) When 64 = 60°,
1 1 i 1 1 2
=1 2 2 ! e ‘\/;
= S8 3 = N |
P 3| T % 0 vl B
1 1 1 1 1 1
V2 vz Vz 3 3 V3
Ad 2 ~/2|[ 93s610 97.5381
Aq = 5 —h 0 -13.9215 | = | 76.0016 { Wb-T
1 1
Ag i L 7 7 715 Il -79.6395 ] 0
P Aove
i ] [ L _ 2T
d 7 T g 10 —12.2474
iq = 7 -7 0 -20 | = 21.2132 | kA
. 1 1 1
20 i 5 7§ % :/——5 JL 10 0
R G ,\ ,
P Zabe
(c)
Li = Ly+Ms;+ 3L, = 4.71405 mH
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L, = L,+M,—3L, = 3.58275mH
JIM; = 388183 mH

A = Lgia++/3Msi; = 4.71405 x (~12.2474) + 38.8183 x 4 Wb-T
97.5381 Wb-T

A, = Lgji, = 3.58275 x 21.2132 Wb-T = 76.0016 Wb-T

X = Lgip = 0 (since ip =0)

Af = IMyig+ Lypiy = 38.8183 x (—12.2474) + 433.6569 x 4 Wb-T

1259.20 Wb-T

3.10 The armature of a three-phase salient-pole generator carries the currents
i, = v/2x1000sin(f;—6,) A
i V2 x 1000sin (3 — 120° — 6,) A
i = 2 x1000sin (6g — 240° — 6,) A

(a) Using the P-Transformation matrix of Eq. (3.42), find the direct-axis cur-
rent iy and the quadrature-axis current i,. What is the zero-sequence cur-
rent ig?

(b) Suppose that the armature currents are

e = v2x1000sin (62 —6.) A
i = =0

Determine iq4, ¢, and .

Solution:

(a)

ig ig
iq = P 4
io i
1 1 .
- /2 ACZ ACz —(1) x 1000+/2 sfn . 0
3| 2 T2 sin (§g — 6, —120°) | A
712- 715 715 sin (84 — 8, — 240°)

sin (8; — 8, — 60°)
= 1000V3 | sin(f, -6, +30°) | A

0
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e RO

iq ; i 3+ -3 sin (6, — 6,)
) L 1L 0
‘o v, B, B}
, 1 sin (64 — 6a)
2000
\/g 5 S (gd a)

% sin (9d - 95)

3.11 Calculate the direct-axis synchronous reactance Xg, the direct-axis transient
reactance X and the direct-axis subtransient reactance X of the 60 Hz salient-
pole synchronous machine with the following parameters:

L, =2.7656 mH Ls; = 433.6569 mH Lp = 4.2898 mH
M, = 1.3828 mH M; = 31.6950 mH Mp = 3.1523 mH
L, =0.3771 mH M, = 37.0281 mH

Solution:
3 , 3
Ly = L+ M,—5Ln = 27656+ 13828 — 5 x 03771 mH = 471405 mH
Xq = 1207 x4.71405 x 10730 = 1.777 Q
, 3 M} _ 3 31.6950°
Ld = Ld - 53}7 = 4.71400—-5 x m mH = 1.2393 mH
X, = 120m x1.2393x1073Q = 0467 Q
L I 3 M}LD'*'MIQ)Lff—ZMfMDM,
¢ T T LiLp-M?
3 /316952 x 4.2898 + 3.1523% x 433.6569 — 2 x 31.6950 x 3.1523 x 37.0281
= 4.71405 ~ — mH
2 433.6569 x 4.2898 — 37.02812
= 0.9748 mH
X] = 1207 x0.9748 x 1073Q = 0.367 Q

3.12 The single-line diagram of an unloaded power system is shown in Fig. 3.22.
Reactances of the two sections of transmission line are shown on the diagram.
The generators and transformers are rated as follows:
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Generator 1: 20 MVA, 13.8 kV, X7 = 0.20 per unit

Generator 2: 30 MVA, 18 kV, X/ = 0.20 per unit

Generator 3: 30 MVA, 20 kV, X] = 0.20 per unit

Transformer T;: 25 MVA, 220Y/13.8A kV, X = 10%

Transformer T5: Single-phase units each rated 10 MVA,127/18 kV, X = 10%
Transformer T3: 35 MVA, 220Y/22Y kV, X = 10%

(a) Draw the impedance diagram with all reactances marked in per unit and
with letters to indicate points corresponding to the single-line diagram.
Choose a base of 50 MVA, 13.8 kV in the circuit of Generator 1.

(b) - Suppose that the system is unloaded and that the voltage throughout the
system is 1.0 per unit on bases chosen in part (a). If a three-phase short cir-
cuit occurs from bus C to ground, find the phasor value of the short-circuit
current (in amperes) if each generator is represented by its subtransient

reactance. .
(¢) Find the megavoltamperes supplied by each generator under the conditions
of part (b).
Solution:
(a) A j020  jO0826 ¢ j0.1033 jo.167
30.333
1
" 50 .
Genl1 X" = 02x 55 = 0.50 per unit
3¢ rating T, = 220/18 kV, 30 MVA
Base in trans. line: 220 kV, 50 MVA
Base for Gen2 = 18 kV
Gen2: X" = 02x % = 0.333 per unit
Base for Gen3 = 22kV
20\? 50
Gen 3: X' = 21— — = 0. i
n 3 X 02(22) x 0 0.275 per unit
50 .
Transformer 73: X = .01 x % = 0.20 per unit
Transformer T5: X = .01 x 35% = 0.167 per unit
Transformer T3: X = .01 x 0 = 0.143 per unit

35
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Transmission lines:

2
Base Z = -2—?—0-— = 968 Q)
50
80 100
_— = 0. i — = 0.10 i
568 0.0826 per unit 968 1033 per unit
(8) i
I
S/IC
E, = E,, = E,, = 1.0,0° per unit
X1 = 0.50+0.20+ 0.0826 per unit = 0.7826 per unit
X, = 0.333+40.167 + 0.1033 per unit = 0.6033 per unit
X3 = 0.143+0.275 per unit = 0.418 per unit
E; 1 ° PO ° .
I, = 3}_-1- = mg—% per unit = 1.278 /—90° per unit
I, = % = 6.—6%)-3—31—900 per.?nit = 1.658,—90° per unit
Ei 1 . i
Ih = 22 = —— ,-90° = 2.392,-90° i ,
3 7Xs 0a18 % 90° per unit 2.392 ,—90° per unit | |
Iy = Li+Ih+1I3 = (1.278 4+ 1.658 + 2.392) /—90° per unit = 5.328 ,—90° per unit
50 x 108
Thase at C = ~——— A = 131.22 A
® V3 x 220 x 103 .
lI¢g] = 5328x131.22A = 699 A
(¢)
1S2] = E, I, = 1.0x1.658 x50 MVA = 829 MVA
{Ss} = Fi;Js = 1.0x2.392 x50 MVA = 119.6 MVA

3.13 The ratings of the generators, motors and transformers of Fig. 3.23 are:

Generator 1: 20 MVA, 18 kV, X” = 20% |
Generator 2: 20 MVA, 18 kV, X/ = 20% ’
Synchronous motor 3: 30 MVA, 13.8 kV, X7 = 20%

Three-phase Y-Y transformers: 20 MVA, 138Y/20Y kV, X = 10%
Three-phase Y-A transformers: 15 MVA, 138Y/13.8A kV, X = 10%
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() Draw the impedance diagram for the power system. Mark impedances in
per unit. Neglect resistance and use a base of 50 MVA, 138 kV in the 40-Q2
line. :

(b) Suppose that the system is unloaded and that the voltage throughout the
system is 1.0 per unit on bases chosen in part (a). If a three-phase short cir-
cuit occurs from bus C to ground, find the phasor value of the short-circuit
current (in amperes) if each generator is represented by its subtransient

reactance.

(c)

Find the megavoltamperes supplied by each synchronous machine under
the conditions of part (b).

Solution:

(a)

30.105
APV
j0.053
§0.250 30333 0333 3j0.250 30.250
A B
j0.405 j0.333 j0.405
3
Base voltages are:
40 Q lines 138 kV
20  lines 138 kV
Gen. 1&2 20kV
Motor 3 13.8 kV
2
Base impedance in lines = lgg— = 381 Q
40
40 Q line: = — = 010 i
ine: Z 381 0.105 per unit
. 20 .
20 Q line: Z = 3 0.053 per unit
Transformers:
50
Y-Y = 01x 30 = 0.250 per unit
. 50 ,
Y-A = 01x T~ 0.333 per unit
Gens. 1 & 2:

2
X" = 0.20 x (-1—8-) X —

20

= 0.405 per unit
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Motor 3:

0
X" =020 x % = 0.333 per unit
(b) If a fault occurs at C, by symmetry equal currents are input from generators 1 and 2.
Moreover, no current should exist between busses A and B through the 50.105 per unit
branch. If this branch is omitted from the circuit, the system simplifies to

jX] I
AN >
X2 .,
Ey . LI [0
It
Ei, e ]
< S/IC
Eij
E, = E,, = E;, = 1.0,0° per unit
X1 = X, = 0.405+4 0.250 +0.053 + 0.333 per unit = 1.041 per unit
X3 = 0.333 per unit
_ _ lEi1l — 10 i ;
] = || = X, ~ 1041 per unit = 0.9606 per unit
; 1.0
3| = _llitsll = 5333 per unit = 3.0 per unit
Iyl = 4.9212 per unit
"~ 50 x 108
Tae 8 C = ———m— A = 2001.8 A
base V3 x 13.8 x 103
;| = 4.9212x2091.8 A = 1029 kA

151}
1S3

1So] = 1.0 x 50 x 0.9606 MVA = 48.03 MVA
1.0 x 50 x 3.0 MVA = 150 MVA

Chapter 4 Problem Solutions

4.1 The all-aluminum conductor identified by the code word Bluebell is composed
of 37 strands epch having a diameter of 0.1672 in. Tables of characteristics
of all-aluminum conductors list an area of 1,033,500 cmil for this conductor
(1 cmil = (7/4) x 107 in®). Are these values consistent with each other? Find
the overall area) of the strands in square millimeters.

Solution:

diameter = 0.1672 x 1000 = 167.2 mils/strand

-
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X" = 0.20 x %% = 0.333 per unit

branch. If this branch is omitted from the circuit, the system simplifies to

jX‘ I,

_]r

S/IC

E,, = E;, = 1.0,0° per unit
X, = 0.405 + 0.250 + 0.053 + 0.333 per unit = 1.041 per unit
0.333 per unit

i 0
|| = %’-:—ll = _l%ﬁ per unit = 0.9606 per unit
JI%TI = 61_3%5 per unit = 3.0 per unit
4.9212 per unit
50 x 10°

s A = 20918A
V3 x 13.8 x 103

4.9212 x 2091.8 A = 10.29 kA

— |Sy| = 1.0 x50 x 0.9606 MVA = 48.03 MVA
1.0 x 50 x 3.0 MVA = 150 MVA

Chapter 4 Problem Solutions

4.1 The all-aluminum conductor identified by the code word Bluebell is composed

of 37 strands each having a diameter of 0.1672 in. Tables of characteristics

of all-aluminum conductors list an area of 1,033,500 cmil for this conductor

(1 cmil = (x/4) x 10~° in?). Are these values consistent with each other? Find
the overall area of the strands in square millimeters.

Solution:

diameter = 0.1672 x 1000 = 167.2 mils/strand
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cond. area = (167.2)2 x 37 = 1,034,366 cmils
(compared to 1,033, 500 cmils)
strand diam. = 0.1672x 2.54 x 10 = 4.24 mm
cond. area = 3(4.24)2 x 37 = 5224 mm?

4.2 Determine the dc resistance in ohms per km of Bluebell at 20° C by Eq. (4.2)
and the information in Prob. 4.1, and check the result against the value listed in
tables of 0.01678  per 1000 ft. Compute the dc resistance in ohms per kilometer
at 50° C and compare the result with the ac 60-Hz resistance of 0.1024 /mi
listed in tables for this conductor at 50° C. Explain any difference in values.
Assume that the increase in resistance due to spiraling is 2%.

Solution: g . lTOxi00 o
4 T 771,083,500

Corrected for stranding,
Ry. = 1.02 x 0.01645 = 0.01678 ©/1000’ at 20°C

At 50° C,

228 4+ 50
= —— 0167 . = (. i
Ra. BT 0 x 0.01678 x 5.28 0.09932 2 /mile

This value does not account for skin effect and so is less than the 60-Hz value.

4.3 An all-aluminum conductor is composed of 37 strands each having a diameter
of 0.333 cm. Compute the dc resistance in ohms per kilometer at 75° C. Assume
that the increase in resistance due to spiraling is 2%.

Solution:
(0.333 x 10-2)* 4o
Area = 7r——--—z-— x37 = 3.222x 107" m
2.83 x 10~8 .
Ra. m x 1000 = 0.0878 Q/km at 20°C
At 75°C,-and corrected for stranding,
228+ 75
Rg. = 1. ——— x 0.0878 = 0. 5°
de 1.02 x 228 130 x 0.0878 0.1094 Q/km, 75°C

4.4 The energy density (that is, the energy per unit volume) at a point in a mag-
netic field can be shown to be B?/2u where B is the flux density and p is the
permeability. Using this result and Eq. (4.10) show that the total magnetic field
energy stored within a unit length of solid circular conductor carrying current
I is given by puI?/16m. Neglect skin effect and thus verify Eq. (4.15).

Solution: From Eq. (4.10),
pxl
2mr2

B, = Wb/m?
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Energy stored in the tubular element of thickness dz, unit length and radius r:

2 2
dE = B; dV::i(27r:z-1-d:z)J i
2,u 2u
22217 1
= KX - - dz J
472rd | 2u 2nz
2,3
_ ul“z dz J
4nrd

Total energy per unit length is

r=r 2 T
Bme = [ @B =1L [Da
=0 47r 0

S )
47t 4 167

Since Eint = 4 Lin.I?,

_ Ein: 2 ul? _m i
Line = 2% = 5 g = s /™
_ dmx 107 _ l -
= TH/m = 2x10 H/m
4.5 The conductor of a single—phasé 60-Hz line is a solid round aluminum wire
having a diameter of 0.412 cm. The conductor spacing is 3 m. Determine the
inductance of the line in millihenrys per mile. How much of the inductance is

due to internal flux linkages? Assume skin effect is negligible.

Solution: -
ro= %25 x 0.7788 = 0.1604 cm

3 x 100
— -7
L = 4x107"In ( 0.1604

) 1609 x 1000 = 4.85 mH/mile

Due to internal flux,

Lips = 2 (% x 10-7> x 1000 x 1609 = 0.161 mH/mile

4.6 A single-phase 60-Hz overhead power line is symmetrically supported on a hor- ;
izontal crossarm. Spacing between the centers of the conductors (say a and
b) is 2.5 m. A telephone line is also symmetrically supported on a horizontal

crossarm 1.8 m directly below the power line. Spacing between the centers of A
these conductors (say ¢ and d) is 1.0 m.

(a) Using Eq. (4.36) show that the mutual inductance per umt length between
circuit a-b and circuit ¢-d is given by

4x10°7 In | DeaDee

H/m

!
!
b
. i



48
where, for example, D,; denotes the distance in meters between conductors

a and d.

(b) Hence compute the mutual inductance per kilometer between the power
line and the telephone line.

(¢) Find the 60 Hz voltage per kilometer induced in the telephone line when
the power line carries 150 A.

Solution:
(a) Let circuit a-b carry the current I, so that
I, = -, = TA (andI,=1;=0)
since 3_ I = 0 for the group, Eq. (4.36) remains valid.

de = 2x 1077 <Ialn—1—-+Ibln—1—-+Icln;17+Ialn : )
[+]

D Dbc Dy,
Therefore,
Ae = 2x 1077 x1In g‘” Wb-t/m
Similarly,
M = 2x107" xIn Dea Wb-t/m
Dad
Ae-¢ (linkage of the loop) is given by
' - DyeDey
Ac _ A — 7 c+/a
d 2x107° xIn D.D..
Mutual Inductance = —)‘—;—‘i = 2x 1077 x lngz—‘;%g

_ DycDay
= 4x1077Iny/=222¢ H/m
DacDbd /

(b)

Dge = \/(1.25—0.5)2+1.82 1.95m

Des = y/(125+05)7+18 = 251 m

I
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Flux linkages with c¢-d:

| _ > % 10-7]. 1 251 Note that flux through
duetol, ¢ = x o N T3 c-d due to I is
duetoly ¢¢ = —2x107"I,In %gé

opposite that due to [,

Note also that I, and I are 180° out of phase. So, due to I, and I,

, - 2.51
Ped = 4 X% 10 7Ialnm
2.51
= =7 —_— = . 0—7
M 4x107"In 795 1.01 x 1 H/m

(¢) Vea=wMI=377x 101 x 1077 x 10% x 150 = 5.71 V/km

4.7 If the power line and the telephone line described in Prob. 4.6 are in the same
horizontal plane and the distance between the nearest conductors of the two
lines is 18 m, use the result of Prob. 4.6(a) to find the mutual inductance
between the power and telephone circuits. Also find the 60 Hz voltage per
kilometer induced in the telephone line when 150 A flows in the power line.

Solution:
@ ® ®©® O

Ql 2.5m i@—— 18m ——hl 1m I‘_
215
duetol, ¢.q = 2x10"7"I,In 5
duetoly ¢cq = —-2x10""I.1n % since I, = ~I, l

, _ 21.5x 18 -

duetoloand Iy ¢ = 2x1077I,In BExI0 = —0.01288 x 10771,
M = ‘i“’ = —0.01288 x 10”7 H/m

Voo = wMI = 377 x 150M x 10° = 0.0728 V/km

4.8 Find the GMR of a three-strand conductor in terms of 7 of an individual strand.

Solution: Given this bundle: &

GMR = {/(0.779r x 2r x 2r)® = rJTX 0770 = 146

4.9 Find the GMR of each of the unconventional conductors shown in Fig. 4.15 in
terms of the radius r of an individual strand.

Solution:

(a) Bundle: %

i
|
1
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4.10

4.11

GMR = \/ (0.779)* [(2 x 2 x 2\/5) 7"3]4 = 1.723r

(b) Bundle:
2
GMR = {/ (0.779r)* (2 X 2 x 2\/§) (2x2x2)%r12 = r{0779x 8 x 316 = 1.692r

{c) Bundle: GCCO

GMR = {/(0.779)° x 82 x 82 x 42 = 1.704r

(d) Bundle: S0y

3 3
GMR = ¥0.779r x 3\6/(4><4x2x2x2\/§> (24 x2\/§) 730
= rx2x3712x0779/¢ = 2.10r

The distance between conductors of a single-phase line is 10 ft. Each of its
conductors is composed of six strands symmetrically placed around one center
strand so that there are seven equal strands. The diameter of each strand is
0.1 in. Show that D, of each conductor is 2.177 times the radius of each strand.
Find the inductance of the line in mH/mile.

Solution:

Outside conductors are counter-clockwise numbered 1 through 6. The center conductor is
number 7. Each radius is  and the distances between conductors are:

D12 = 2r D14 = 4r
Dz = /D? —D% = 2r/3
D, = /() (DLDBDLD, ) (2 = Y7 x /(232 x 3 x 2272 x 2272 x 27 x 27)°
2r {/3(0.779)
10 x 12

L = 4x1077In x 1000 x 1609 = 4.51 mH/mi

2177 x 0.05

Solve Example 4.2 for the case where side Y of the single-phase line is identical
to side X and the two sides are 9 m apart as shown in Fig. 4.9.
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Solution:

© O —
6m
® © -+
6m
© o —L
side x side y

Dy = {/DadDa.eDa/DbdDb_eDbecchchf
Dad = Dbe = Dcf =90m
Dag = Dbd = Dbf = Dcc = V117 m

Doy = Dy = V122492 m = 15m

D, = {/9x\/117x15x\/117x9xx/117x 15x V117x9m = 10.940 m
D, = 0481 (from Example 4.2) for both sides

.940
L = L, = 2x107Ings H/m = 6249 107" H/m

L = L:+L, = 12497x 107" H/m

4.12 Find the inductive reactance of ACSR Rail in ohms per kilometer at 1-m spac-

ing.

Solution:

From Table A.1 for Rail at 1-ft spacing:
D, = 0.0386 ft
1ft = 2.54x12/100 = 0.3048 m
D, = 0.3048 x0.0386 = 0.01177 ft

1
— -7
XL = 2x10 (ln0.01177

) x 377 x 1000 = 0.335 Q/km at 1 m spacing

4.13 Which conductor listed in Table A.3 has an inductive reactance at 7-ft. spacing
of 0.651 Q/mi?

Solution:
From Table A.3 at 7-ft spacing:

Xqs = 023619
0.651 —0.2361 = 0.415 Q/mi at 1-ft spacing

The conductor is Rook.
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4.14

4.15

4.16

4.17

e

A three-phase line has three equilaterally spaced conductors of ACSR Dove. If
the conductors are 10 ft apart, determine the 60 Hz per-phase reactance of the
line in §2/km.

Solution:
For ACSR Dove conductors, D; = 0.0314 ft. Given that D = 10 ft,

Xp = 2rx60x2x107"In x 10° Q/km = 0.4346 Q/km

0. 0314
Alternatively, from Table A.3,
X, = 0420 Q/mi Xs = 0.2794 Q/mi
Xy = 0420402794 Q/mi = 0.6994 Q/mi
0.6994 x 0.6214 Q/mi = 0.4346 /mi

A three-phase line is designed with equilateral spacing of 16 ft. It is decided to
build the line with horizontal spacing (D13 = 2D;12 = 2D23). The conductors
are transposed. What should be the spacing between adjacent conductors in
order to obtain the same inductance as in the original design?

Solution:

VDxDx2D = V2D = 16 D = 1271

A three-phase 60-Hz transmission line has its conductors arranged in a trian-
gular formation so that two of the distances between conductors are 25 ft and
the third distance is 42 ft. The conductors are ACSR Osprey. Determme the
inductance and inductive reactance per phase per mile.

Solution:
Deg = VBx2Bx42 = 2972 ft
_ g 2072 o :
L = 2x107"In 50381 < 1000 x 1609 = 2.24 mH/mi
Xy = 0377x224 = 0.84 Q/mi

A three-phase 60-Hz line has flat horizontal spacing. The conductors have a
GMR of 0.0133 m with 10 m between adjacent conductors. Determine the
inductive reactance per phase in ohms per kilometer. What is the name of this
conductor?

Solution:
Deq = V10x10x20 = 126 ft
12.3
X, = 377 -7 .
L 37T x2x10 ln00133x1000 5.17 2 /km
D, = 0.0133/0.3048 = 0.0436 ft

The conductor is Finch.
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4.18 For short transmission lines if resistance is neglected the maximum power which
can be transmitted per phase is equal to

Vst x |Vrl
| X1

where Vs and Vz are the line-to-neutral voltages at the sending and receiving
ends of the line and X is the inductive reactance of the line. This relationship
will become apparent in the study of Chap. 6. If the magnitudes of Vs and Vj are
held constant and if the cost of a conductor is proportional to its cross-sectional
area, find the conductor in Table A.3 which has the maximum power-handling
capacity per cost of conductor at a given geometric mean spacing.

Note to Instructor: The purpose of this problem is to stimulate the
student’s examination of Table A.3 and is worthwhile in introducing
class discussion of conductor selection.

Solution:

Power transmission capability per conductor cost if resistance is neglected is |Vs||Vg|/(X - A)
based on our cost assumption where A is the cross-sectional area of the conductor. There-
fore, the product X - A must be minimized. Assuming Deq is fixed, examining the Table
shows that in comparing any two conductors the percent difference in A is much greater than
that of X. So, A is the controlling factor, and Partridge or Wazwing would be selected.
Hoibever, resistance cannot be neglected. A conductor must be large enough in cross sec-
tion that melt-down caused by |I|?R loss will not occur under the most extreme operating
conditions. The reference (Aluminum Electrical Conductor Handbook) gives information on
thermal effects. If reactance causes too high a voltage drop on a line, double-circuit lines or
bundled conductors must be provided. The reference (Analytical Development of Loadability
Characteristics for EHV and UHV Transmission Lines) contains information on maximum
transmission capability of lines.

4.19 A three-phase underground distribution line is operated at 23 kV. The three
conductors are insulated with 0.5 cm solid black polyethylene insulation and lie
flat, side by side, directly next to each other in a dirt trench. The conductor
is circular in cross section and has 33 strands of aluminum. The diameter of
the condutor is 1.46 cm. The manufacturer gives the GMR as 0.561 cm and
the cross section of the conductor as 1.267 cm?. The thermal rating of the line
buried in normal soil whose maximum temperature is 30° C is 350 A. Find the
dc and ac resistance at 50° C and the inductive reactance in ohms per kilometer.
To decide whether to consider skin effect in calculating resistance determine the
percent skin effect at 50° C in the ACSR conductor of size nearest that of the
underground conductor. Note that the series impedance of the distribution line
is dominated by R rather than X; because of the very low inductance due to
the close spacing of the conductors.

1
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4.20

Note to Instructor: When assigning this problem, it may be advisable
to outline part of the procedure.

Solution:
Rspe. ac 228 + 50
_— = ——— = 1.121
Raps, 4c 228 + 20
_pl 283x108
Rae,dc = = = Toerwio=t = 0223 Q/km
Rsge,ac = 1121 x0.223 = 0.250 Q/km

Skin effect can be estimated from the values in Table A.3. The area 1.267 cm? is
1 \? 4
1267 x { == | x = x10°® = 250,000 cmils
2.54 by

Wazwing has an area of 266,800 cmils and for this conductor

Rsoo._ac 0.3831
. = = 1.
Raooac 00646 x5.28 128

Since temperature rise would account for a factor of 1.121, skin effect is only about 0.2%. With
insulation thichness of 0.5 cm center-to-center conductor spacing is 2 x 0.05+1.46 = 2.46 cm.
So,

Dq = V246x246x2x 246 = 3.099
Xr = 3877 x 1000 x 2 x 10‘71n§% = 0.129 Q/km

The single-phase power line of Prob. 4.6 is replaced by a three-phase line on
a horizontal crossarm in the same position as that of the original single-phase
line. Spacing of the conductors of the power line is D;3 = 2D;5 = 2D,3, and
equivalent equilateral spacing is 3 m. The telephone line remains in the position
described in Prob. 4.6. If the current in the power line is 150 A, find the voltage
per kilometer induced in the telephone line. Discuss the phase relation of the
induced voltage with respect to the power-line current.

Solution:

VDxDx2D = 2D = 3

D % = 238m
It-——— 476 m —QI
® © ©
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The center conductor of the 3-phase line causes no flux linkages with d-e since the conductor
is at an equal distance from d and .

Da = Dy = {18 +(238-05) = 260 m
D,e = Dpg = {/;82+(2.38+0.5)2 = 340 m
_ 3.40
dueto I,, ¢dge = 2x10 7I°ln2_.6(_)
- 3.40
due to Iy, ¢ae = 2x10 7Iblnm
. ., 3.40
Total flux linkages = 2x 107" (Io ~Ip)In —
2.60
Since I, lags I, by 120°,
\\3
S -Iv

30°

I -1, = V3I,/30°
3.40

fae = 2x1077V3I, In 5= £ 30° W/m

M = 929x1078 H/m
V = wMx150 = 377 x 1078 x 9.29 x 150 x 1000 = 5.25 V/km

The induced voltage leads I, by 90° + 30° = 120°; that is, V is in phase with I..

4.21 A 60-Hz three-phase line composed of one ACSR Bluejay conductor per phase
has flat horizontal spacing of 11 m between adjacent conductors. Compare
the inductive reactance in ohms per kilometer per phase of this line with that
of a line using a two-conductor bundle of ACSR 26/7 conductors having the
same total cross-sectional area of aluminum as the single-conductor line and
11 m spacing measured from the center of the bundles. The spacing between
conductors in the bundle is 40 cm.

Solution:
Deg = V1lx11x22 = 1386 m
Bluejay:
D, = 00415(254 x 12x 107%) = 0.0126 m
13.86
X = 2x1077 x10° — = 0.
x 107" x 10 ><3771110‘0126 0.528 Q/km

- E
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Dove is the conductor for bundling:

D, = 00314(234x12x107%) = 0.00957 m

Db = ./0.00957 x 0.4 = 0.0619 m

X = 2x1077x10°x 377In 1386 _ 4408 Q/km
- 0.0619 ~

4.22 Calculate the inductive reactance in ohms per kilometer of a bundled 60-Hz
three-phase line having three ACSR Rail conductors per bundle with 45 cm
between conductors of the bundie. The spacing between bundle centers is 9, 9

and 18 m.
Solution: !
Deg = V9x9x18 = 11.34 m I
Rail: ’
D, = 0.0386ft = 0.0386(2.54 x 12x 107%) = 0.0118 m 1
Db = 00118x045x045 = 0.1337m
11.34
-7 3
= Thh—— = 0.
X 2% 1077 x 10° x 377In =5 3348 2/km

Chapter 5 Problem Solutions

5.1 A three-phase transmission line has flat horizontal spacing with 2 m between ?
adjacent conductors. At a certain instant the charge on one of the outside
conductors is 60 uC/km, and the charge on the center conductor and on the
other outside conductor is —30 uC/km. The radius of each condutor is 0.8 cm.
Neglect the effect of the ground and find the voltage drop between the two
identically charged conductors at the instant specified.

Solution::
- 2m —- 2m —|
® ® ®
i ga = 60x107° C/km
@ = g = —30x107°C/km ’
10— 4 2 r .
Vie = Ery (60 In 3~ 301ln o= 301n 5) where r is in meters
10~€ x 60

= S x88BE X100 - [MsV

—
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Dove is the conductor for bundling:

D; 0.0314 (254 x 12 x 1072) = 0.00957 m

D® = 0.00957x04 = 0.0619m

13.86
= -7 3 2 =
X = 2x107"x10°x377In 50619 0.408 ©2/km

4.22 Calculate the inductive reactance in ohms per kilometer of a bundled 60-Hz
three-phase line having three ACSR Rail conductors per bundle with 45 cm
between conductors of the bundle. The spacing between bundle centers is 9, 9

and 18 m.
Solution:

Deq = V3x9x18 = 11.34m
Rail:

D, = 0.038 ft = 0.0386(2.54 x 12x 1072) = 0.0118 m

Db = ¥00118x045x045 = 0.1337m
11.34
= 7% 10 x 377In ——— = 0.
X 2 x 1077 x 10° x 377In ==z = 0.3348 Q/km

Chapter 5 Problem Solutions

5.1 A three-phase transmission line has flat horizontal spacing with 2 m between
adjacent conductors. At a certain instant the charge on one of the outside
conductors is 60 pC/km, and the charge on the center conductor and on the
other outside conductor is —30 £C/km. The radius of each condutor is 0.8 cm.
Neglect the effect of the ground and find the voltage drop between the two
identically charged conductors at the instant specified.

Solution:
f— 2m e 2m —{
® ® ©)
) g = 60x 1078 C/km
% = g = —30x107% C/km ,
108 4 2 r
Vi = 0 4 2 T ..
b R (60 In 5 301ln = 301n 2) where r is in meters
10-6 x 60

= Zrxesxi00 - sV




R
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5.2 The 60-Hz capacitive reactance to neutral of a solid conductor, which is one
conductor of a single-phase line with 3 ft spacing , is 196.1 kQ-mi. What value
of reactance would be specified in a table listing the capacitive reactance in
ohm-miles to neutral of the conductor at 1-ft spacing for 25 Hz? What is the
cross-sectional area of the conductor in circular mils?

Solution:
At 5-ft spacing,

Xc = 2.965x 10° 1n§ = 196,100  -mi

6.614

0.00670 ft, or 0.0805 in
= (2 x 0.0805 x 1000)> = 25,992 circ mils

....

5
|
l

\,
!

From Eq. (5.12), at 1-ft spacing and 25 Hz,

7
Xc = -1——9 x 10%1n

75 500670 = 356,200 Q - mi

5.3 Solve Example 5.1 for 50 Hz operation and 10 ft spacing.

Solution:

1.779 x 108 10 . .
: Xe = =0 In 50268 Q- mi = 02115 MQ-mi
¢ 1
B = — = 4.728 i
; c Xz 4 uS/mi
, 60 .
X, = £5x0.1074 MQ - mi
A X, = 80 0.0683 MQ - mi
50

60
Xc = 0 (0.1074 4+ 0.0683) MQ - mi = 0.2109 M - mi
! Be = 4.742 uS/mi

5.4 Using Eq. (5.23), determine the capacitance to neutral (in uF/km) of a three-
_; phase line with three Cardinal ACSR conductors equilaterally spaced 20 ft
* apart. What is the charging current of the line (in A/km) at 60 Hz and 100 kV
' line to line?

Solution:
For Ceardinal conductors,

1.196 1

T r = T = ﬁ ft

27 x 8.85 x 10~

! Cn = —mn F/m = 9276 x 10712 F/m = 9.276 x 107> xF /km
N T196),24
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100 x 103

A/km = 0.202 A/km
7 / /

Ig = 27 x 60 x9.276 x 107° x

5.5 A three-phase 60-Hz transmission line has its conductors arranged in a triangu-
lar formation so that two of the distances between conductors are 25 ft and the
third is 42 ft. The conductors are ACSR Osprey. Determine the capacitance to
neutral in microfarads per mile and the capacitive reactance to neutral in ohm-
miles. If the line is 150 mi long, find the capacitance to neutral and capacitive
reactance of the line.

Solution:
Osprey diam. = 0.879in
Deq = V25x25x42 = 29.72 ft
27 x 8.85 x 1012
Cn = 1o 2572%12 F/m
N 75.870)/2
= 8301x 107 F/m = 8.301 x 107° x 1.609 uF/m = 0.01336 uF/mi
6
Xc = 1 _ 0.1985 x 10° Q - mi

377 x 0.01336

From Table A.3, X = 0.0981. Interpolation from Table A 4 yields X 4 = 0.0999+0.72(0.1011 —
0.0999) = 0.1006. From Table A.4, Xc = 0.1987 x 10° Q - mi.

For 150 rmiles,

Cn
Xe

]

150 x 0.01336 = 2.004 uF

0.1987
pabdhabidd = Q
=5 X 10 1325

5.6 A three-phase 60-Hz line has flat horizontal spacing. The conductors have an
outside diameter of 3.28 cm with 12 m between conductors. Determine the
capacitive reactance to neutral in ohm-meters and the capacitive reactance of
the line in ohms if its length is 125 mi.

Solution:

Deq = V12x12x24 = 15.12m

r = 0.0328/2 = 0.0164
_2.862 o, 1512 8
Xc = WXIO lnm = 3.256 x 10 Q-m
For 125 miles,
3.256 x 108
Xe = Tox 1608 = 16190

5.7 (a) Derive an equation for the capacitance to neutral in farads per meter of
a single-phase line, taking into account the effect of ground. Use the same
nomenclature as in the equation derived for the capacitance of a three-phase

I
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line where the effect of ground is represented by image charges.

(b) Using the derived equation, calculate the capacitance to neutral in farads
per meter of a single-phase line composed of two solid circular conductors each
having a diameter of 0.229 in. The conductors are 10 ft apart and 25 ft above
ground. Compare the result with the value obtained by applying Eq. (5.10).

Solution:
D —
C) =qa
Hi, due to
---------------- image
charges
9a
(a) Due to charges on a, b:
1 D T
Vap = 5ok {Qtzln':"‘hlnﬁ]
Due to image charges:
1 Hyo H,
Vap = Sk [—QalnTI'l—'(”Qaln le]
Due to image and actual charges:
;o _ Y D? H122 _ 9 D Hi,
& T onk [ln r2 In H?| = =k In In H,
27k
Can = 2C4 = WF/IH

(b) By Eq. (5.10),

= -12
c, = ZEx88 X107 _ o o96 x 10-12 F/m

10x12
In (0.229/2)

And from part (a) above,

27 x 8.85 x 10~12
In ( 10x12 ) —In (_JEB_S%LTE)

0.229/2

C, =

= 8018 x 10712 F/m

5.8 Solve Prob. 5.6 while taking account of the effect of ground. Assume that the
conductors are horizontally placed 20 m above ground.
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lution:
Solutio 12m 12m
| ol -l
I 1 i
® @ ®
20m
due to
-y e e e e o image
charges
20 m
® ©) ®
H = H, = Hy = 40m
His = Hyz = vV402+122m = 41.761m
Hz; = 14024242 m = 46.648 m
Dy = 1512m and r = 00164m
2.862 D 1. Hy2Ho3Ha,
- o7 09 eq _ - ik Xl el L S B o
Xe g0 1 [h’ - 3N THLLE,
15.12 1. 41.761 x 41.761 x 46.648
_ 7 I .
= 47Tx10 ’[m 00162 3" 40 x 40 x 40 ] f-m
= 3218x10°Q-m
For 125 miles, .
3218 x 10
Xe = {mx160031 * = 10KQ

5.9 A 60-Hz three-phase line composed of one ACSR Bluejay conductor per phase
has flat horizontal spaicng of 11 m between adjacent conductors. Compare the
capacitive reactance in ohm-kilometers per phase of this line with that of a line
using a two-conductor bundle of ACSR 26/7 conductors having the same total
cross-sectional area of aluminum as the single-conductor line and the 11 m

spacing measured between bundles. The spacing between conductors in the
bundle is 40 cm.

Solution:

Deg = V11 x11x22 = 1386 m

Bluejay: 7 = 1.259 x2.54/2x 1072 = 0.016 m
13.86
Xe = 477 0‘ln—— = .
c x 10%In 0016 322,650 Q2 - km
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For Dove, 2-conductor bundle,

r 0.927 x 2.54/2 x 1072 = 0.01177

Db, = vrd = VOOITIx04 = 0.0842m

13.86
T 4 = 243,440 ) -
Xc 4.77x10%°In 00310 43,440 Q - km

5.10 Calculate the capacitive reactance in ohm-kilometers of a bundled 60-Hz three-
phase line having three ACSR Rail conductors per bundle with 45 cm between
conductors of the bundle. The spacing between bundle centers is 9, 9 and 18 m.

Solution:

VOIx9x18 = 11.34 m
r = 1.165x254/2x1072 = 0.0148 m

D, = </00148x0452 = 0.1442m

11.34
= 4.77x 10*1 = 208,205 -
Xec 47T x1 n0‘1442 8,205 Q - km

&
|

5.11 Six conductors of ACSR Drake constitute a 60-Hz double-circuit three-phase
line arranged as shown in Fig. 5.11. The vertical spacing, however, is 14 ft;
the longer horizontal distance is 32 ft: and the shorter horizontal distances are
25 ft. Find,

(a) the inductance per phase (in H/mi) and the inductive reactance in {2/mi.

(b) the capacitive reactance to neutral in ohm-miles and the charging current
A/mi per phase and per conductor at 138 kV.

Solution:

b—— 25 ft ——

® @—‘-

14 ft

f——— 32 ft —————

®
14 ft

® —L

GMR = 0.0373 Drake
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In original positions in the transposition cycle,

V142 +3.52 = 1443 ft
V142 + 2852 = 31.75 ft
V252 +282 = 37.54 ft

distance a-b

distance a-b’

distance a-a’

DE, = DI = /14432 x31.752 = 21.04 ft
Dae = /252 x282 = 26.46 ft

Deq = /21042 x 26.46 = 2271 ft

1
D, = [(VoO3T3x3732) VOOBBx @) = LIs2fe
22.71
_ -7 = 5. -7
L = 2x10 lnl'152 5.693 x 107" H/m
= 5963 x 1077 x 10° x 1609 = 0.959 mH/mi
Xy = 377x0.959 x 1072 = 0.362 Q/mi/phase

(b) r = 4198 — 00462 ft as in part (a) above, except that r is substituted for D,:

G-

Dic = [(VOOE6Z%3751) VOO0I62x 32| = 1282 ft

From part (a) above, Dgq = 22.71 ft and

Xc = 2965x10~%n fé;; = 85,225 Q - mi/phase to neutral
00
Ipg = %202/5———\/3- = 0.935 A/mi/phase = 0.467 A/mi/conductor

Chapter 6 Problem Solutions

6.1 An 18-km 60-Hz single circuit three-phase line is composed of Partridge conduc-
tors equilaterally spaced with 1.6 m between centers. The line delivers 2500 kW
at 11 kV to a balanced load. Assume a wire temperature of 50°C.

(a) Determine the per-phase series impedance of the line.

(b) What must be the sending-end voltage when the power factor is

(1) 80% lagging (42) unity (¢ii) 90% leading?
(¢) Determine the percent regulation of the line at the above power factors.
(d) Draw phasor diagrams depicting the operation of the line in each case.

Solution:

(a)

R
From Table A.3, X,

0.3792 x
1.609
0.465 Q/mi

= 4242 Q

|
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In original positions in the transposition cycle,

V142 +352 = 14.43 ft
V14212852 = 31.75 ft
distance a-a’ \/m = 37.54 ft
D, = D = /14437 x31.752 = 21.04 ft
Doe = /257 x282 = 26.46 ft
Deq = /21042 x2646 = 2271 ft

1
D, = [(V/o0373x373)° VOOSTE X 2|’ = 1821

22.71
1.152
5.963 x 107" x 10% x 1609 = 0.959 mH/mi

XL = 377x0959 x 1073 = 0.362 /mi/phase

distance a-b

distance a-b’

L = 2x107"In = 5.693 x 1077 H/m

(b) 7 = 1% = 0.0462 ft as in part (a) above, except that r is substituted for D,:

o

Dic = [(V50462 % 3754)" VOO4E2 X 2]’ = 12828

From part (a) above, Deq = 22.71 ft and

Xec = 2965x107%In f22_—8{; = 85,225 Q- mi/phase to neutral

138,000/+/3

Iy = o - 0.935 A/mi/phase = 0.467 A/mi/conductor

Chapter 6 Problem Solutions

6.1 An 18-km 60-Hz single circuit three-phase line is composed of Partridge conduc-
tors equilaterally spaced with 1.6 m between centers. The line delivers 2500 kW
at 11 kV to a balanced load. Assume a wire temperature of 50°C.

(a) Determine the per-phase series impedance of the line.

(b) What must be the sending-end voltage when the power factor is
(¢) 80% lagging (#t) unity (#ii) 90% leading?

(¢) Determine the percent regulation of the line at the above power factors.
(d) Draw phasor diagrams depicting the operation of the line in each case.

Solution:

(a)

= 4242 Q

]

R 0.37
92 % 1509
From Table A.3, X, = 0.465 Q/mi




and since 1.6 m = (1.6 x 100)/(2.54 x 12) = 5.25 ft,

Xa
X

For 18 km, X
Z

(b) For power factor = 1.0,

Ir
Vs

sending-end line voltage

For power factor = 0.8 lagging,

||
Vs

sending-end line voltage

For power factor = 0.9 leading,

gl
Vs

sending-end line voltage

(¢)

% Regulation
at p.f. = 0.8 lagging, % Reg.
at unity p.f., % Reg.

at p.f. =0.9 leading, % Reg.

(d) For p.f.=0.8 lagging,

0.2012 (Table A .4, 5'-3")
0.465 + 0.2012 = 0.666 Q/mi
0.666

18 % 7508
4.242 + 7.451

7.431 Q
8.57,60.35° ©

2500
V3 x11
6350 + 131.2(4.24 + 57.451)
6906 + 7977.6 = 6975, 8.06°

131.2 A

V3Vs = V3x6975 = 12,081 V
2500
= ——— = 164 A
V3x11x08

6350 + 164 ,—36.87° x 8.57/.60.35°
7639 4+ j5.60 = 7660,4.19°

V3Vs = V3 x 7660 = 13,268V
2500
= — = 1458 A
V3x11x09

6350 + 145.8 /25 84° x 8.57/ 60.35°
6433 + j1247 = 6553, 10.97°
V3Vs = vV3x6553 = 11,350 V

Vs| = VR _ ..
—— = % 100%

IVR| °
7660 — 6350

6350
6975 — 6350

6350
6553 — 6350
6350

x 100% 20.63%

x 100% 9.84%

x 100% 3.20%
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4170 Vs= 7660 V

IRX=1222V

P ovr=6350V

IrR = 696 V
Ir=131.2A

For unity p.f.,

Vs =6975V,
IRX=978V

8.06°

k=13124 VR=6350V IgR=557V

For p.f. =0.9 leading,

Vs=6553V

. IrRX = 1086 V
Ir=1458 A

25.84° IgRR =618V

Vg = 6350V

6.2 A 100-mi, single-circuit, three-phase transmission line delivers 55 MVA at 0.8
power factor lagging to the load at 132 kV (line-to-line). The line is composed
of Drake conductors with flat horizontal spacing of 11.9 ft between adjacent
conductors. Assume a wire temperature of 50°C. Determine
(a) the series impedance and the shunt admittance of the line.

(b) the ABCD constants of the line.

(c) the sending-end voltage, current real and reactive powers and the power
factor.

(d) the percent regulation of the line.

Solution:

(a)

Deg = VII9x119x2x119 = 15 ft
series impedance Z = 100 x (0.1284 + 50.399 + 70.3286)
= 12.84+472.76 = 73.88,80° Q
Y .100 10-6 -4, g00
P (0.9012+0.0803> = 29151077, 907§
shunt admittance Y = 5.83x1074,90° S
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Z
A = D=1+'5}:

73.88 x 5.83 x 10~4

= 14 5 /170° = 0.979,0.219°
B = Z = 73.88/80° Q
zZY
C =Y 1+‘—4—)

73.88 x 5.83 x 10~*
4
(Check: AD — BC =1 must be satisfied)

= 583 x107* <1+ 4170‘-“) S = 5768 x 107%,90.108° S

55,000

Ip =
BT VBx132

(0.8 — j0.6) = 1924 —j144.3 A

Current in series arm:
.132, 000

Leries = 192.4—31443+47 7 x 2.915 x 107*
= 192.4 —j122.1 = 227.9,-32.40°
Vs = 132\’/;00 +227.9,-32.40° x 73.88/.80°

87,563 + 12,434 = 88,441/8.08° V to neutral

Vs| = +/3x 88,441 = 153.2 kV, line-to-line
Is = 192.4—35122.4+52.915 x 10™* x (87,563 + 712, 434)
= 188.8—;96.9 = 212,-27.2°
Is| = 212A

s = 8.08° —(-27.2°)
Ps = (\/§x 153.2 x 212

35.28°
c0s35.28° kW = 45.92 MW

sin 35.28° kvar = 32.49 Mvar

N N’

Qs = (\/5 x 153.2 x 212

(sending-end) p.f. = c0s3528° = 0.816 lagging
(d)
% Reg. = Vsl /1Al = VR Pl 1009
[V, FL '
(153.2/0.979) — 132

= = 18.55
132 x 100% 1 %

6.3 Find the ABCD constants of a 7 circuit having a 600-§ resistor for the shunt
branch at the sending end, a 1-kQ resistor for the shunt branch at the receiving
end and an 80-9 resistor for the series branch.
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Solution:
80

600 1000 Q

v,
Vs = Vp+ (IR + Tc%) x 80 = Vg + 80 +0.08V

= I.OSVR -+ SOIR
Vr 1.08Vg + 807k
Is = Ig+ 1000 + 600

= 0.0028Vr +1.1331r

= 0.001Vg + 0.0018Vg + Ir + 0.1331r

The ABCD constants are 4

B

1.08 C = 0.0028 S
80Q D = 1133

6.4 The ABCD constants of a three-phase transmission line are

A =D = 0936+ ;0.016 = 0.936,0.98°
B = 335437138 = 142/76.4°
C = (-5.18+7914) x107® §
The load at the receiving end is 50 MW at 220 kV with a power facfor of

0.9 lagging. Find the magnitude of the sending-end voltage and the voltage
regulation. Assume the magnitude of the sending-end voltage remains constant.

Solution:
50, 000
IR = ———— __,_2584° = 1458,-2584° A
R V3 x 220 x 0.9 /== e
220, 000
VR = = 127,000,0° V
R \/§ g

Vs = 0.936/0.98° x 127,000,0° + 142/ 76.4° x 145.8 /~25.84°
= 118,855 + 52033 + 13,153 + j15,990 = 133.23,7.77° kV

With line-to-line sending-end voltage |Vs| = v/3 x 133.23 ='230.8 kV,
230.8

V; —_— = .5
I R,NL! 0.936 246.5 kV
246.5 — 220

6.5 A 70 mi, single-circuit, three-phase line composed of Ostrich conductors is ar-
ranged in flat horizontal spacing with 15 ft between adjacent conductors. The
line delivers a load of 60 MW at 230 kV with 0.8 power factor lagging.
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Qs = 1.086 x0.742 x sin (2.125° — (—36.54°)) = 0.503 per unit
= 100 x 0.503 = 50.3 Mvar

A = 1+% = 1+%(0~1166Mx0-1924@i) = 0.9%0,0.248°
V. — |V
% Reg. = | sl/:él I,R,n! x 100%
R, FL
(1-086/0i9§0)—1’0 x 100% = 9.73%

6.6 A single-circuit, three-phase transmission line is composed of Parakeet con-
ductors with flat horizontal spacing of 19.85 ft between adjacent conductors.
Determine the characteristic impedance and the propagation constant of the
line at 60 Hz and 50°C temperature.

Solution:
At 50°C and 60 Hz, from Table A.3, for Parakeet conductors,

r 0.1832 Q/mi X, = 0423 Q/mi

Deq V19.853 x 2 ft = 25 ft

At 25 ft, Xy(inductive) = 0.3906 Q/mi

l

Therefore,

z = 0.1832+ ;(0.423 + 0.3906) /mi

= 0.834,77.31° Q/mi
X, = 0.0969x 107 Q -mi
Xa(capacitive) = 0.0955 x 10~ Q. mi
] 106 ,90°
y = J = L2 S/mi

X:+Xg — 0.0969 +0.0955
= 5.1975 x 107%, 90° S/mi

Characteristic impedance:

_F 0.834, 77315 3 .
Z. = \/; = \/5_1975x10_6 55 Q@ = 400.6,-6.345° Q

Propagation constant:

7 = V75 = /0.834 x 5.1975 x 10~6,77.31° 1 90° mi~* = 2.08 x 103 mi-}

6.7 Using Egs. (6.23) and (6.24) show that, if the receiving-end of a line is ter-
minated by its characteristic impedance Z., then the impedance seen at the
sending end of the line is also Z, regardless of line length.




Solution:

If Zp = Z., then Ip = VR/Zm and Vp — IpZ. = 0.

From Eq. (6.23) Vs =
From Eq. (6.24) Is =
where L is the length of the line. Finally,

Z, = Vs/ls = Z,

6.8 A 200-mi transmission line has the following parameters at 60 Hz

resistance T
series reactance r
shunt susceptance b

(¢) Determine the attenuation constant o, wavelength A and the velocity of
propagation of the line at 60 Hz.

(b)

If the line is open circuited at the receiving end and the receiving-end

= (.78 2/mi per phase
= 5.42 x 10~® S/mi per phase

69

VR + IRZC 4L
— ¢
2
‘,’R -+ IRZC C-YL
2Z,

(which is independent of L)

0.21 Q/mi per phase

voltage is maintained at 100 kV line-to-line use Eqgs. (6.26) and (6.27) to

determine the incident and reflected components of the sending-end voltage

and current.

(¢) Hence determine the sending-end voltage and current of the line.

Solution:

(a)

<R w N 3

Attenuation-constant o

Wavelength A

Velocity of propagation Af

Characteristic impedance: Z, =

I

0.21 Q/mi z; = 0.78 Q/mi

(0.21 +70.78) Q/mi = 0.808,77.31° /mi
5.42 x 1076 /77.31° S/mi

VZy = 2.092 x 1072/ 82.47° mi~!

a+j78 = (2.744 x 10™% + 72,074 x 1073) mi™!
2.744 x 10™* nepers/mi

2 21 x 103

—g- = -——-—7'2’874 mi = 3030 mi

2 3

gf = 1202”0’;410 mi/s = 181770 mi/s

\/§=

386.05,—7.53° Q
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When the receiving end is open circuited, Ig = 0. Then,

\% ) \% )
from Eq. (6.26) Vs = —éﬁe‘“‘e’m‘ + ?Re“‘]‘e']“’
- VYR argsr_ VR —ar a1
from Eq. (6.27) Is = :2—2-;6 € . &Zce € )
incivdenz ref l:ctcd

where L = 200 mi = length of the line

el = 1.0564 el = 0.9466
BL = 2074 x 1073 x 200 x li—o deg = 23.77°

Hence, at the sending end (taking the receiving-end line voltage as reference), the line-
to-line voltages and currents are

13_04_@ x 1.0564/23.77° kV

= 52.82,23.77° kV

reflected voltage v, = 1_20_ £0° x 0.9466 ,—23.77° kV

- = 4733,-23.77° kV
0° .05 T7°
incident current I;, = 100,.0° X 1.0564,23.77 kA
2 x 386.05,—7.53° V3,300
= 7899,13° A

0° 0466 /—23.77°
reflected current I, = 100,0° 5 0:9466,-23 77 KA

T 2% 386.05,—7.53° V3,30°
= 70.78,133.76° A

incident voltage v;

(The 30° angle in the denominator of the second fraction of the current equations above
represents a phase/line V conversion.)

(¢)

Vs = Vi+V, = 52.82,23.77° +47.33,-23.77° kV = 91.68,1.38° kV
Is = L+1I, = 7899,/1.3° +70.78,133.76° A = 60.8370.78, 60.4° A

where all angles are expressed with respect to receiving-end line voltage.

6.9 Evaluate coshf and sinh 6 for 8 = 0.5,82°.

Solution:

0.5,82° = 0.0696 + 70.4951
0.4951 radian = 28.37°

cosh = % (€%99% £28.37° + ¢=0-06%6 | _9g 37°)
1
= 5 (0.9433 +50.5094 + 0.8207 — 50.4432) = 0.8820 + 50.0331
, 1 .
sinhf = -(0.9433+ j0.5094 — 0.8207 + j0.4432) = 0.0613 + j0.4763
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6.10 Using Eqs. (6.1), (6.2), (6.10) and (6.37) show that the generalized circuit con-
stants of all three transmission line models satisfy the condition that

AD-BC=1

Solution:
Short-line model (from Eq. (6.1) and (6.2)):

A= D=1 B =2 C =0
AD-BC = 1-Zx0 =1

Medium-length line model (from Eq. (6.10)):

zZY
A = D=(1+%¥-> B=2 C=Y(1+T>
2 2y2 2v2
AD-BC = 1-%-—Z-Z -ZxY 1+-Z—Y =1+ZY+ZY -ZY—ZY =1
2 4 4 4
Long-line model (from Eq. {6.37)):
A = D = cosh~l B = Z sinh+l
_ sinhyl
C = 7.
AD-BC = cosh®~l— Zcsinhyl (S“;‘ "l)
i -\ 2 =y 2
= cosh®+yl —sinh?4l = (6 .26 ) —(6 26 )
: 6i?'yl +2+€——211 _ E2’yl _2+€—-2'yl _ j
- 4 4 - i
i
6.11 The sending-end voltage, current and power factor of the line described in Exam- i
(=}
ple 6.3 are found to be 260 kV (line-to-line), 300 A and 0.9 lagging, respectively.

Find the corresponding receiving-end voltage, current and power factor.

Solution: » :
From Exampile 6.3, t

A = D = coshyl = 0.890471.34° |
B = Z.sinh4l = 406.4,—548° x 0.4507,84.93° Q = 186.82/79.45° Q
sinh ~yl 0.4597/ 84.93°

Cc = = S = 1. -3,09041°S
Z. 406.4/—5.48° 1.131 > 1077 /9041°

ve]l _ [A B]'[Vvs] _[ D -B][Vs
Ir| = |lc oD Is| S|l -c AllIs
Vr = DVs-— Bls Ip = =CVs+ Alg

260
Vs = —\/—gLQikV= 150.1120° kV
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Is = 300/—cos™'0.9 A = 300,-25.84° A
186.82/ 79.45° x 300, —25.84°

VR = 0.8904,1.34° x 150.11,0° — 500 kV
= 108.85,-22.76° kV
V] = V3x108.85kV = 188.5 kV line-to-line
Ip = -1131x107%£90.41° x 150.11 x 1072 £0° + 0.8904 £ 1.34° x 300, —25.84° A
= 372.0,-48.95° A
Iz = 372 A

The receiving-end power factor is then

p.f = cos(—22.76° + 48.95°) = 0.897 lagging

6.12 A 60 Hz three-phase transmission is 175 mi long. It has a total series impedance
of 35 + 5140 2 and a shunt admittance of 930 x 10~6,90° S. It delivers 40 MW
at 220 kV, with 90% power factor lagging. Find the voltage at the sending end
by () the short-line approximation, (b) the nomial-r approximation and
(c) the long-line equation.

Solution:
! = 175 mi
Z = 35+j40 = 144.3775.96° Q
Y = 930x10°%S
40, 000
In = ——— __ — 116.6,-25.84° A
R V3 x 220 x 0.9 L=t

(a) Using the short-line approximation,

Vs = 127,017+116.6,—25.84° x 144.3,75.96° = 127,017 + 10,788 + j12, 912
138,408/5.35° V '
Vsl = v3x138,408 = 239.73 kV

(b) Using the nominal-r approximation and Eq. (6.5),

0.1342
Vs = 127,017 ( £165.96° + 1) +144.3£75.96° x 116.6 /—25.84°
= 127,017(0.935+ 70.0163) + 10,788 + 512,912 = 129,549 + 514, 982
= 130,412/6.6°
Vsl = v38x130,412 = 225.88 kV

(¢) Using the long-line equation,

_ 144.3,75.96° \? .
% = (930)(10—5490") - 394L—"7'02

M = /144.3x 930 x 10-¢,16506° = 0.3663,83.0° = 0.0448 + 70.364
00180364 10458,20.86° = 0.9773 + 70.3724

.
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0044870364 . (.9562,-20.86° = 0.8935 — 70.3405
cosh~yl = (0.9773 + 50.3724 + 0.8935 — 50.3405) /2 = 0.9354 + j0.0160

sinhyl = (0.9773+ j0.3724 — 0.8935 + 70.3405) /2 = 0.0419 + j0.3565
Vs = 127,017(0.9354 + j0.0160) + 116.6 ,—25.84° x 394 ,~7.02° (0.0419 + 50.3565)
= 118,812+ 72,032 + 10,563 + 712,715 = 129,315 + 714,747
= 130,153,6.5°V
[Vs| = V3x130,153 = 2254 kV

Determine the voltage regulation for the line described in Prob. 6.12. Assume
that the sending-end voltage remains constant.

Solution:
By Problem 6.12, volt-to-neutral results,
Vs = 130.15kV Vr = 127.02kV
For Ir = 0, Vs = Vg cosh ~l,
130.15

= = 9.
VR nLl |0.9354 + j0.0161] 139.12 kv
139.12 - 127.02
% Reg. = —Fm* 100 = 9.53%

A three-phase 60-Hz transmission line is 250 mi long. The voltage at the sending
end is 220 kV. The parameters of the line are R = 0.2 Q/mi, X = 0.8 /mi
and Y = 5.3 uS/mi. Find the sending-end current when there is no load on the
line.

Solution:
Z = (0.2+50.8) x 250 = 206.1,75.96°
Y = 250x353x107% = 1.325x 102,90°
vl = VZY = /206.1 x 1.325 x 10-3,165.96° = 0.5226/82.98°
= 0.0639 + j0.5187
2061, 75.96°
Z = = — -7. ©
¢ VZIY \/1.325 X 103,000 ~ o4Oz

By Eq. (6.39) for Igr = 0,

Is = (Vs/2) 200
Bl = 0.5187rad = 29.72°
'8 = 0.9258 + 70.5285
eoleIBl = 0.8147 — j0.4651
coshyl = 3(0.9258+0.8147+ §0.5285 — j0.4651) = 0.8709/2.086°

2
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sinhyl = % [0.9258 ~ 0.8147 + 7 (0.5285 + 0.4651)] = 0.4999, 83 61°
I 220.000/v/3  0.4999/ 83.61°
S =

= 185.0, 88.54°
394,-7.02° * 0.8709, 2.086° (88547 A

6.15 If the load on the line described in Prob. 6.14 is 80 MW at 220 kV, with
unity power factor, calculate the current, voltage and power at the sending end.
Assume that the sending-end voltage is held constant and calculate the voltage
regulation of the line for the load specified above.

Solution: .
220 80, 000

Ve = == = 127kV Ip = ——— = 20995 A
R="7A R= %020

With values of cosh~! and sinh 4! from Problem 6.14,

Vs = 127,017(0.8703 + 50.0317) + 209.95 x 394 ,~7.02° x 0.4999/ 83.61°
= 110,528 + 54,026 + 9,592 + 540,232 = 128,014, 20.23° V to neutral
Vs| = V3x128,014 = 221.7kV
Is = 209.95(0.8703 + j0.0317) + —209%0_ 4 4000 83.61°
s = e 394,702 048381
= 182.72+4j6.66 — 1.77 + 5161.13 = 246.8,42.84° A
Ps = V3x221.7 x 246.8c0s(20.3° — 42.84°) = 87,486 kW (or 87.5 MW)
At I =0,
127,000
Vel = = — = %
Vr| 08709 145, 826 V to neutral
145.8 — 127

6.16 A three-phase tranmission line is 300 mji long and serves a load of 400 MVA,
0.8 lagging power factor at 345 kV. The ABCD constants of the line are

A D = 0.8180,1.3°
B = 1722,84.2° O
C = 0.001933,90.4° S

(a¢) Determine the sending-end line-to-neutral voltage, the sending-end current
and the percent voltage drop at full load.

(b) Determine the receiving-end line-to-neutral voltage at no load, the sending-
end current at no load and the voltage regulation.

Solution:
345,000 400, 000
Vi = = 199,186,0° V Ip = —=——— = 669.4,-36.87° A
73 R = JBxsss
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Ve = 0.8180/1.3° x 109.186,0° +172.2/84.2° x 669.4 /-36.87°

256,738,20.15° V

0.001933/90.4° x 199, 186 £0° + 0.8180£1.3° x 669.4/—36.87°

447.7,8.54° A

256,738 — 199, 186
256, 738

[l

Is

x 100 = 224%

Voltage drop

256,738,20.15°
= 95, 19842009 _ 493 861,18.85° V
Ve NL 08180, 1.3° 13, 2

0.001933/90.4° x 313,861,18.85° = 606.7,109.25°

Is,nL

313,861 — 199, 186
199,186

% Reg. = = 57.6%
6.17 Justify Eq. (6.50) by substituting for the hyperbolic functions the equivalent
exponential expressions.

Solution:

sinhyl/2 V21— /2

coshql/2 ~ €M/2 4+ e1/2

coshyl—-1  (+e™) -1  '-24¢
sinhyl = 1(et - T et —e

left hand side = tanh —yé =

right hand side

i

(2 — 5—7112)2 Y2 _ =/2
(@12 4 e—1/2) (T — & WI2) @2+ 12
Therefore, left hand side = right hand side

6.18 Determine the equivalent-m circuit for the line of Prob. 6.12.

Solution:
By Eq. (6.46) and Problem 6.12,

sinhy! = 0.0419 + j0.3565 = 0.359,83.3°

0.359 / §3.3°
2/ = 144.3,7596° x ——L2SS- _ 141.4,7590°
| LT596° X osm mage ARl
By Eq. (6.49) and Problem 6.12,
Y 1 0.9354 + j0.016 — 1 6 .
7 = 30a,-7.02° . 0359,833° 471 x 107/ 8087 S
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6.19 Use Eqgs. (6.1) and (6.2) to simplify Eqs. (6.57) and (6.58) for the short transmis-
sion line with (a) series reactance X and resistance R and (b) series reactance
X and negligible resistance.

Solution:
From Eq. (6.1) and (6.2), it follows that, for a short line ‘

A=D=1 B=2Z=R+jX2|2Z|,0 C =0
(a)

Vs| IV, Vr|?
From Eq. (6.57): Pp = '—%-’-‘-’cos((ﬁ—a)—'—lz“—:cow
Vsl IV, Vg2
From Eq. (6.58): Qg l—MSin(dJ—&)—' L sin ¢
1Z] 1Z]
(b) If R=0, then B=Z = X 7 90° and
Pp = '—Vi’}/ﬂsims
2
Qr = ——'VSL}VRICOM——WR'

6.20 Rights of way for transmission circuits are difficult to obtain in urban areas
and existing lines are often upgraded by reconductoring the line with larger
conductors or by reinsulating the line for operation at higher voltage. Ther-
mal considerations and maximum power which the line can transmit are the
important considerations. A 138-kV line is 50 km long and is composed of
Partridge conductors with flat horizontal spacing of 5 m between adjacent con-
ductors. Neglect resistance and find the percent increase in power which can be
transmitted for constant [Vs| and |Vp| while & is limited to 45°

(a) if the Partridge conductor is replaced by Osprey which has more than twice
the area of aluminum in square millimeters,

(6) if a second Partridge conductor is placed in a two-conductor bundle 40 cm

from the original conductor and a center-to-center distance between bundles
of 5 m and

(¢) if the voltage of the original line is raised to 230 kV with increased conductor
spacing of 8 m.

Solution:

Length of 50 km is a short line and with resistance neglected the generalized circuit constants

are A =1,/0° and B = X £90°. Then, since resistance is neglected conductor heating is
disregarded; and from Eq. (6.57),

_ 1VslIVR|

P
R X

cos 45°
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or, inversely proportional to X if we assume constant |Vs| and |Vz|. Additionally,
Deg = ¥5x5x10 = 6.30 m, or 6.30/0.3048 = 20.67 ft
(a)

. o,y 2067
For Partridge: X = 0.07541n o027 = 0.5172 Q1 /km
- 20.67
For Osprey. X = 0.0754In 60—282 = 0.4969 Q/km

Ratio of Pgr (new/old):

0.5172

5065 — 1041 (4.1% increase)

D, = +/0.0217 x (0.4/0.3048) = 0.1688 ft
20.67 :
X = 00754ln 01688 — 0.3625 Q/km
ggézg = 1427 (42.7% increase)
(¢) Princreases by factor of (%8.)2 = 2.78 due to increased V. Pg decreases due to increase
of X.
Dy = V8x8x15 = 33.07ft
33.07
= 0.0754In ——— =0.
X 07541n 50215 0.5526 km
Decrease factor = 0.5172
eere = 05526
0.5172
i = 278X ——— = 2.
Resultant factor of increase 2.78 x 05526 2.602
Increase = 160.3%

However, in addition to the increase in conductor spacing and insulation, larger conduc-
tors will probably be required since current will increase by a factor of about 230/138

and |I[2R loss in the line by a factor of about 2.78 for the increase in load at the same
power factor.

6.21 Construct a receiving-end power-circle diagram similar to Fig. 6.11 for the line
of Prob. 6.12. Locate the point corresponding to the load of Prob. 6.12 and
locate the center of circles for various values of |Vs| if |Vgr| = 220 kV. Draw
the circle passing through the load point. From the measured radius of the

latter circle determine |Vs| and compare this value with the values calculated
for Prob. 6.12.
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Solution:
Use scale of 1” = 50 MVA. By comparing the work in Problem 6.12(c) with the equation
Vs = AVg + Bl we find
A = 0.9354 + 50.0160 = 0.936,0.98°
B = 394,-7.02°(0.0419 + 70.3565) = 141.4/76.28° Q
B—a = T6.28°-—-098° = 75.3°
|AlIVR)® 09354 x 2207
|B| 141.4

Use above data to construct load line through origin at cos™! 0.9 = 25.8° in the first quadrant.
Draw a vertical line at 40 MW. The load point is at the intersection of this line and the load
line. The radius of the circle through the load point is 7.05".

= 320.2 MVA

705 x50 = 3525
[Vs| Vel -
LR o 3525
|B|
352.5 x 141.4
Vs o 226.5 k

6.22 A synchronous condenser is connected in parallel with the load described in
Prob. 6.12 to improve the overall power factor at the receiving end. The sending-
end voltage is always adjusted so as to maintain the receiving-end voltage fixed
at 220 kV. Using the power-circle diagram constructed for Prob. 6.21, determine
the sending-end voltage and the reactive power supplied by the synchronous
condenser when the overall power factor at the receiving end is (a) unity
(b) 0.9 leading.

Solution: -

On the diagram for Problem 6.21 draw a new load line in the fourth quadrant at cos~10.9
with the horizontal axis. Draw power circles at radii |Vs||Vr|/|B| = 311, 327, 342, 358, 373
and 389 MVA for [Vs| = 200, 210, 220, 230, 240 and 250 kV, respectively. This provides the
power circle diagram that we can use for parts (a) and (b).

For p.f.= 1.0 read |Vs| = 214 kV at 40 MW on the horizontal axis. The vertical distance
between the horizontal axis and the load line in the first quadrant respresents the kvar of the
capacitors needed. The value is 19.3 kvar.

For p.f.= 0.9 leading, read |Vs| = 202 kV where the vertical line through 40 MW intersects
the load line in the fourth quadrant. The vertical distance between the two load lines at
40 MW represents the kvar of capacitors needed. The value is 38.6 kvar.

6.23 A series capacitor bank having a reactance of 146.6 €2 is to be installed at the
midpoint of the 300-mi line of Prob. 6.16. The ABCD constants for each 150 mji

portion of line are

= D = 0.9534,0.3°
90.33,84.1° Q
= 0.001014,90.1° S

A
B
C
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(a) Determine the equivalent ABCD constants of the cascade combination of
the line-capacitor-line. (See Table A.6 in the Appendix.)

(b) Solve Prob. 6.16 using these equivalent ABCD constants.

Note to Instructor: This problem is somewhat long, but the solution
is interesting to show that the ABCD constants of networks in series
as given in Table A.6 can be calculated by matrix multiplication.
The problem also shows the large reduction in voltage accomplished
by series capacitors in the middle of the line. Compare results of
Problems 6.16 and 6.23.

Solution:

(a)

Let A = 0.9534,0.3° 90.33,84.1°
- 0.001014,90.1° 0.9534,0.3°

A | 108 146,290 4
0 1.0,0°

0.9534,03°  50.91,-78.65° 0.9534,0.3° 90.33/84.1°
0.001014,90.1° 1.1022,0.27° 0.001014,90.1° 0.9534,0.3°

_ 0.9597,1.18°  42.30,64.5°
~ .| 0.002084,90.4° 0.9597,1.18°

_[A B
- CDnew

{(b) For Vr and I from Problem 6.16,

Vs = 0.9597,1.18° x 199,186 ,0° + 42,30/ 64.5° x 669.4 ,—36.87°
= 216,870,4.5°

Is = 0.002084,90.4° x 199,186,0° +0.9597,1.18° x 669.4 /—36.87°
= 5204,4.44° '
216,870 — 199,186

Voltage drop = - 26870 x 100 = 8.15%

(Compare this voltage drop with that of Problem 6.16)
216,870/ 4.5°

V. = e—— s — 35 . ©
RNL 00597, L1° _ 2> 9T332V

Is,nr = 0.002084,90.4° x 225,977,3.32° = 470.9793.7° A

225,977 ~ 199,186
% Reg. 199186 x 100 = 1345%

(without capacitors 57.6%)

6.24 The shunt admittance of a 300-mi transmission line is

Ye = 0+ 56.87 x 107® S/mi

.
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Determine the ABCD constants of a shunt reactor that will compensate for
60% of the total shunt admittance.

Solution:
Capacitive susceptance: Bc = 6.87x 107% x 300 = 0.002061 S
Inductive susceptance: By = 0.6 x 0.002061 = 0.001237 S g
For the shunt reactor, A=D = 10.0°"
B =0
C = —30.001237 S

6.25 A 250-Mvar, 345-kV shunt reactor whose admittance is 0.0021 /—90° S is con-
nected to the receiving end of the 300-mi line of Prob. 6.16 at no load.

(a) Determine the equivalent ABCD constants of the line in series with the
shunt reactor. (See Table A.6 in the Appendix.)

(b) Rework part () of Prob. 6.16 using these equivalent ABCD constants and
the sending-end volage found in Prob. 6.16.

Solution:

For the shunt reactor
A=D=10 B =10 C = —30.0021 S
(a)
Aeq = 0.818,1.3°+172.2/84.2° x 0.0021 /=90° = 1.1777,-0.88°
Beq = 172.2,/84.2° Deq = 0.818,1.3°
Ceq = 0.001933/90.4° + 0.0021 (—90° x 0.818,1.3° = 0.000217/83.25°
(b) From Problem 6.16, Vs = 256, 738,20.15°. So,

256,738,20.15°

Va,n 220, 98L& ds. 03°
RNL T —oges = 217,999,21.03° V
Is,np = 0.000217/83.25° x 217,999, 21.03° = 47.3,104.28° A

Recall that the shunt reactor is in the circuit only at no load. So, from Problem 6.16,
VR, FL = 199,186,0° V

and

217,999 — 199, 186
199,186

(comparelwith Problems 6.16 and 6.24)

% Reg. = 945%

6.26 Draw the lattice diagram for current and plot current versus time at the sending
end of the line of Example 6.8 for the line terminated in (a) an open circuit
(b) a short circuit.




Solution:

(a) Zr = oc, and for current

Zpr— 2. 1- 7;
PR= TZprz. T i Z )
R c + Zr
0 - Zc
= - = <+1
Ps 0T 2. +
120
. . ot = futuh— 4 A
Initially ¢ )
Po=1 Pr=-1
0 o] :
T 4A > 44 . ;
2T 0=

-4 27 4T §T

3T -44 > 7 j
¢ |

4T< = 3
4 ‘

- 42

- -4A

(b) Zr =0, and for current

_ 0-Z _
PR.= "0rz. T
_ 0=z _
pPs = 0+ Z.
" 120
Initially i* = - = 4 A
Po=1 Be=1 —-l 284
\ ‘ o]
42 > —20a
< ’
ga=
‘ —i2a
122 >
'< 4 162 J_— —4a
4

— 20A - 0 27 4T 6T

6.27 Plot voltage versus time for the line of Example 6.8 at a point distant from the
sending end equal to one-fourth of the length of the line if the line is terminated
in a resistance of 10 Q.

| |
' |
]
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6.28

6.29

Solution:

Imagine a vertical line on the diagram of Fig. 6.15(}) at one-fourth the line length from the
sending end toward the receiving end. Intersections of this line and the slant lines occur at
T = 0.25T, 1.75T, 2.25T, 3.75T, etc. Changes in voltage occur at these times. The sum of
the incident and reflected voltages are shown between slanted lines and determine the values
plotted below.

120V

l—:-r;\’

120V

0 T

4T

Solve Example 6.8 is a resistance of 54 § is in series with the source.

Solution:
For voltage,
_ 54-30 2
o = St30 7
_ 9%0-30 1
PR = 30+30 ~ 32
Initial voltage impressed on line:
30
x 120 = 4286V
30 + 54
Final value:
% =75V
90 + 54
> 205 v 75 v =75 v
Th42.86 > y CTSTRT.
21.437V Ve .
27 64.29
“ <s.12 v S Ve 64.25 V
3TE70.41
3.06 60 V
4T 73.47= %
0.87 v
7434 - 0 T 27 37 4T Eld

Voltage from a dc source is applied to an overhead transmission line by closing
a switch. The end of the overhead line is connected to an underground cable.
Assume both the line and the cable are lossless and that the initial voltage along
the line is v*. If the characteristic impedances of the line and cable are 400

and 50 €, respectively, and the end of the cable is open-circuited, find in terms
of v+ '
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(a) the voltage at the junction of the line and cable immediately after the
arrival of the incident wave and

(b) the voltage at the open end of the cable immediately after arrival of the
first voltage wave.

Solution:

(a) The initial wave of voltage v arriving at the juction with the cable “sees” the Z, of
the cable. So, at the end of the overhead line:

50 — 400
= 270 _ o777
PR = 30+ 400

and the voltage at the juction is
(1-0.777)v" = 0.223vF

which is the refracted voltage wave travelling along the cable.
{b) At the end of the cable pr = 1.0 and

vp = (0.223+0.223)v" = 0.446v7

6.30 A dc source of voltage Vs and internal resistance Rs is connected through
a switch to a lossless line having characteristic impedance R,. The line is
terminated in a resistance Rg. The travelling time of a voltage wave across the
line is T. The switch closes at t = 0.

(¢) Draw a lattice diagram showing the voltage of the line during the period
t =0 tot=T7T. Indicate the voltage components in terms of V5 and the
reflection coefficients pr and p,.

(6) Determine the receiving-end voltage at t = 0, 27", 4T and 6T, and hence
at t = 2nT where n is any non-negative integer.

(c) Hence determine the steady state voltage at the receiving end of the line
in terms of Vs, Rs, Rr and R..

(d) Verify the result in Part (c) by analyzing the system as a simple dec circuit
in the steady state. (Note that the line is lossless and remember how

inductances and capacitances behave as short circuits and open circuits to
de.)

Solution:
(a)

A - -
Vf - VS ( Rc ) RR RC RS Rc

- S\R.¥Rs PR RrtR. P*= Rs+R.
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t=0= Ve(0) = 0

t=2T = Va(2T) = Va(0)+V;+prVy = (1+pa)V;
t=4T = Vg(4T) Vr(2T) + psprVs + pspR Vs

(1 + pr)Vy + pspr(1+ pr)Vy

= (1+pr)(1+ pspr)Vy

Vr(4T) + p2pRVy + 2pRVy

= (14 pr)(1 + pspr)Vy + p2p%(1 + pr)V;
= (1+pr) [1 + pspr+ (paPR)Q} Vs

t=6T = Vg(6T)

Hence at any given t = 2nT,

n-—1 n
Ver(2rT) = (1+ pr) {z (p,pR)j} Vf = (14 pgr) 1 —{(pspr) ) Vf

=0 1—pspr

(c) At the steady state, n — oo. If Rs or Rg # 0, |pspr] < 1 and (p,pr)" — 0 as n — cc.

Hence,
1%
Va() = (1+pR) y—t—
= PsPR
(o] (]
. 2Rr
1+rr = =&
1 _ (Rs+Rc)(Rr+R.)
1 - pspr 2R.(Rs + Rp)
R
Vi, = —S_ V.
d Rs+R. °
Ve(oo) = —2Br_  (Rs¥RJ)(Re+R) R _ _Ra

Ve = ——B__ |
Rr+R. 2R.(Rs+Rp) "R+l °= BstRn '
(d)

Rp
Vp = —_—
R =Vs (RR+RS)
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' (iine)

Chapter 7 Problem Solutions

7.1 Using the building-block procedure described in Sec. 7.1, determine Yy, for
the circuit of Fig. 7.18. Assume there is no mutual coupling between any of
the branches.

Solution:
First the voltage sources are converted to current sources. Then, the building blocks are given
as follows:

® ® o
E TR 720 21 29

@ ® ® @ @ @
gL s g4 Ao (2 Yono

Combining these together yields

@ @ ®@ & O

@® [-j55 425 52 0O 50
® | j25 -j115 j4  jO - 55
@ | J2 j4 -j14 ;8 Jjo
@ | 40 Jo j8 —j10 32
®

70 5 70 j2 =378
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(line)

Chapter 7 Problem Solutions

7.1 Using the building-block procedure described in Sec. 7.1, determine Yy, for
the circuit of Fig. 7.18. Assume there is no mutual coupling between any of
the branches.

Solution:

First the voltage sources are converted to current sources. Then, the building blocks are given
as follows:

0 O o o

Vo Q[ o F [ e

o [
@ ©® @ @ @ 6

@ &
@ 1 -1 . ®
Combining these together yields

@ @ @ @ O

® [-j55 425 452 430 40
@ | j25 -j115 j4  j0 35
Q| 52 j4  —jl4  j8 50
@ | 50 30 8  —j10 52
® | 50 35 0 52 —57.8
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7.2 Using the Yy, modification procedure described in Sec. 7.4 and assuming no
mutual coupling between branches, modify the Yy obtained in Prob. 7.1 to
reflect removal of the two branches @-@Q) and @-@® from the circuit of Fig. 7.18.

Solution:

To remove branches D@ and @-@), we add the following blocks to Yy, :

® ® @ ©
% [_i _H(jZ.O) % [_; ‘i](js.O)

This results in the following modified Yyys :

® @ ® o 6
—j35 j25 j0 0 30
j25 —j65 44  j0 40
jO j4  —j12 8 50
j0 50 38 —j10 42
j0 40 j0 52 —j28

GISISICIS)

7.3 The circuit of Fig. 7.18 has the linear graph shown in Fig. 7.19 with arrows
indicating directions assumed for the branches a to h. Disregarding all mutual
coupling between branches

(a) determine the branch-to-node incidence matrix A for the circuit with
node 0 as reference.

(b) find the circuit Yy, using Eq. (7.37).

Solution:

{a) The branch-to-node incidence matrix is found to be

O 0 @ ® 6
@[ 1 -1 0 0 0]
®l-1 0 1 0 o
@ 0 -1 1 0 o0

A-@] 0 -1 o0 o0 1
@] 0 0 1 -1 o0
@l 0 0o 0o 1 =1
@|-1 o0 0 o0 o
®[ 0 0 0 o0 -1
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(b) Y, is given by
® ® © @ @ © @ O

@ [-725 - :
® . —52 .
® . —74 .
. —45 .
Yor = % . —38. .
6) . -52 .
0 . —51 .
® i . . . . -350.8 |
© @ ® ® 0
@ [-j5.5 325 52 50 50
@ | j25 —j115 44 50 75
Yo = ATY,,A =0 | 52 74 —jl4 ;8 30
@ | 370 50 78 =510 ;2
® | 40 35 30 72 —578

7.4 Consider that only the two branches O-@ and @-@ in the circuit of Fig. 7.18
are mutually coupled as indicated by the dots beside them and that their mutual
impedance is 0.15 per unit (that is, ignore the dot on branch @-@®). Determine
the circuit Yy, by the procedure described in Sec. 7.2.

Solution:

The primitive impedance matrix for the mutually coupled branches O~@ and @-@ is in-
verted as a single entity to yield the primitive admittance matrix

>0 2O *® o0
O-Q@ [j05 40151 _  [-j2.43002  j1.46341
o-® |j015 j025| 7146341 —;4.87805
Building blocks of the two mutually coupled branches D—@ and @—Q) are
o O @ O _
ol 1 -11 . @[ 1 -17,.
G |1 1|(-4243%2) @ |1 1|014634D)
O @ @
o[ 1 -11,. @[ 1 -17, .
@ |_1 1|U14634D) & |1 1|(-487805)
Building blocks of the remainihg branches are determined as
) O 2 : ® @

O [1](-319) g[_} ‘i](—jm %[_} '}](-js-O)

2 ® @ ©
S e $0 oo e 1m0

R g e Gk

BN Sy
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Combining all the above building blocks gives

@ @ € @ ®
@ [-j5.93902 ;396341  j0.97361 450 50
@ | ;396341 —;12.37805  ;3.41464 40 55
@ | j0.97561 ;341464 —j12.39025 8 ;0
@ 30 70 78 -j10 52
® 70 5 30 2 =578

7.5 Solve Prob. 7.4 using Eq. (7.37). Determine the branch-to-node incidence ma-
trix A from the linear graph of Fig. 7.19 with node 0 as reference.

Solution:

The branch-to-node incidence matrix found in Prob. 7.3 can be used here. Yp, is obtained
by inverting Zy, as follows.

@ ® @ @ @ ©0 0 6

@ [j04 . . .
® j0.5  50.15
o) 30.15 50.25
-1 @ . - 702 -
Ypr = Zpr = @ j0.125
) .05 -
O] -l :
® | - . . . : 71.25 |
@ ® @ @ 6 0 ® 6
® [—j25 . . ) ) . . o
® —72.43902  j1.46341
® j1.46341 —354.87805
_ @ . . -5 -
® N
@ .-G
@ . 71 .
® | . —j0.8
Using Eq. (7.27), we have
) @ &) @ 6
—35.93902 73.96341 70.97561 0 0

j3.96341 —j12.37805  ;3.41464 0 35

j0.97561  j3.41464 —;12.39025  j8 O
0 0 78 -j10 2
0 35 0 2 —j7.8

GICIEISIS)
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(7.6) Using the modification procedure of Sec. 7.4, modify the Ygys
solution of Prob. 7.4 (or Prob. 7.5) to reflect removal of the branch
2-3 from the circuit.

Solution:

We first remove both branches (1-3) and (2-3) which are mutually
coupled, and the new branch (1-3) is then reconnected. Thus, the
following building blocks are subtracted from Ygys:

@_CD ©) o @ Q.
1A ](—;2.43902) [1 1 1(1.46341)
QL1 1 ALl 1]
@_CD ©) o @ Q. :
LA ](jl.46341) [1 1 |(-4.87805)
®L1 1 Al1 1| r

And the following building block is added to Yguys:

2® %o
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Giving Ygus =

O © © & ©
[ 55 25 j2 0 0
25 75 O 0 75
-j10  j8 0
0 0 8 10 j2

O
oy
@ j2 0
@
)




91

(7.7) Modify the Ygys determined in Example 7.3 to reflect removal
of the mutually coupled branch 1-3 from the circuit of Fig. 7.11. Use
the modification procedure of Sec. 7.4.

Solution:
First, both branches (1-3) and (2-3) are removed, and then branch
(2-3) is reconnected. Thus, the following are subtracted from Ygus:

g[? 'Clj)](-je.zs) g[? '?} (3.75)
g[? ‘?](Bm g[? Cf)] (46.25)

And the building block for the new branch (2-3) is added to Ygys:

@0

@[ L1 ] 0

@l1 1

Giving Ygus =

©O O © &

O [-105 j8 0 j25 ]
D 8 17 j& 5
® 0 j4 -48 O
| 25 5 0 -83]
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(7.8) A new branch having a seli-impedance of jO.2 per unit is
added between nodes 2 and 3 in the circuit of Fig. 7.11. Mutual
impedance of jO.1 per unit couples this new branch to the branch
already existing between nodes 2 and 3. Modify the Ygys obtained
in Example 7.3 to account for the addition of the new branch.

Solution:

Since the existing branch (2-3) is mutually coupled to branch (1-3),
we remove these simultaneously. Then we reconnect these branches
along with a new branch between nodes 2 and 3.

Thus, we subtract the following from Ygys:

g[? ‘?](—j&ZS) g[? 'Cf)] (3.75)
e 57

And, to reconnect these branches, along with a new mutually coupled
branch between nodes 2 and 3, the primitive admittance matrix is
first found:

1-3 2-3 2-3new 1-3 2-3 2-3new
1-3 j0.25 j0.15 0 1 -j7.27273 j5.45455 —2.72727
2-3 jo.15 .25 0.1 =1 j5.45455 -©.09091 j4.54545

2-3new| o jo1 o2 -2.72727 j454545 -7.27273
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And from these, the additional building blocks:

ONE) 20 2 0.
Ori 2 (-;727273)@) 1 -1 ](545455) Orr 4 (-2.72727)
L1 1 ] L1 1 ] L1 1|
o 06 ®_® Q. ®_® ©)
Ori 4 (j545455) 1 -1 }j9.09091) 1 (j454545)
L1 1] L1 1| AL1 1]
or$ P or? $ 209
LU 1] 72727y (#34545) O 1 1 | 727273
@_—1 1 @h_l 1 d @L—l 1
Giving Ygys =

[-j17.77273 j10.72728 j4.54545 j2.5
-20.27274 j4.54546 j5.0
-j9.89091 0

Symmetric
ym -j8.3

(7.9) Suppose that mutual coupling exists pairwise between
branches 1-3 and 2-3, and also between branches 2-3 and 2-5 of Fig.
7.18, as shown by the dots in that figure. The mutual impedance
between the former pair of branches is j0.15 per unit (the same as in
Prob. 7.4) and between the latter pair is jO.1 per unit. Use the
procedure of Sec. 7.2 to find Ygys for the overall circuit including the
three mutually coupled branches.




94

Solution:
The primitive impedance matrix is inverted as a single entity to

yield:

3-1  3-2  5-2 3-1 3.2 5-2
3.1[ 05 015 0 T [-258065 j1.93548 -0.96774
3-2| 015 025 jO1 | =| /193548 -j6.45161 j3.22581

5-2¢ 0 jO1 jO.2 -j0.96774 j3.22581 -j6.61290

All other admittances are determined on an element-by-element
basis.

The resulting admittance diagram is shown below:

1.14-_9_Q:GD -0 0.8 CA 0.72£=120°
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The building blocks are:

@- 1 4 - ' @' 1 -1 1. @ 1 . -
ola 1 -(—12.58065) oli 1 _(11.93548) Ola 1 (-10-96’74)
@.1 3] @'1 —1'_. @ 1 _17
ol 1 _(11.93548) ola -(16.45161) ola 1 (13.22581)
@ 0. 3 Q. ® @
g[ i ‘i -(-1'0.96774)2._1 '1 0322580 g [ 1 1 ](—j6.6129)
22 %9
1 -1 7. -1 7.
1 1 ](]2.5) @[-1 1 ](}8)

@
@
foNe @ ®
Ori 2 ](_,2) @ [1] G10) @ [11(508)
@1 1

-1

Giving Ygus =

" -j6.08065 j3.46774 j0.64517 O j0.96774 ]
-j9.11289 j2.25806 0 j3.38709
-13.16130 8 j2.25807
Symmetric 10 2

i -9.41290 |
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(7.10) Solve for the Ygys of Prob. 7.9 using Eq. (7.37). Use the linear
graph of Fig. 7.19 with reference node O to determine the branch-to-
node incidence matrix A.

Solution:
(a) The branch-to-node matrix is:
O DO BB
@[ 1 -1 0 0 0]
®| -1 0 1 0 0
©| 0 1 1 0 o0
A. ©l 0 1 0 0 1
®l o 0 1 1 o0
@ o o 0 1 4
@1 0 0 0 o
®l o 0 0o 0o a

(b) The primitive admittance matrix is:

® ® © @ © 0O @ ®
0.4 | 74
jo.5 jO.15
jO.15 j0.25 0.1
jo.1 j0.2
jO.125

1 _

jO.5
j1.0
_ j1.25

OO0 066




PO 06 6066

®@ © © @

-j2.5

-2.58065 j1.93548 £.96774
j193548 -j6.45161 j3.22581
50.96774 j3.22581 -f6.61 290

And YBUS = A’IYprA =

!

[ -j6.08065 j3.46774 j0.64517 0

9.11289 j2.25806 0

-13.16130 Jj8

Symmetric 510

(as in Prob. 7.9.)

97

© ® @ 6

j0.96774 ]
j3.38709
j2.25807
j2
-9.41290

=

B, SR

e PR TSR AR oy SEBREE R
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(7.11). Suppose that the direction of branch d in Fig. 7.19 is reversed
so that it is now directed from node 2 to node 5. Find the branch-to-
node incidence matrix A of this modified graph and then solve for
the Ygys of Prob. 7.9 using Eq. (7.37).

Solution:
A is given by:
ONONONMONE,

@[ 1 -1 0 0 0]
®| -1 0 1 0 0
©| 0 1 1 0 0

A. @l 0 1 0 0 1
®| 0o 0 1 -1 0
@]l o o 0 1 4
®@| -1 0 0 0o o
®[ 0 0 0 0o a1

The primitive impedance matrix can be written as follows where the
sign of the mutual impedance between branches ¢ and d is changed
since the directions of the branch c to d does not match the polarities
indicated by the dots of Fig. 7.18.
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@ ® © @ © ®© @ ®

@ [ jo4 | B
) jo.5 jO.15
© jO.15 j0.25 0.1
Ypr = zfnlr = @ -j0.1 j0.2
® j0.125
¢9) JjO.5
® j1.0
® j1.25
@ ® © G) © © @ ®
@[ 25 | i
o —2.58065 j1.93548 j0.96774
© j1.93548 -6.45161 -j3.22581
o) 096774 +3.22581 —6.61290
® -8
6y -j2
® 1.0
o -j0.8 _
And Ygyus = ATYprA =
D @ ©)) ® Q
© [ -/6.08065 j3.46774 j0.64517 0 j0.96774 ]
0)) -©.11289 j2.25806 0 j3.38709
® -j13.16130 ;8 j2.25807
g Symmetric -j10 Jj2
| | 9.41290 |

Note that regardless of the directions of the branches in the linear
graph, a proper primitive impedance matrix can be chosen to give
the correct result.
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(7.12) Using the Ygys modification procedure described in Sec. 7.4,
remove branch 2-3 from the Ygys solution obtained in Prob. 7.9 (or
Prob. 7.10 or Prob. 7.11).

Solution:

Since line (2-3) is mutually coupled to lines (1-3) and (2-5), we first
remove all three mutually coupled lines. The we reconnect lines
(1-3) and (2-5) resulting in the removal of line (2-3) only.

The following building blocks are subtracted from Ygys:

@_@ Q. @_@ @. @.@ Q.
1 -1 . 1 -1 |; 1 4
~j2.58065 (j1.93548) S
ola 1 _(1 )CD.—I . Ola 1 -(10.96774)
Q0 Q@ Q ® 0
Or1 4 1 (j1.93548) Or1 1 645161 Orr 2 13.22581)
Qi1 1 @Ll1 1] @l1 1 ]
Q@ Q@
@?? Or1 17, @-@_@-
(510.96774) (3.22581) 11 1 6.6129)
Ola 1| @Ql1 1] Ola 1]

And the following building blocks are added:

oP 9 o P
®l1 1 }(72) Gl1 1 ](_]5)
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Giving:

©O © ® & ©
o[ 55 25 2 0 0 ]
Q| »5 475 0 0 75
® 2 0 -10 8 0
@ 0 0 j8 10 2
©L 0 j5 0 2 7.8

(As in Prob. 7.6)

(7.13) Write nodal admittance equations for the circuit of Fig. 7.18
disregarding all mutual coupling. Solve the resultant equations for
the bus voltages by the method of gaussian elimination. '

Solution:

The nodal admittance equations are:

SR S

55 25 42 0 0 [ vi] [ razeoe]
j25 115 j4 0 j5 Va2 0 :
2 A 14 B 0 ffvi|=l o
o o j8 <10 j2 || Vs 0
Lo 5 o0 g2 -78]1Lvsd [072/-120 |
Forward elimination gives: {
C -0.45455 -0.36364 O o Uwl[ o2 i 7
0 | -/1036364 j4.90909 0 75 Va2 -j0.5
0 j4.90909 -j13.27273 8 0 Vi -j04
0 0 B -j10 j2 Vg 0
| o j5 0 2 578 JLvs] L-036j062354_
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[ 1 -0.45455 | -0.36364 0 0
0 1 -0.47368 0 -0.48246
0 0 1510.94737  J8 236842
0 0 B -j10 J2
.0 0 2.36842 2 -j538772
1 -0.45455 -0.36364 0 o
0 1 -0.47368 0 -0.48246
0 0 1 073077 -0.21635
0 0 0 —j4.15385 j3.73077
|0 0 0 j373077 -j4.87532 |
C 1 -0.45455 -0.36364 0 0 ]
0 1 -0.47368 0 -0.48246
0 0 1 -0.73077 | -0.21635
0 0 0 1 -0.89815
) 0 0 0 -j1.52454
! -0.45455 036364 0 0 Il
0 1 -0.47368 0 -0.48246
0 0 1 -0.73077 -021635
0 0 0 1 -0.89815
L0 0 0 0 1 L

Back substitution yields the bus voltages:

V5 =0.93178 -j0.23614 =0.96124/-14.2210°
V4 =0.94891 -j0.21209 =0.97232/-12.5991°
V3=0.95319 -0.20607 =0.9752/-12.1990°

V2=0.94930-j0.21154 =0.97258/-12.5624°

V1=097812 -0.17109 = 0.99297/99216°

02
0.04825
-0.63684
0o
| -0.36-j0.62354 |

02
0.04825
0.05817

f0.46538
| -0.36-j0.62354 _

02
0.04825
0.05817
0.11204

| -0.36-j0.62354
0.2
004825

005817
0.11204

| 0.9317 8023614
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(7.14) Prove Eq. (7.69) based on Eq. (7.68).

Solution:
Consider the nodal admittance equations in the form:

Y11 Yip Yin Vi I
Yp1 Ypp Yon || Vp |=| I
L Ym an Ynn JL Vn N _In_

The pth equation is written as

Il
2 YoV =1
k=1

If I, = 0, Vpis given by:

REEe:
Vo= 2H Y Vi
Ypp k=1
k=p

By substitution of the above V), into the jth equation, the jth
equation becomes:
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Il

z Y;pY,
2 YV =2 (ij- 2 pk)Vk

k=1 k=1 YPP
kzp
n
= Z ij,new Vi
k=1
k=p

In this reduced set of equations, the new coefficient is as defined in
Eqg. (7.69).

(7.15) Using the gaussian-elimination calculations of Prob. 7.13, find
the triangular factors of Ygys for the circuit of Fig. 7.18.

Solution:
Elements of two matrices L and U are (refer to Prob. 7.14):

-j5.5 0 0 0 0o
2.5  -j10.36364 0 0 0
L= 2 j4.90909 -j10.94737 0 0
0 0 j8 -j4.15385 0
) j5 j2.36842 j3.73077 -j1.52454 |
i 1 -0.45455 -0.36364 0 | 0 ]
0 1 -0.47368 0 -0.48246
U= 0 0 1 -0.73077 -0.21635
0 0 0 1 -0.89815
.0 0 0 0 1 i




105

(7.16) Use the triangular factors obtained in Prob. 7.15 to calculate
new bus voltages for Fig. 7.18 when the voltage source at bus 5 is
changed to 1.0/=45° per unit. Follow the procedure of Example 7.9.

Solution:

The new voltage source at bus 5 is converted to a current source,
1.0/-45° + j1.25 = 0.8/=125° per unit. Using the L and U of Prob.
7.15, the equation to solve is

LUV

[ 1.1/-90° ]
0
=] = 0
0

| 0.8/-125° |

We first let UV = V' and solve LV' = I for V' as follows:

-j5.5
j2.5
j2
0
0

0 0
-710.36364 0

j4.90909 -j1094737 0

0 j8

75 j2.36842 j373077

Solving by back substitution:

0 0
0 0
0
-j#4.15385 0
-j1.52454
B 0.2 ]
0.04825
0.05817
0.11204

| 0.89383-j037105 |

-

- -

v'ﬂ

1.1/90° ]

| 0.8/=125°

e
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V is then determined from solution of UV = V*:

Tl -045455 -0.36364 0 o A wvlT 02 7
0 1 -0.47368 0 048246 || V2 0.04825
0 0 1 073077 021635 || V3 |= 005817
0 0 0 1 0.89815 || Va 0.11204
.o 0 0 0 1 4L VsJ | 089383 037105

From which we get:

© 095063 ~j0.26884 | [ 0.98791/-15.791° ]
0.91531 -/0.33240 0.97380/-19.9588°
V =| 0.92008 -0.32381 |=| 0.97540/=19.3888°
0.91483 -j0.33326 0.97364/-20.016°
| 0.89383 -0.37105 | | 0.96779/-22.5445°

(7.17) Using the triangular factors obtained in Example 7.9, find the
voltage at bus 3 of the circuit of Fig. 7.11 when an additional current
of 0.2/-120° per unit is injected at bus 2. All other conditions of Fig.
7.11 are unchanged.

Solution:
The equations to be solved are:

0
0.2/-120°

1.0/=90°
| 0.68/-135° |
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L and U are given in Example 7.9. Let UV = V' ; solve LV' =1 for V:

[ -j16.75 0 0 0 ) i 0
j1175 -j11.00746 0O 0 v || 0220
25  j4.25373 378305 0 T 1.0/290°

| 25 75373 298305 -j1.43082 ] | 0.68/=135°

Solving by back substitution:

\

0

\'%A 0.01574 -j0.00908
0.28203 -j0.01022
L J [ 0.99832 -j0.40023 _

V is next determined from solution of uv=V"

070149 -0.14925 -0.14925 0

1

0 1 038644 -0.61356 ||V | 0.01574 -j0.00908
0 0 1 -0.78853 | 0.28203 -0.01022
0 0 0 1 0.99832 -j0.40023

From which we get:

- 1 [ 1.03916-0.37532 ] [ 1.10486/-19.8585°
\ 1.04146 —j0.38055 | | 1.10881/-20.0723"
1.06924 -j0.32581 1.11778/=16.9466°
|| | 099832 -j0.40023 | | 1.07556/-21.8460" |

(7.18) (a) Kron reduce Ygys of the circuit of Fig. 7.18 to reflect
elimination of node 2. (b) Use the Y-A transformation of Table 1.2 to

eliminate note 2 from the circuit of Fig. 7.18 and find Ygys for the
resulting reduced network. Compare results of parts ( a) and (b).
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Solution:

Ygus of the circuit of Fig. 7.18 is given by:

©® @. @ 6 0o

[ 55 25 2
25 -11.5 4 5
Ygus =J 2 4 -14 8
8 -10 2
i 5 2 7.8 |
After Kron reduction of row 2 and column 2:
D ©) @ ©)
[ 495652 2.86957 0 1.08696 |-
yrequced _ ;| 286957 -12.60870 8 1.73913
BUS 0 8 -10 2
| 1.08696 1.73913 2 -5.62609 |

(b) Node 2 is connected to nodes 1,3 and 5 as shown, all impedances
are in per-unit.
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The A-equivalent circuit is:

j1.15 ‘)}}1;4)‘;2
41115

0575

where:

Zis = (j0.4)(j0.2)52 = j0.92

J
Zi3 = (1'0.4)(1'0.25)%i 115
Z3s = (jo.zs)(jo.Z)l—ilj' - j0.575

When the A-equivalent circuit replaces the original star, the following
results:

j1.25




s
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Giving :
& ©) @ ©)
[ 4.95652 2.86957 0 1.08696 ]
2.86957 -12.60870 8 1.73913
Yeus =J 0 . 8 -10 2
| 1.08696 1.73913 2 -5.62609 _

confirming the earlier result.

(7.19) Find the L and U triangular factors of the symmetric matrix

213
M=l154
347

Verify the result using Eq. (7.75).
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Solution:
Forward elimination yields the following:

1 3
1 5 4
. 3 4 7

1 172 3/2
0 9/2 5/2
L O 5/2 5/2

1 1/2  3/2
0 1 5/9
L O 0 10/9 .

L and U are:
0 0 1 172 3/2
L= 1 9/2 O ;U= 0 1 5/9
5/2 10/9 0O 0 1
And
1 0 0 2 0 0
uD={1/2 1 © 0O 9/2 O
3/25/9 1 0 0 10/9
0 0
=1 1 972 0 |=L

3 5/2 10/9

Which verifies Eq. (7.75).
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Chapter 8 Problem Solutions

8.1 Form Zy,s for the circuit of Fig. 8.13 after removing node @ by converting
the voltage source to a current source. Determine the voltages with respect to
reference node at each of the four other nodes when V = 1.2,/0° and the load
currents are /1y = ~30.1, It = —50.1, I13 = —50.2 and Iz4 = —50.2, all in per
unit.

Solution:

When the voltage source is converted to a current source and added as an injected current at
that node, the voltages are

[ j02 j02 §02 7027 [ —j5.9 1.08
_ | j02 jos jo2 j06 01| _ | 096 .
Zowl = | 09 o2 j08 702 702 | = | 0.9p | Peruni
| j02 j06 702 jL1 || Jjo2 0.86 |

-

Alternatively, if the high-side of the voltage source is chosen as the reference:

[ 0.2 502 j02 ;027 [ j0.1 —0.12 ]
_ | 502 j0.6 j0.2 j0.6 jor | _ | -0.24 .
Zowsl = | %02 Jo2 jos joo j02 | = | —0.24 | Perunit
| 0.2 j06 ;0.2 511 | | j0.2 -0.34 |

and the bus voltages are

1 -0.12 1.08

1 -0.24 0.96 .
1.2 % 1 + —0.24 = 0.96 per unit

1 -0.34 0.86
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(8.2) From the solution of Prob. 8.1, draw the Thévénin equivalent
circuit at bus 4 of Fig. 8.13 and use it to determine the current drawn
by a capacitor of reactance 5.4 per-unit connected between bus 4
and reference. Following the procedure of Example 8.2, calculate the
voltage changes at each of the buses due to the capacitor.

Solution:
The equivalent circuit is:
za=s11 @ L
— -

L

V4 =0.84/0" —_ 54

The capacitive current Ic is 0.84/j(1.1-5.4) = -j0.2. The voltage
changes are then:

0 ] [0.04]

AV = Zgus 0 |_|0.12
0 0.04

| 0.2 | L0.22]

(8.3) Modify Zgys of Prob. 8.1 to include a capacitor of reactance
5.4 per-unit connected between bus 4 and reference and then
calculate the new bus voltages using the modified Zgys. Check your
answers using the results of Probs. 8.1 and 8.2.
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Solution: Zpys is augmented to add the shunt capacitor:

0.2 0.2 0.2 0.2/02]
0.2 0.6 0.2 0.6]0.6
] 02 02 0.8 0210.2
02 06 0.2 1.1i1.1
| 02 0.6 0.2 1.1{<4.3]

After kron reduction, Zgys is given by:

1 0.20930 0.22791 0.20930 0.25116

j 0-22791 0.68372 0.22791 0.75349
0.20930 0.22791 0.80930 0.25116

1 0.25116 0.75349 0.25116 1.38140_

And the voltages are:

0.20930 0.22791 0.20930 0.25116 ][ =59 | T[1.12

; 0.22791 0.68372 0.22791 0.75349 || j0.1 _11.08
0.20930 0.22791 0.80930 0.25116 || jO.2 1.00
-0.25116 0.75349 0.25116 1.381401L 0.2 | [1.08l

Which is the sum of V and AV from Probs. 8.1 and 8.2.
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(8.4) Modify the Zgys determined in Example 8.4 for the circuit of
Fig. 8.8 by adding a new node connected to Bus 3 through an
impedance of jO.5 per-unit.

Solution: Let the new node be designated by node g. Zgys becomes:

© o © 6 @

C0.71660 0.60992 0.53340 0.58049 0.53340
0.60992 0.73190 0.64008 0.69659 0.64008
J} 0.53340 0.64008 0.71660 0.66951 0.71660
0.58049 0.69659 0.66951 0.76310 0.66951
| 0.53340 0.64008 0.71660 0.66951 1.21660 4

(8.5) Modify the Zpys determined in Example 8.4 by adding a branch
of impedance jO.2 between buses 1 and 4 of the circuit of Fig. 8.8.

Solution:
Zgus is augmented as follows:
@ @ ©) @ @

071660 0.60992 0.53340 0.58049 | 0.13611 |
0.60992 0.73190 0.64008 0.69659 | -0.08667
0.53340 0.64008 0.71660 0.66951 | -0.13611
0.58049 0.69659 0.66951 0.76310 | -0.18261
0.13611 -0.08667 -0.13611 -0.18261} 0.51872 _
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and by kron reduction, we get:

[0.68089 0.63266 0.56911 0.62841 |
0.63266 0.71742 0.61734 0.66608
0.56911 0.61734 0.68089 0.62159
1 0.62841 0.66608 0.62159 0.69881 .

(8.6) Modify the Zgys determined in Example 8.4 by removing the
impedance connected between buses 2 and 3 of the circuit of Fig. 8.8.

Solution:

To remove the branch between nodes 2 and 3, we add a second
branch of impedance -j0.4 between the two nodes. Therefore, Zgys
is augmented as follows:

@

[ 0.71660 0.60992 053340 0.58049 | 0.07652
0.60992 0.73190 0.64008 0.69659 { 0.09182
0.53340 0.64008 0.71660 0.66951 | -0.07652
0.58049 0.69659 0.66951 0.76310 { 0.02708
0.07652 0.09182 -0.07652 0.02708 | -0.23166

and by kron reduction, we get:

[ 0.74188 0.64025 0.50812 0.58943 ]

0.64025 0.76829 0.60975 0.70732
0.50812 0.60975 0.74188 0.66057

L0.58943 0.70732 0.66057 0.76627 .
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(8.7) Find Zpys for the circuit of Fig. 7.18 by the Zgys building
algorithm discussed in Sec. 8.4. Assume there is no mutual coupling
between branches.

Solution:
ONNE)
O C?l@ T 11
0-1 j[1] 1-2 i[ ] 1-3 ji 1 14 1
1 14
1 1 15
00 0 @
1 1 1:0
2-3 ] 1 14 1 {04 :
1 1 15105
| 0 04 05115
O ) ©)
1 1 1
After kron reduction: j 1 1.26087 1.17391
| 1 1.17391 1.28261

1 1 1 ]

1.26087 1.17391 1.17391
1.17391 1.28261 1.28261
1.17391 1.28261 1.40761 .

3-4 j

© © 0O @
1
1
1
L1
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O © © 6 o0

1 1 1 1 0
1. 1.26087 1.17391 1.17391 0
0-5 j 1  1.17391 1.28261 1.28261 O ;
1 1.17391 1.28261 140761 0
L0 0 0 0 125
¢y, ) ©) Q) ® @
1 1 1 1 0 1
1 126087 1.17391 1.17391 0 | 1.26087
25 1 1.17391 1.28261 1.28261 0 | 1.1739]
1 1.17391 1.28261 140761 0 | 1.1739]
0 0 0 0 125 | -1.25
L 1 126087 1.17391 1.17391 -1.25 2.71087 |

By kron reduction:

O © © 6 o6

[0.63111 0.53488 0.56696 0.56696 0.46111 ]
0.53488 0.67442 0.62791 0.62791 0.58140
J 0.56696 0.62791 0.77426 0.77426 0.54130
0.56696 0.62791 0.77426 0.89926 0.54130
L0.46111 0.58140 0.54130 0.54130 0.67362 |
) ) ©) ® ® @

[ 063111 053488 0.56696 0.56696 046111 | 0.10585
053488 067442 0.62791 0.62791 058140 004651
4-5 j 056696 062791 0.77426 0.77426 054130 023296
0.56696 062791 0.77426 0.89926 054130 035796
046111 058140 0.54130 0.54130 0.67362 -0.13232
[ 0.10585 004651 0.23296 0.35796 -0.13232 ; 099028




119
After final kron reduction, Zgys becomes:

© O €) ©) ©)
C0.61980 0.52991 0.54206 0.52870 0.47525 ]
0.67224 0.61697 0.61110 0.58761
j 0.71946 0.69005 0.57243
Symmetric 0.76987 0.58913

u 0.65594

(8.8) For the reactance network of Fig. 8.14, find

(a) Zgys by direct formation

(b) The voltage at each bus, ,

(c) The current drawn by a capacitor having a reactance of 5.0 per
unit connected from bus 3 to neutral,

(d) the change in voltage at each bus when the capacitor is connected
to bus 3, and

(e) The voltage at each bus after connecting the capacitor. The
magnitude and angle of each of the generated voltages is assumed to
be constant.

Solution:
(a)
© @ O
0411 0.310 0.354
Zgus = J| 0.310 0.446 0.333
0.354 0.333 0.450

(b)

1.6/90° 0.980 +j0.186 0.997/10.75°
V =Zgys|1.2/-60° |=| 0.959 +j0.268 |={0.996/15.61°
0 0912 +j0.200 | [0934/12.37°
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(c) The capacitive current is determined by using Z;; = Z33 and Vi:

0.934/12.37° .
I = =£=20 _ 0.205/102.37° p.u.
© j0.450-55.0 P

(d) The changes in bus voltages due to I are:

AV =Zgys Al

0.411 0.310 0.354 0
=J10.310 0.446 0.333 || 0
0.354 0.333 04501 -0.2054102.37°

0.0726/12.37°
=] 0.0683/12.37°
0.0923/12.37°

(e) The resulting voltages are:

Vnew‘-'—' V + AV

[0.997/10.75°1 [0.0726/1237°
=10.996/15.61° | +| 0.0683/12.37°

0.934/12.37°] [ 0.0923/12.37°
(1.070/10.86°]

=11.064/1541°
11.026/12.37°
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(8.9) Find Zpys for the three-bus circuit of Fig. 8.15 by usmg the
Zgus building algorithm of Sec. 8.4.

Solution:
O O
O 10 O
- 0-2 j|
0-1 Jjl10] [o 1.25]
O O
1 0 O
1-3  j| 0 1.251.25
0 1.251.3
@ @ O @
0 0 i
1-2

125 13 {-1.25
1.25 -1.25]2.45 |

1
0 125 1.254-1.25
0
1

After kron reduction, Zgys is given by:

0.5918 0.5102 0.5102
Jj} 05102 0.6122 0.6122

0.5102 0.6122 0.6622
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(8.10) Find Zys for the four-bus circuit of Fig. 7.12 which has per-
unit admittances as marked.

Solution:
Zgys can be found by inverting the Ygys given in the text. Zgys =

[ 0.7313 0.6914 0.6132 0.6368 |
0.6914 0.7197 0.6082 0.6418
0.6132 0.6082 0.6989 0.5511
L 0.6368 0.6418 0.5511 0.6989 |

(8.11) The three-bus circuit of Fig. 8.15 has per-unit reactances as
marked. The symmetrical Ygys for the circuit has the triangular

factors
-j6.0 .
L= j5.0 -j21.633333
0 J20.0 -j1.510038
1 -0.833333 0
U= . 1 -0.924499

1

Use L and U to calculate

(a) The elements 712, Z23, and Z33 of the system Zgys and

(b) The Thévénin impedance Zth,13 looking into the circuit of Fig. 8.15
between buses 1 and 3.
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Solution: ‘
(a) Using the method of section 8.5, the first column of Zgys is found

from solution of:

X1 1 Z11 X;
Ll X, |=|o| and U} 75, |=| Xy
X3 0 Z31 X3

Solution of vector X gives:

X 70.1667
X, |=| j0.0385
X; 70.5102

Solving the second equation involving U for column one of Zgys:

211 jO.5918
Zn |=1] j0.5102
Z31 70.5102

And since in this circuit Z12 = Z21, we have Z32 = j0.5102. Similarly,
Z23, and Z33 are found from:

X1 0 Z31 X1
X3 1 Z33 X3
Giving: And:
X1 0 Z31 70.5102
X = 0 Zz2 |=| f0.6122

X3 7O.6622 233 jO.6622
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(b) The solution proceeds as follows:

[ (1-3)
X 1 Z X
L Xz = O and U 22(1-3) = Xz
_ ] X
X3 1 ] Zél 3) | 3
Giving:
Z(1-3) i
X1 70.1667 1 j0.0816
Xy {=| f0.0385 | And consequently: | 71" | = -70.1020
X3 -f0.1520 #1-3) -f0.1520
L <3 .

and Zh 13 = 41'3) - ém) = jO.2336 . Note that the difference is taken

in the same order, element 1 - element 3.

(8.12) Use the Ygys triangular factors of Prob. 8.11 to calculate the
Theévénin impedance 777 looking into the circuit of Fig. 8.15 between
bus 2 and reference. Check your answer using the solution to Prob.

8.10.
Solution:
X1 0 223 X1
L XZ =1 and U Zzz = _X2
X3 0 . 223 X3
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Giving:
X1 0 7o 70.5102
X; |=| j0.0462 | And consequently: | Z; | = | j0.6122

X; 70.6122 Zo3 j0.6122

with Zz2 = jO.6122.
Check: j1.2 11 j1.25 = j0.6122.

(8.13) The Ygys for the circuit of Fig. 7.12 has triangular factors L
and U given in Example 7.9. Use the triangular factors to calculate
the Thévénin impedance Zp 24 looking into the circuit of Fig. 7.12
between buses 2 and 4. Check your answer using the solution of
Prob. 8.10.

Solution: Using L, solve for the intermediate variables X:

-j16.75 X1 1 [0
j11.75 -j11.00746 Xz 1
2.5  j4.25373 -j3.78305 X3 lo
. 25  j6.75373 j2.98305 -j1.43082 || x4 | |-1]

giving:
x| [ 0 ]
X2 |_ j0.0908
X3 j0.1022
L X4 L-0.0571]
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Solving for the difference of Zgys columns:

- 2(2'4) - -
1 -070149 -0.14925 -0.14925 ]| “ 0
1 -0.38644 -0.61356 || 2" | | j0.0908
1 078853 || 4 || j0.1022
—- 1 . (2_4) | ‘}0.0571 J
270
gives:
[ ) _
1 j0.0546
279 | | 0.0779
A4 || 0.0571
3
2w | L-0.0571]
IRZ7E.

And Zip24 == 42-4) - Zf,z'4) = jO.1350 . Note that the difference is

taken in the same order, element 2 - element 4.

Check: Using Zgus, Zth24 = 222 + Za4 - 2724 = j(0.7197 + 0.6989 - 2 x
0.6418) = j0.1350.

(8.14) Using the notation of Sec. 8.6, prove that the total reactive
power loss is given by the formula Qr = ITXgysI*.

Solution:

S = Pr+ jQu = I"ZgysI”
S;T=P-jQ=T"250 I"
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Subtracting, we get,

S-S - =17 {ZBUS - Zgys }I*
2 2

and for symmetric Zgys = Rgus + jXgus, we have:

Q =IT[Xpus I’

(8.15) Calculate the total reactive power loss in the system of Fig.
8.13 using Eq. (8.57).

Solution:
The vectors I and Zgys are given in Prob. 8.1.,

S=1"Zgys' = ) |
02 02 02 0271 0.1 ]

0.2 0.6 02 06 || -0.1
0.2 0.2 0.8 0.2 || -0.2
L0.2 0.6 0.2 1.1 JL -0.2 |

=1 -01 jo1l jo2 jO.2 ]

- 0.152

(8.16) Using the procedure discussed in Sec. 8.6, modify the Zgys
determined in Example 8.4 to reflect the choice of bus 2 of Fig. 8.8 as
the reference. |

e 20 R
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Solution:
The transformation C that changes the reference from bus 0 to bus 2
is: @
ORONE)
Or 1 I
ce @1 a4 a4 a
€) 1
@ | 1

Zgus new = CTZgysC* =

[1-1 [ j0.71660 j0.60992 j0.53340 j0.58049 [ 1 ]
-1 jO.60992  j0.73190 j0.64008 j0.69659 ||-1-1-1-1
-11 J0.53340 j0.64008 jO.71660 j0.66951 1

L -1 1] jO.58049 j0.69659 j0.66951 j0.76310 || 1|

o) ©) ©) ®

[ j0.22866 j0.12198 J0.01530 j0.00588
J0.12198 j0.73190 j0.09182 0.03531
JO.01530 j0.09182 j0.16834 j0.06474
| JO.00588 j0.03531 j0.06474 j0.10182 ]

(8.17)

(a) Find Zgys for the network of Fig. 8.13 using node 5 as
reference. Change the reference from node 5 to node 4 and
determine the new Zgys of the network using Eq. (8.60). Use the
numerical values of the load currents I11 of Prob. 8.1 to determine
Inew by Eq. (8.55) and Vyew by Eq. (8.56).
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(b) Change the Zpys reference from node 4 back to node 5, using
Eq. (8.63), determine the voltages at buses 1 and 4 relative to node 5.
What are the values of these bus voltages with respect to the ground
reference of Fig. 8.137

Solution:
(a) From Prob. (8.1),

(0.2 0.2 0.2 0.2
0.2 0.6 0.2 0.6
0.2 0.2 0.8 0.2
L02 0.6 0.2 1.1

Zgus = J

The transformation is:

ONONORS)
o1 ]
7)) 1
C- o .
@L-1 1 -1 |

ZBUS,new = CTZpysC” =

1 -17702 02020271 ]
_j| 1 1] 02060206 1
1-1|| 02 0.2 0.8 0.2 1
i -1J1 02 06 02 1.1 J{-1-1-1-1]
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© 006

(0.9 0.5 0.9 0.9
0.5 05 0.5 0.5
09 05 1.5 09
109 0.5 09 1.1

The new current vector must be determined from I=Clpew,

I,01d 0.1 1 I new

I 01d iy 0.1 |_ 1 B new

Bod 0.2 1 I3 new
CLaa | Lo2]) [-1-1-1-1J] Ispew |

giving I1,, = j(0.1 0.1 0.2 -0.6). And Vynew, the voltages with

respect to node 4, are obtained from Zgys newlnew:

 Vinew| [09 0509 097 01 ] [0.22
Vanew | _ ;| 05 0.5 05 0.5 || 01 | |01
V3 new 09 05 1.5 09 jO.2 0.1
L Vanew]! L09 05 09 1.14L -06 | L0.34

(b) Zguys is given by:

(0.2 0.2 0.2 0.2
0.2 0.6 0.2 0.6
0.2 0.2 0.8 0.2
L0.2 06 02 1.1

Zyys = J
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And the new voltages are given from solution of Vnew = cTv; v
comes from part (a):

! 1 Jf0.22] [ 012 ]
v 1 -1 || 01| | -0.24
new = =
1 -1 |{01 -0.24
i -1 JLo.34) L -0.34 ]

And the voltage with respect to a ground reference is:

" vy ] 711 [-0127] [1.08]
Val_15|1|,| 0241 096
Vi 1 -0.24 0.96

R 1) L -034] Lo.86d

(8.18) A new branch having an impedance of jO.25 per unit is
connected between nodes 3 and 4 of the circuit of Fig. 8.8 in parallel
with the existing impedance of j0.2 per unit between the same two
nodes. These two branches have mutual impedance of jO.1 per unit.
Modify the Zgys determined in Example 8.4 to account for the
addition of the new branch.

Solution:
First, add the mutually coupled line forming a new bus q:

@ Z,=j0.2 @

Zy=j0.1
9

Zp=j0.25
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M (7, ~Z.)

ZQ/ = ZPj - Z,

Zag = Zog~ B Zyyg~ 2o - (B 2,
99~ P9 7 e Z, b

Zy1 = j0.53340 J]%l (70.53340 — j0.58049) = j0.55695

Z,2 = j0.64008 - 22-L (70.64008 — j0.69659) = j0.66834

02
Z,3 = jO.71660 - %‘ (10.71660 — j0.66951) = j0.69306
Zg4 = j0.66951 ’,j%'z‘ (70.66951 — j0.76310) = j0.71631
Z,0 = 069306 -,’8 L 10.69306 - j0.71631) - ( (’J%lz) —j0.25 ) = j0.90469
The augmented matrix is:
¢y ) S @ @
071660 0.60992 0.53340 0.58049 | 0.55695
0.60992 0.73190 0.64008 0.69659 | 0.66834
=J| 053340 0.64008 0.71660 0.66951 ! 0.69306
0.58049 0.69659 0.66951 0.76310 | 0.71631
| 055695 0.66834 0.69306 0.71631 | 0.90469
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To parallel nodes 4 and g, row and column q is subtracted from row
and column 4 to give:

o ) ) ®@ @-&
071660 0.60992 0.53340 0.58049 | -0.02354 ]
0.60992 0.73190 0.64008 0.69659 | -0.02825
0.53340 0.64008 0.71660 0.66951 | 0.02355
0.58049 0.69659 0.66951 0.76310 | -0.04679
-0.02354 -0.02825 0.02355 -0.04679} 0.23517

After kron reduction, we have

D ) S ®
0.71424 0.60709 0.53576 0.57581
0.60709 0.72851 0.64291 0.69097
053576 0.64291 0.71424 0.67420

L 0.57581 0.69097 0.67420 0.75379

(8.19) Derive Egs. (8.95) and (8.96).

Solution:
These equations are a special case of the equations developed in
Prob. 8.23.

(8.20) Modify the Zgys determined in Example 8.7 to remove the
branch between buses 1 and 2 already coupled by mutual impedance
jO.15 per unit to the branch between buses 1 and 4.
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Solution:

[ Y, YM}_[ Z: Zy ]-1_ 70.25 j0.15

Yy Y;p Zy Zp

Z,j=2,;-j0.15[ <j6.25 j3.75

Zyg=Zpg-P.1S[ 625 35 ][zlq

Thus, we have:

Z,1 =j0.69890 — j0.15[ —j6.25
Z,2=j0.61323 - j0.15[ —6.25
Z,3=j0.55110 — j0.15[ —76.25
Z44 = jO.60822 — j0.15[ —76.25

Zgg = 0.66208 — j0.15[ —j6.25

- j0.25

(5]

Zig=Zaq

375 ]
375 ]
j3.75 ]
Jj3.75 ]

73.75 ]

| 70.55110 - j0.63677

J0.66208 — j0.66591
J0.66208 —j0.62011

~ (—j6.25(j0.15)> + j0.25 ) = j0.29865

[ 70.69890 — j0.60822
| 70.69890 - j0.61323 |

[ /0.61323 - j0.69140 ]
| f0.61323 - j0.73128 |

[ 0.55110 - j0.64178 ]

[ 70.60822 — j0.71966 |
| 70.60822 - j0.69140 |

]—1 [—j6.25 j3.75}
0157025 T| 375 Sj6.25

e }- (=j6.25(j0.15)2 +j0.25 )

= j0.66208

=j0.62011

=0.58792

=j0.66591
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D ) S @ @
[ 0.69890 0.61323 0.55110 0.60822 | 0.66208
0.61323 0.73128 0.63677 0.69140 | 0.62011
J| 055110 0.63677 0.69890 0.64178 | 0.58792
0.60822 0.69140 0.64178 0.71966 | 0.66591
L 0.66208 0.62011 0.58792 0.66591 { 0.29865
Connecting buses 2 and g, we have:
O o) ©) @ @0
~ 0.69890 0.61323 0.55110 0.60822 {0.04885 |
0.61323 0.73128 0.63677 0.69140 }-0.11117
J1 055110 0.63677 0.69890 0.64178 [{-0.04885
0.60822 0.69140 0.64178 0.71966 (-0.02549
| 0.04885 -0.11117 -0.04885 -0.02549 (-0.21029
After kron reduction:
ey o) S ®
[ 0.71025 0.58741 0.53975 0.60230
i 0.58741 0.79005 0.66259 0.70488
0.53975 0.66259 0.71025 0.64770
L 0.60230 0.70488 0.64770 0.72275
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(8.21) Assume that the two branches 1-3 and 2-3 in the circuit of
Fig. 7.18 are the only mutually coupled branches (as indicated by the
dots) with a mutual impedance of jO.15 per unit between them. Find
Zgys for the circuit by the Zgys building algorithm.

Solution:
D
0-1: j[i]
ONE)

1-3: j[l 1]
1 15

3-2: Using the formula given in the text:

Zor = j1 -%@1 -~y =11

Zo3 = j1.5 —%15—5(11.5 - 1) = j1.35

Zyy = j1.35 —)—?0;152(11.35 - j1) + j0.205 = j1.45

O & O
1 1 1

il 1 15 1.35
1 135 145




137
1-2: Form the augmented matrix:

O & O
! 1 1 0 ]
1 15 1.35{-0.35
1 135 1.45(-045
0

035 -0.45] 0.85 _

and by kron reduction we get:

) ©)) )
1 1 1
J 1 1.35588 1.16471
1 1.16471 1.21176
3-4:
O S ) @
1 1 1 1
j 1 1.35588 1.16471 1.35588
1 1.16471 1.21176 1.16471
L1 1.35588 1.16471 1.48088
4-5

1 1 1 1
1.35588 1.16471 1.35588 1.35588
1.16471 1.21176 1.16471 1.16471
1.35588 1.16471 1.48088 1.48088
1.35588 1.16471 1.48088 1.98088

® ® © ©® ©
1
1
1
1
1
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O-5:

O O @ & 0

[ 1 1 1 1 1 1
1 135588 1.16471 1.35588 1.3558811.35588
1 116471 1.21176 1.16471 1.1647111.16471
1  1.35588 1.16471 1.48088 1.48088i1.48088
1 1.35588 1.16471 1.48088 1.98088{1.98088
1 135588 1.16471 1.48088 1.98088i3.23088 _

and after kron reduction:

O © © & o6

2-5: Using Case 4:

)

069049
058034

063951
054165
038689

S

0.58034
0.78687
0.67592
0.73441
0.52458

)

0.63951
0.67592
0.79189
0.63086
0.45062

[0.69049 0.58034 0.63951 0.54165 0.38689 ]
0.58034 0.78687 0.67592 0.73441 0.52458
J{ 0.63951 0.67592 0.79189 0.63086 0.45062
0.54165 0.73441 0.63086 0.80212 0.57294
10.38689 0.52458 0.45062 0.57294 0.76639 _

®

0.54165
0.73441
0.63086
0.80212
0.57294

©

0.38689
0.52458
0.45062
0.57294
0.76639

0.25262
0.15134
0.34127
0.05792
-0.31577

025262

0.15134

0.34127

0.05792

031577

0.85704 _
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and after kron reduction: '

O 6 © o o
C0.61603 0.53573 0.53892 0.52458 0.47997 |
0.76015 0.61566 0.72418 0.58034
J 0.65600 0.60780 0.57636
Symmetric 0.79821 0.59428

0.65005

(Note node ordering.)

(8.22) Modify the Zgys obtained in Prob. 8.21 to remove branch 2-3
which is coupled to branch 1-3 through a mutual impedance of jO.15

per unit.

Solution:

-j0.25

.15 j0.25 j1.46341 —j4.87805

[ Yo, YTy ]:[ Z, Zy ]'1_[;)0.5 jO.lS}‘l_[—j2.43902 j1.46341
Yy Yp

Zy Zp
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[ j0.53573 -0.61603 ] .
Z,1 = j0.53573 - j0.15[ —2.43902 j1.46341 ] ,’833573 _§0.53892 |=10.56441
[ j0.61566 —j0.53892 1 .

Z42 = j0.61566 — jO.15] ~j2.43902 j1.46341 ] ;.8_61566_5.0'65600 |=/057873
. . 3 . [ j0.76015 - j0.53573 1_.
Z,3=j0.76015 - j0.15[ —j2.43902 j1.46341 ]_ 0.76015— j0.61566 | =/0-70976
. . . [ j0.72418 - j0.52458 ] _ .
Z,4=j0.72418 — j0.15[ —j2.43902 j1.46341 ]. 70.72418 - jo.60780 | =10-67670
. . . [ j0.58034-j0.47997 ] _ .

Z,5 =j0.58034 — j0.15[ —j2.43902 j1.46341 ]b 70.58034 - j0.57636 |~ Jj0.54449

- Z4 =0.70976 — j0.15] —2.43902 j1.46341 ][%zzgg;g :}8?%‘7‘; ]
— (—j2.43902(j0.15)2 + j0.15 ) = j0.48047

The matrix is given by:
[ 061603 0.53573 0.53892 052458 0.47997 0.56441
0.53573 0.76015 061566 072418 0.58034 | 0.70976
i 0.53892 0.61566 0.65600 060780 0.57636 | 057873
0.52458 0.72418 0.60780 079821 0.59428 0.67670
047997 0.58034 0.57636 059428 0.65005 0.54449
L 056441 0.70976 0.57873 067670 0.54449 | 048047
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and node q is joined to node 2:

o) ©) ey @ ) @-O
061603 0.53573 053892 0.52458 0.47997 } 0.02549 7]
0.53573 0.76015 061566 0.72418 0.58034 | 0.09410
0.53892 0.61566 065600 0.60780 0.57636 {-0.07727
0.52458 0.72418 060780 0.79821 0.59428 | 0.06890
047997 0.58034 057636 0.59428 0.65005 §{-0.03187
0.02549 0.09410 -0.07727 0.06890 -0.03187 {-0.02099

and after kron reduction:
D @ O ®@ o

C0.64698 0.65000 0.44508 0.60825 0.44127
1.18201 0.26925 1.03306 0.43746
J 0.94045 0.35416 0.69368
Symmetric 1.02438 0.48967
L : 0.69844

(8.23) In Fig. 8.16 a new bus g is to be connected to an existing bus
p through a new branch c. New branch c is mutually coupled to
branches a and b, which are already coupled to one another as
shown. The primitive impedance matrix defining the self- and
mutual impedances of these three mutually coupled branches and its
reciprocal, the primitive admittance matrix, have the forms:

Zaa Zab Zac Yaa Yab Yac
Zba Zbb Zhc Yba Yob Ybc
Za Zab Ze Yea Yob Yoo
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To account for the addition of the new bus g, prove that the existing
bus impedance matrix of the network must be augmented by a new
row g and column g with elements given by:

Zmi= Zni
Zg=Zpi+1{Yy, Y ][ m J
a p1 '}Z[ ca fca Zji“Zki
Imqg-Z,
Z=Z+L+1YY]{”"1 an
aq Pq Y '};{ ca fca qu_qu

Note that these equations are generalization of Egs. (8.87) and (8.88).
Solution:

The voltage drop equations for the three mutually coupled branches
are: A

Ia Zaa Zab Zac -l Va Yaa Yab Yac -1 Vm - Vn
Ip |=| Zma Zpb Zpc Vb |=| Yba Ybp Ybc Vi~ Vi
Ic Za! Zd) ch Vc Yca ch ch Vp - Vq

Since
Iq =-I.= ~Yea( Vm - Vn) ‘ch(Vj - Vi) =Yl Vp = Vq)

we have

I

Vm‘Vn 1
+
V- Vi

VQ= VP+—)}_[ Yca ch][

cc YCC
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Using this equation and the expression for V¢ given in the text, we
have for the gth row:

Ve +Zaqlq = S0 4 Zpglg + 2 Yea Yoo | L1

Y, (0) (0)
« V7= Vi +(Ba-Zialg |

When Ig = 0, we have,

(0) _ (0)
Vm Vn
VéO) = VI(’O) + Y [ Yea ch]
cc 0) (0)
Vit - Vk

Since

N
v =Y ZuV; i=1,..N g
i=1

we note that

qu= Zpi + ")'}_'[ Yaa ch]

cC

[Z”""Z"f} fori=1,..N
Zji - Zki

Zgq is determined by setting all other currents except I4 equal to
Zero:

+ -—1-—
YCC

Zgq =Zpg+ ;,1'—[ Y ch][

' cC

qu - an}
Zjg~Ziq

(8.24) Branch 2-3 of the circuit of Fig. 7.18 is mutually coupled to
two branches 1-3 and 2-5 through mutual impedances of jO.15 per
unit and jO.1 per unit, respectively, as indicated by the dots. Using
the formula given in Prob. 8.23, find the Zgys for the circuit by the
Zpus building algorithm.
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Solution:
o)
O-1: 5 [1]
ONE)
=]

3-2: Using the formula given in the text:

70.15
Z21 =j1 -—=———=(j1-j1) =
05
Zo3 = j1.5 - 15’015(]1 5-j1) = j1.35

Zyz = j1.35 -’%—155(;'1.35 - j1) + j0.205 = j1.45
| .

D @ @
1

J| 1 1.5 135
1 135 145
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1-2: Form the augmented matrix:

0 ® 0
1 1

1

0
1 15 1.35[-0.35
1 135 145i-045
0 -0.35 -0.45] 0.85

and by kron reduction we get:

o © O
11 1

1 1.35588 1.16471
1 116471 1.21176

3-4:
0O ® © O .
1 1 1 1
i 1  1.35588 1.16471 1.35588
1 1.16471 1.21176 1.16471
| 1 1.35588 1.16471 1.48088 4
4-5

1 1 1 1]
1.35588 1.16471 1.35588 1.35588
1.16471 1.21176 1.16471 1.16471
1.35588 1.16471 1.48088 1.48088

O & o 6 o
1
1
1
1
1

1.35588 1.16471 1.48088 1.98088
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0-5:

O © © &6 o

1 1 1 1 1 1
1 1.35588 1.16471 1.35588 1.35588}1.35588
1 1.16471 1.21176 1.16471 1.16471{1.16471
1 1.35588 1.16471 1.48088 1.480881.48088
1 1.35588 1.16471 1.48088 1.98088{1.98088
1 1.35588 1.16471 1.48088 1.980883.23088

and after kron reduction:

O & o 6 o

[ 0.69049 0.58034 0.63951 0.54165 0.38689
0.58034 0.78687 0.67592 0.73441 0.52458
J| 0.63951 0.67592 0.79189 0.63086 0.45062
0.54165 0.73441 0.63086 0.80212 0.57294
| 0.38689 0.52458 0.45062 0.57294 0.76639 .
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2-5: The primitive admittance matrix of the three coupled branches
is obtained as:

jos jois o 7
Y=2'=|jo0.15 jo.25 jo.1
0 jo.l1 jo2

-2.58065 1.93548 -0.96774
=J| 1.93548 -6.45161 3.22581
-0.96774 3.22581 -j6.61290

From the equations given:

. e 70.58034 — j0.69049 }_.
2,1 = J038689 + Ll -0.96774 3.22581 ][ J0.58034 _j0.63951 | 0.39963

70.67592 - j0.63951
70.67592 - j0.79189

Z,2 = j0.45062 + ———1 -j0.96774 j3.22581 ] }
j0.78687 - j0.58034 ]

—j6.61290 =/0.51252

Zp3 = j0.52458 + ——L—] -j0.96774 j3.22581 ]

~j6.61290 =/0-50068

70.78687 - j0.67592

—j6.61290 70.73441 - jo.63086 | ~/0->°004

0.52458 — j0.38689
70.52458 — j0.45062

70.50068 — j0.39963 }
70.50068 — j0.51252

Z,5=j0.76639 + —L_—1_j0.96774 j3.22581 ]

~j6.61290 = j0.75046

Z,=0.75046 + —L——1j0.96774 j3.22581 ]

Zp=j0.57294 + —1 [ _j0.96774 j3.22581 ][ J0-73441 - j0.54165
56.61290 [

+ Zj‘efllz—96 = j0.92224
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the augmented matrix is

D @ @ @ o

[0.69049 0.58034 0.63951 0.54165 0.38689{0.39963 |

0.58034 0.78687 0.67592 0.73441 0.52458;0.50068

j 0.63951 0.67592 0.79189 0.63086 0.4506210.51252

0.54165 0.73441 0.63086 0.80212 0.57294{0.55064
0.38689 0.52458 0.45062 0.57294 0.76639{0.75046

1 0.39963 0.50068 0.51252 0.55064 0.7504610.92224

connecting buses 2 and g, we have:

o) &) D ) @ @O
069049 0.58034 0.63951 0.54165 0.38689 | -0.23988 |
058034 0.78687 0.67592 0.73441 0.52458 | -0.17524
063951 0.67592 0.79189 0.63086 0.450062 {-0.27937
054165 0.73441 0.63086 0.80212 0.57294 |-0.08022
038689 0.52458 0.45062 0.57294 0.76639 | 0.29984

| -0.23988 -0.17524 -0.27937 -0.08022 0.29984 | 0.68909 |

and after kron reduction:

o & © 6 o6

0.74231 0.60487 0.71401 0.60083

J 0.67863 0.59834 0.57218

Symmetric 0.79278 0.60785

5 0.63592

0.60699 0.51934 0.54226 0.51372 0.49127 ]|
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Chapter 9 Problem Solutions

9.1 In Example 9.3, suppose that the generator’s maximum reactive power gener-
ation at bus @) is limited to 125 Mvar. Re-compute the first-iteration value of
the voltage at bus @ using the Gauss-Seidel method.

Solution:
The net power injection found at bus @ of Example 9.3 was

Q4 = 1.654151 per unit = 165.4151 Mvar

Considering the reactive load of 49.58 Mvar at the bus, the required reactive power generation
is 165.4151 + 49.58 = 214.9951 Mvar, which exceeds the 125 Mvar limit specified. The bus
is now regarded as a load bus, with total reactive power generation of 125 Mvar. So the net
injected reactive power in this case is

125 — 49.58 = 75.42 Mvar = 0.752] per unit

V, is now calculated as

(1)
1) 1 P4, h — JQ 1 1
V4( = .}7;_4 [__ic.‘_/ﬁ)_'——‘i—- -— (Y4 2V2(,a)cc + Y43V3(,a)cc)]
4
1 238 — j0.7542 , __ .
= §193267 — ;40863838 [ oz (T>573064+ 140'03939)}

= 0.997117 — j0.006442 per unit

and using an acceleration factor of 1.6 yields

VY = 1.02+1.6(0.997117 — j0.06442 — 1.02) = 0.983387 — 50.0103073 per unit
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(9.2) For the system of Fig. 9.2, complete the second iteration of the
Gauss-Seidel procedure using the first iteration value of the bus
voltages obtained in Examples 9.2 and 9.3. Assume an acceleration
factor of 1.6.

Solution:
2 P - 1 1
Vz( ) = 1 2,sch ]QZ,SCh _ (Y21V1( ) + Y24V4§,a)cc )
YZZ Vz(l)*

_1 [ -1.7 +j1.0535 - { -3.815629 + j19.078144
Y>2 | 0.981113+/0.031518

+(-5.169561 +j25.847809)(1.019922 +j0.012657)} ]

_7.718854 - j44.247184
8.985190 - j44.835953

= 0.9819338 - j0.0246233

Vyare = 0.981113 - j0.031518 + 1.6 ( 0.9819338 - j0.0246233

- 0.9819338 + j0.0246233)

= 0.982426 - j0.020486
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P3,sch - jQ3,sch

vt

A
Y33

2 1
- (Y VP 4 vV

4,acc

1 [ -2 +j1.2394 -{ -5.16956 + j25.847809

" Y33 | 0.966597+0.040797
+ (-3.023705 +/15.118528)(1.019922 + 0.012657)) :l

_ 6.433447 - /39.862133
8.193267 - j40.863838

= 0.9681332 - j0.0366761

Vi are = 0.966597 - j0.00.040797 + 1.6 ( 0.9681332 - /0.0366761
- 0.966597 + j0.00.040797)

= 0.969055 - j0.034195

(2)

& = O [ 1P )

= -Im{ (1.019922 - j0.012657)

x[ (-5.16956 + j 25.847809)( 0.982426 - J0.020486)

+(-3.023705 + j 15.118528)( 0.969055 - 70.034195)
+(8.193267 - j40.863837)( 1.019922 + f0.012657)1}

=-Im{ 1.911362 - j1.320680} = 1.320680

1
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viH -1

, ~(2)
P3sch -JjQq (Yaz V2<2) . Y43V§2) )
Yaq

v

_1 2.38 - j1.320680
Y44 [1.019922 -j0.012657

—{ (-5.16956 + j25.847809)(0.982426 - j0.020486)
+(-3.023705 +j15.118528)(0.969055 -j0.034195)} :'

_9.311570 - j41.519274
8.193267 - j40.863838

= 1.020695 + j0.023217

(2) 1.02
% =—L94__ (1020695 + j0.023217)
4corr 17020959 ( P

= 1.019736 + j0.023195

(9.3) A synchronous condenser, whose reactive power capability is
assumed to be unlimited, is installed at load bus 2 of the system of
Example 9.2 to hold the bus-voltage magnitude at 0.99 per unit.
Using the Gauss-Seidel method, find the voltage at buses 2 and 3 for
the first iteration.




Solution:

Q =-Im| Vo* [Yo1 V1 + Y22 V2 + Yo3V3 + Y24 Val}
= - Im{ (0.99)

%[ (1.0)( -3.815629 + j19.078144)
+ (0.99)( 8.985190 - j44.835953)
+ (1.02)( -5.169561 + j25.847809)1}

=-1.0447626

Using the above value of (2, V2 is computed:

Vo =1 Poscn = jQ _ (Y21 V1 + Y24Vs)
Y22 VZ(O)*

_ 1 {-1.7+j1.0447626
Yoo 0.99

-{ (1.0)(-3.815629 + j19.078144)
+ (1.02)(-5.169561 + 25.847809)) ]

_7.3714095 - j44.387593
8.985190 - j44.835953

= 0.9834515 - j0.0326767

153
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The magnitude of V> is now corrected to 0.99:

V- =099 (0.9834515 - j0.0326767)
2o = 820047 ¢ 70

= 0.9894539 - j0.0328761

At bus 3, we have,

Vs = {Pf"sch"@'“h-(}’uvldr Ys2V2 + Y34Vs )}

Y33 V3*
_ 1 |-2+j1.2394
Y33 1.0

—{ (1.0)(-5.169561 + j25.847809)
+ (1.02)(-3.023705 +j15.118528)} ]

_ 6.2537401 - j40.029308
8.193267 - j40.863838

= 0.9712184 - j0.0416924

If desired, an acceleration factor may be used.

(9.4) Take Fig. 9.12 as the equivalent-n representation of the
transmission line between bus 3 and 4 of the system of Fig. 9.2.
Using the power-flow solution given in Fig. 9.4, determine and
indicate on Fig. 9.12 the values of (a) P and Qleaving buses 3 and 4
on line 3-4, (b) charging megavars of the equivalent =.of the line 3-4,
and (¢) Pand Q at both ends of the series part of the equivalent = of
the line 3-4.
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Solution:
(a)
-102.91 MW 104.75 MW
— <4—
®- ®
— <
-60.37 MVAR 56.93 MVAR

(b) Charging MVAR varies as the square of the voltage:

At bus 3: %7_5_ (0.969)2 = 5.99 MVAR

At bus 4: L2§15(1.02)2 = 6.63 MVAR

®- ' ®

? 5.99 MVAR % 6.63 MVAR

(¢) These are the sums of (a) and (b):

-102.91 MW 104.75 MW

—>
©- — - ®

-54.38 MVAR 63.56 MVAR|
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(9.5) From the line-flow information of the power flow solution
given in Fig. 9.4, determine I 2R loss in each of the four transmission
lines, and verify that the sum of these line losses is equal to the total
system loss of 4.81 MW,

Solution:
Line 1-2:

= 38.69-38.46 = 0.23 MW
Line 1-3:

=98.12-97.09 = 1.03 MW
Line 2-4:

=133.25-131.54=1.71 MW
Line 3-4:

= 104.75-102.91 = 1.84 MW

Summing up these four line loss components, we get the total loss is
4.8 MW,

(9.6) Suppose that a shunt capacitor bank rated 18 MVAR is
connected between bus 3 and the reference node in the system of
Example 9.5. Modify the Ygys given in Table 9.4 to account for this
capacitor, and estimate the actual megavar reactive power injected
into this system from this capacitor.

Solution:
Only the diagonal element corresponding to bus 3 needs to be
modified:

Y33 = (8.193267 - j40.863838) + j0.18
= 8.193267 - j40.683838

Using the voltage at bus 3 given in Fig. 9.4, the approximate power
injection is

18 x (0.969)2 = 16.9 MVAR.
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(9.7) For the system of Example 9.5 augmented with a synchronous
condenser as described in Prob. 9.3, find the jacobian calculated at
the initial estimates. Hint: It would be simpler to modify the
jacobian matrix shown in Sec. 9.4 following Example 9.5 than to start
calculations from the beginning.

Solution:
Since bus 2 is now a PV bus, the mismatch equations can be written
in the following form:

@206 O

@ M, O My 0 r Ad; ] -APZ-
Q| 0 Msz MzqiNs3+2l V3l’Gas A8 _| APs
@ | Maz Maz Mas ~Na3 A8, AP4
®L 0 Na3 Nag i-M3z3-21 V3l*Bsz LAl Val/l Vsl | [ A ]

Note that the values are given in Sec. 9.4. To determine the first
iteration value of the above, we use the same initial voltages as
before, except V21 = 0.99 p.u. Only the terms involving V2 change.
The M32, M24 and M4z terms need only be corrected by 0.99:

M2 = 45.442909 * 0.99 = 44.98848
M4 = -26.364763 * 0.99 = -26.101115
Myz = -26.364763 * 0.99 = -26.101115

And Mjy4 is recalculated as follows:

4
n=1
=4

1.02 x0.99 x 26.359696 x sin(101.30993°)

+ 1.02x1 x15.41793 x sin(101.30993°)

26.101117 + 15.420899
41.522016
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Giving the jacobian:

&) ©) ® )
@[ 4498848 0 -26.101115 0 i
©) 0 41.268707 -15.420898 | 8.132792
@ | -26.101115 -15.420898 41.522016 |-3.084180
L 0 -8.25374  -3.084180 {40.458969 |

(9.8) Suppose that in Fig. 9.7 the tap is on the side of node i so that
the transformation ratio is t:1. Find the elements of Ygys similar to
those in Eq. (9.74), and draw the equivalent-r representation similar

to Fig. 9.8.

Solution:

Si=VilF 5 5= vy
Since S; + §j =0,

=2

b= V- Yy -- Yvie vy

and

-t*I,-=—%V,-+YV}

et R e TRt A St

from which:

b e

L= - Xy XYy,
te* t
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giving:
- - N
I; X 2| v
1?
-Y
I — 7 Vi
N I P I

Yo -

(9.9) In the four-bus system of Example 9.5, suppose that a
magnitude-regulating transformer with 0.2 per-unit reactance is
inserted between the load and the bus at bus 3, as shown in Fig. 9.10.
The variable tap is on the load side of the transformer. If the voltage
magnitude at the new load bus 5 is prespecified, and therefore is not
4 state variable, the tap t of the transformer should be regarded as a

state variable. The Newton-Raphson method is to be applied to the
solution of the power-flow equations.

(a) Write mismatch equations for this problem in symbolic
form similar to Eq. (9.45) _

(b) Write equations of the jacobian elements of the colum
corresponding to the variable t (that is, partial
derivatives with respect to t), and evaluate them using
the initial voltage estimates shown in Table 9.3 and
assuming that the voltage magnitude at bus 5 is specified
to be 0.97. The initial estimate of & is O.

() Write equations of P and Q mismatches at bus 5 and

evaluate them for the first iteration. Assume the initial
estimate of variable tis 1.0.
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Note to instructor: In future printings, this value of 0.2 per unit for
the transformer reactance should be changed to a value of 0.02 per

unit.

Solution:

(a) —_—— - .
oP, oP, oP, oP, IVl oP, Vsl oP, | 0P, AS, AP,
06, 363 o0& 065 Vol  dIV3lt or
oPs  OP3 |V3;__aP3 2}13_ A8, AP;
0, 9& dlvsl | or
N R s || a5, ar,
06, 0% ot
oPs oPs oPs a_Pi ASs _ AP
96, 96 o4 ot =
0% 9% cee V3 9% | 0O AlVal AQ,
08, 0& Vil or Val
00; 00 . 00 AlV;)
—— —— .. “ee AQ3
on 9& _ ot Vsl
a0s 00
—_ . .. — t A

| 35 3 | KR B Bl
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(b) For the last column:

dP;

°%2 _ 0
ot
oP3 o 2 2 \
== =] 1 V3lI°Gz3 + 2 | V3VpY3ql cos( 63n + 6 - 83)
ot ot n=1
=3
=§l{ | VaVs(-tY)l cos( 835 + 85 - 63)]
t
=-| V3V5Yicos(90°) = O
ks _ g
ot
S
?_’i = —a—-’ | V5|2G55 + Z | VsV Y54l cos( 65 + 6 - 55)\

ot

t n=1
w5

QU
P el

=ga-{ | VsV3(-tY)l cos( 653 + 63 - 55)}
t

=-1V5V3Ylcos(90°) = 0O
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% _j
ot

S
& =if ~ 1 V32B33 - 3 | V3V Yal sin( 63n + &5 - 53).
ot ot n=1

=3

=aa_t{ ~ 1 V31*(Bs3 fixed - tAY) - V5 V3(-tY)l sin( 653 + & - 55)>

2t1 V313N - | VsV3 ¥ sin(90°) =

=2 _097_ 515
0.2 0.2

Q& _q

ot

3 d 2

& =—’- I V5|2355 - Z | VsVnYsql sin( 65, + &, - 55)l
ot ot =1

)

3 .
=a_t.{ =1 VsV3(-tY)l sin( 653 + & - &5))

=-1V5V3¥sin(90°) = - 90_927_ ~ 4285
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(0)

5
P9 = I Vsl*Gss + X, | VsVaYsnl cos(8sn + 8n - &)
, n=1
=5
=0+ | VsV3Ys3l cos( 653 + 63 ~ 85)
=0+ 0.97 x5 xcos(90°) =0
0 (0)
APS( ) = Ps,sch = Ps calc
=-2-0=-2
0 5 .
Q% . = - 1VsI?Bss - X, | VsVnYsnl sin( 6sn + 8n — 85)
’ =1 ‘
n=5

= - IV5Bss - | VsV3Ys3l sin( 653 + 83 - &)

— — (0.97)%(-5) - 0.97 x 5 xsin(90°) =
=4,7045 - 4.85
= -0.1455

0 (0)
AQS( ) = QS,SCh - Qs’calc

=-1.2394 - ( -0.1455) =-1.0939




164

(9.10) If the tap setting of the transformer of Prob. 9.9 is
prespecified instead of the voltage magnitude at bus 5, then Vs
should be regarded as a state variable. Suppose that the tap setting ¢
is specified to be 1.05.

(a) In this case write mismatch equations in symbolic form
similar to Eq. (9.45)

(b) Write equations of the jacobian elements which are
partial derivatives with respect to iVsl, and evaluate
them using the initial estimates. The initial estimate of
Vs is 1.0/0°. .

(¢) Write equations of P and Q mismatches at bus 5 and
evaluate them for the first iteration.

~ Solution:

(a)
0P, oP, 0P, oP, Vol oP, !V3!BP2 WVl oP, AS AP,
06 08 004 06 olVal  dlV3l  dIvsl
oy  oPs ... |V3;aﬁ|vsl__ap3 AS; AP;
98 06 oIVl AIVsl
oP oP )
—i -—2 *. IVSl--a--Pi A54 AP4
36 06 dlVs|
0Ps dPs 0Ps Vs 0Ps A AP
96, d6;  dé, otV =
9—%— QQ—Z PR N |V3.LaQ2 !VSEaQ A|V2I AQ2
96  9& alvsl ~aivs Vsl
3 3 _
°0% 9% - eS| AVl AQ;
on o0& . dlVsi V3l
9Q0s o0k AlVsl :
2 Vsh 2 A

| 35 AVl IVs| Os
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(b)

el 222 vl 1VaYasl cos( 652 + 85 - &) = 0

Vsl .

oP3 , _
V5] —==1Vsl IV3Y35l cos( 053 + 85 - 83 )

ol Vsl

= 1V5l 1V3(-tV)l cos(90° ) =0

0Py a
[Vsl =|Vs! IV4Yqsl cos( 854 + 05 — 04 )=0

ol Vsl

5
Vsl 5‘?5—5= Vsl | 21V5lGss + 3 1VaYsal cOS( 65+ 8n - s )\

5 n=1
=5

= Vsl IV3(-tV)l cos(90° ) = 0

Vsl 0% =—1Vs5l IV2 Y52l sin( 852 + 85 -6, ) =0
ol Vsl

Vel 2B _ - 1Vil V3 Ys3l sin( 653 + 85 - 83 )

ol Vsl
= - Vsl IV3(-tY)l sin(90° )
--1x105 _ 525
0.2
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00 2 2 .
Vsl Vil =-2IV5l“Bss - 2 [VsVpYsnl sin( 65+ 85 - 65 )

5 n=1
n=5

= —21Vs1®Bss - Vsl IV3(-tY)l sin(90° )

=-2 (;1—) ~105 _ 475
02/ 0.2

(o)

5
PS(,?:)alc = IVS'ZGSS + Z |VsVnpYsnl cos( 6sp+ 8- 65 )
n=1
n=5
=0+ IV5V3Ys3l cos( 653 + 63 - &5 )
=105 05(90°) =0
0.2
Therefore,
0 : 0
aP5” = Ps.sen-P 5(,c:)11c

=-2-0=-2
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and,

5
Qé?c)alc‘ = - IV5l®Bss - 3, | VsVpYspl sin( 8sp + 8n - 85)
n=1
=5
= - |V5|2355 -1 V5V3Y53l sin( 653 + 83 - 6s5)
= -1 x(-5) - 103 xsin(90°) =
0.2
=5-5.25
=-0.25
0 0
AQé ) = Qj,sch - Q(S,c)alc

=-1.2394 - (-0.25) =-0.9894

(9.12) The generator at bus 4 of the system of Example 9.5 is to be
represented by a generator connected to bus 4 through a generator
step-up transformer as shown in Fig. 9.13. The reactance of this
transformer is 0.02 per unit; the tap is on the high-voltage side of
the transformer with the off-nominal turns ratio of 1.05. Evaluate
the jacobian elements of the rows corresponding to buses 4 and 5.

Solution: |

Note to instructor: In this problem it is assumed that the new bus 5
becomes the regulated bus with Vsl = 1.02 p.u., and that bus 4 is a
load bus with an initial voltage value of V4l = 1.0 p.u.
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The transformer contribution to Ygys is:

®@ ©
[ —:,Y ;tZYY}

The augmented Ygys is:

O © ® 6 6 .
o Y11 Y12 Y13 0 0
D v vy 0 Yza 0
® Y3 0 Y33 Y34 0
@®| o Ya2 Yas  Yas+Y  -tY
®L o 0 0 -tY t’y |

where Y= -j50 and t = 1.05. Some of the desired jacobian entries
corresponding to bus 4 are:

5
O S IVaVoYa sin 6an + & - )

084 po)
4

= V4 V2 Y43l sin( 647 + & - &)
+1VaV3Ya3l sin( 643 + 03 ~ 04)
+ V4 V5 Yasl sin( 645 + 65 - 64)

= 11.0x 1.0 x 26.359696| sin(101.30993°)
+ 11.0x1.0x15.417934| sin(101.30993°)
+ 11.0x1.02 x 1.05 x 50| sin(90°)

= 94.516337
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§_I_Di=—lv4V5Y45| sin( 645 + 65 — 8a)
005
— |1 x 1.02 x 1.05 x 50! sin(90°)
= -53.55
?Qiz -1V4 V> Y42l cos( 842 + 62 - 04)
062
— -1 x 1 x 26.359696| cos(101.30993%)
= 5.1695606
V5l o =1V V4 Yyl sin( 642 + & - 64)
ol V>l

- -1 1.0 x 1.0 x 26.359696l sin(101.30993°)
= -25.847809

The remaining terms corresponding to bus 4 are calculated in a
similar manner. The terms corresponding to bus 5 are:

o5
004
=-11.02 x 1.0 x 1.05 x 50! sin(90°)

=-1V5VaYs4l sin( 654 + 84 + 6s)

=-53.55
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0Ps 2 .
T3 =Y Vs VpYsyl sin( 6sp + 8, - 85)
355 n=1

5

= 11.02 x 1.0 x 1.05 x 501 sin(90°)
= 53.55

oPs

ol V4l
= 11.02%x1.0x1.05 x50l cos(90°) =0

| Vg4l =1V5V4Ys54l cOS( 054 + 84 — 85)

Since bus 5 is a regulated bus, there are no terms involving Qs or
[Vsl.
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(9.13) For the system of Prob. 9.12, find the matrices B' and B" for
use in the decoupled power-flow method.

Solution:
Ygus is:
O © 6 ® 06
@ Y11 Y12 Yis 0 0 ]
D va 0 Y24 0
® Y33 0 Y33 Y34 0
@ 0 Y42 Ya3 Yau +Y -tY
&L o 0 0 -tY t’Yy

where Y = -j50 and the remaining entries are given in Table 9.4. The
imaginary part of Ygys is called B and is given by:

£
7
]
i
f
¢
!
|
|

[ Bi1 Bi2 Bi3 0 O |
* By B2 0 Bag O
B=| B33 O B33z Bsa O
O Bsz Bas Basg Bss
L O O O Bsq4 Bss_

with:

Bss = - 40.863838 - 50

B4s = 50t
Bs4 = 50t
Bss = -501’2

and the remaining Bjj's are obtained from Table 9.4.
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Using t = 1, changing the signs, and deleting the first row and column,
we get B':

Bz 0 By O]
B=-| O B33 By O
B4z B4z Basg Bys
L O O Bs4 Bss |
B © © ® @ ©
[ 44.835953 0 -25.847809 0 ]
B' = 0 40.863838 -15.118528 0
-25.847809 -15.118528 90.863838 -50
! 0 0 -50 50 |

B'" is obtained from B by deleting the rows and columns
corresponding to the slack bus (bus 1) and the PV bus (bus 5), while
tis set to 1.05 as specified:

@ ® ®

44.835953 0 -25.847809
B" = 0 40.863838 -15.118528
-25.847809 -15.118528 90.863838

(9.14) A five-bus power system is shown in Fig. 9.14. The line, bus,
transformer, and capacitor data are given in Tables 9.6, 9.7, 9.8, and

9.9, respectively. Use the Gauss-Seidel method to find the bus
voltages for the first iteration.




173

Solution:
For t = 0.975:

~25t = —j24.375
tt-1)(=j25) = jO.609375
(1-0)(-j25) = -f0.625

And Ygus is:
[ 5-j24.947 -25+j5 0 -2.5 + j10 0 ]
25+715 7.5-j59.932 j24.375 0 -5+ j20
0 24375  4-j39.546 0 -4 +j16
-2.5+j10 0 0 6.5-j27.8 -4+ j18
L 0 -5 + ;20 -4 +j16 -4+ j18 13-53.895

Vz(l) _1 P3 sch - ]QZ,SCh - (Y21V{O) + Y23V§0) + Y25V5(0) )
Y22 i VZ(O)*

_ lez L'O-" ; 50-35 ~{ (2.5 + /15)(1.01)

+ (24.375)(1.0) + (=5 + 20)(1.0))) ]

_ 6.925 - j59.175
7.5 - j59.932

= 0.986382 - j0.007890
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Vy e =1+ 1.6 (0986382 - j0.007890 - 1)

= 0.978211 -j0.012624

V?’(l) = 1 P3,SCh —JQ3,SCh _ (Y32V2(1) + Y35v5(0) )
Y33 V;O)*

1 [—0.7 +j042

-3 o { (j24.375)(0.978211 - j0.012624)
33 .

+ (-4 +f16)(1.0)} :l

_2.99229 - j39.423893
4 - j39.546

= 0.994392 - j0.024915

Vo =1+ 1.6 (0994392 - 0.024915 - 1)

= 0.991028 - j0.039864
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(1) 1
V., =

Py sch = JQa,sch _ (Y41V1(1) + Yas VS(O) )

V4(O)*

__1 [’0-8“0-5 -{ (-2.5 + /10)(1.01)
YaslL 1.0

+ (-4 +j18)(1.0)} ]

_5.725-27.6
6.5 - 27.8

= 0.9869984 - j0.0248378

Vil =1+1.6(0.9869984 - j0.0248378 - 1)
~ 0.979197 - j0.039740

(1)

1 0 1
o) )=-Im{ Vs )*[Yszvz (1)

¥ Ys3Vg 4 YaaVi 4 YSSVS(O)”
= - Im{ (1.0) x[ (-5 + j 20)( 0.978211 - j0.012624)
+ (4 + j 16)( 0.991028 - j0.039864)
+ (=4 + j 18)( 0.979197 - f0.039740)
+(13 -j53.895)( 1.0)1}

=-Im{ 1.833669 - f0.46725} = 0.46725
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A
Psscn - JQs (Y52V§1’ . ),53‘,;1)+ YsaVD )

v .1 .
v O

Yss

_1 [1.25- j0.46725 _
Yss 1.0

_12.527994 - j54.429278
13 - j53.895

{ (-11.166331 + j53.427750)(1’.01)} ]

= 1.007372 - jO.010536
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and,

M __ 1.0 (1.007372 -j0.010536
Vs corr 1.007427 ( R )

- 0.999903 - j0.010458

(9.15) To apply the Newton-Raphson method to the power-flow
solution of the system of Fig. 9.14, determine (a) Ygys of the system,
(b) the mismatch equation at bus 5 evaluated at the initial voltage
estimates of Table 9.7 for the first iteration, and (¢) write mismatch
equations in a form similar to Eq. (9.45).

Solution:
(a) Fort=0.975:

-j25t = -j24.375
t(t-1)(=j25) = j0.609375
(1-t)(-j25) = -j0.625

And Ygys is:
[ 5-j24.947  -2.5+j15 0 -2.5 +j10 0 ]
-25+715 7.5-j59.932 j24.375 0 -5+ j20
0 j24.375 4 - j39.546 0 -4 +j16
-2.5+410 0 0 6.5 - j27.8 -4 +j18
B 0 -5+ 520 4 +j16 4 + ;18 13 -53.895
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(b)
yi:-lvs V2Ys,l sin(8s; + 8, - 85)
06
=-20.616 sin(104.04°) = -20
a_Ps_.:—IVS V3Ys3l sin(6s3 + 83 - 85)
083 '
=-16.492 s5in(104.04°) = -16
QP_S=—IV5 VaYs4l sin(6s4 + 64 - &5)
004

=-18.439 5in(102.53°) = -18

aPs (aps L9Ps | aps)
985 (38 383 064

=-(-20-16-18) = 54.0

IVZIﬁz IV5V2Y521 cos(6s52 + 6 - 5s)
al Vsl

=20.616 €0s(104.04°) = -5.0

Va2 Vs Vs Vsl cos(ess + 55 - &)
dl V3l

=16.492 cos(104.04°) = 4.0
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0Ps

IV4|a =1V5V4Ys4l COS(B54 + 04 - ds)

Va
= 18.439 cos(102.53°) = -4.0

P = 1.0%x 13 + 20.616 cos( 104.04) + 16.492 cos( 104.04)
+ 18.439 cos( 104.04)
-=13-5-4-4=0

0 0)
AP5 ) = PS,sch - PS,calc

=(1.9-0.65)-0=1.25

The mismatch equation at bus 5 is:

~20A8; ~16A83 ~18A84 + 54A85 —5AI V2l —4Al V3] —4AlV4l =0
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(¢) For this system, we have:

p— — p— ey gmmes e

Py 9F OB 9Py 0Py, 0P, (0P A% AP,
35, 98 9& 36 oWyl alvy IVl
oPs 0Py |V3;.9_P;3_|V4£§- Ad; AP;
96, 08 Vil dIV,l
9Ps 0Py |V4|-2Pl Aby AP,
38, 05 vyl
9Ps  oPs  OPs w98 A& | =| ap
06, 083 ok oIVl

| AVl
0% 9% o w2y, 02 o AQ
35, 06 oVal oIVl 2

AlV3]

0 o owae || A
06 o0& olval 3
30, 30 AVl
= . e VR — A
35, v LV 4]

(9.16) For the system of Fig. 9.14, find matrices B' and B" for use in
the decoupled power-flow method. Also, determine the first
iteration P and Q mismatch equations at bus 4, and find the voltage
magnitude at bus 4 at the end of the first iteration.

Solution:
To form B', the capacitors are neglected and transformer tap t is set
equal to 1.
o o ©
; 59932 -25 0 -20
’ 25 4096 0 -16
0 0 27.95 -18
| =20 -16 -18  53.895 |

5 —
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where:
[ 17 267 [aP2/V2l ]
B! Ab3 _ AP3/1V3l
Ad4 AP4/1V4l
B JL A55_ i APs/1Vs| i

In the formation of B", the capacitors and off-nominal tap settings
are considered. Bus 5 is deleted since itis a regulated bus.

o © 6

59.932 -24.375 0
24375 39.546 0
0 0 27.8

where:
AlV2 AQ /1V3l
B" AlV3l |=1AQ/1V3l
AlV4l AQ/1V4l

0 5
P4(,C)31C= 1V4|2G44 + z IVaVnYanl cos{ 84n+ én — 64)

n=1
w4

6.5 + 1 x 1.01 x 10.308 cos(104.04°) + 18.439 cos(102.53°)

]

6.5-1.01x25-4=-0.025
(0)

0
AP = Py - PO =-0.8-(-0025)

=-0.775 pu.
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S
Qiuic= - 1Val?Bas = 3, 1V4VYagl sin( 6an+ 8n = &)

n=1
nz4

~-27.8) -1 x 101 x 10308 sin(104.04°) - 18.439 sin(102.53")

27.8-101x10~-18=-0.3

1

2Q% = Qsen - Qe =-0.5-(-03)
=-0.2 pu

The P- and Q-equations at bus 4 are:

27.95 Ad4 - 18485 = -0.775/1Val = -0.775
27.8 AlVyl = -0.2/1V4l = -0.2

Therefore, the voltage magnitude at bus 4 after the first iteration is:

’O'é - 0.9928

WP =1V s ava =1+

(9.17) Suppose that in Fig. 9.14 the transformer between buses 2
and 3 is a phase shifter where t is now the complex variable and is
1.0/=2°. (a) Find Ygys of this system, (b) When compared with the
power-flow solution of Prob. 9.15, will the real power in the line
from bus 5 to bus 3 increase or decrease? What about the reactive
power flow? Explain why qualitatively.
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Solution:

(a) The following is used in construction of Ygus where t = 1.0/=2°
and Y= 1/j0.04:

Y -tY _[ —j25  p25/-2° } =[ 25 0.873+124.985 ]
Y 4%y j25/42° =25 -0.873+424.985 -j25
Ygus is then given by:
[ 5-j24947 25+j15 0 25 +j10 0 l
25+j15  7.5-j59.932 0.873 +24.985 0 -5 + 520
0 -0.873 +24985 4-j40.78 0 - 4 +jl16
25 +j10 0 0 65-j2738 4 +j18
i 0 5 +520 4 +j16 4 +j18 13-53.895

Compare this with that obtained in Prob. 9.15.

(b) Because of the phase angle of -2°, more real power will flow from
bus 2 to 3. Consequently, less real power will flow from bus 5 to bus
3. Since the magnitude of t is 1.0, the voltage magnitude at bus 3
will drop compared to that of Prob. 9.15. Asa result, more reactive
power will flow from bus 5 to bus 3.
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(9.18) To apply the decoupled power-flow method to the system of
Prob. 9.17, find matrices B' and B"".

Solution:
To form B', only capacitors are to be neglected. Using the result of

Ygus determined in Prob. 9.17, B' is:

© © 6 o

[ 59932 24985 O 20 ]
24985 4096 0 -16
0 0 2795  -18

| =20 -16 -18  53.895 |

In determining B"', the phase shifter angle is neglected and the rows
and columns corresponding to regulated bus 5 are deleted. Thus, B''

is given by:

o & 96
50932 25 0
25 4078 0

0 0 278

(9.19) Redo Example 9.10 when an 18-MVAR shunt capacitor bank
is added to bus 3.

Solution:

The B matrix (the imaginary part of Ygys) is modified to account for
the 18 MVAR capacitor. This is done by adding a 0.18 p.u. value to
B33. All other elements are unchanged.
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Thus:
| O & &
44835953 0 25.847809
B = 0 40.863838+0.18  15.118528
25.847809 15.118528 ~40.863838

The capacitor is ignored in the P-equations, and so

44.835953 0 -25.847809
B'= 0 40.863838 -15.118528
_25.847809 -15.118528 40.863838

Which is the same as in the example. Thus, the initial angle
corrections for the first iteration will _be the same as calculated in the
example.

The matrix B" is:

) &
B =[44.835953 0 ]
0  40.683838

The Q-equations to be solved are:

44.835953 0 AlVolT [AQ/AlVAl
0 40683838 || Alvsl] |aG/alvsl
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The value calculated for AQ3/1V3l must be modified to reflect the
change in B33. To do this, we add an additional term as follows:

A _ 127684 + —L_1.0%(0.18) = -1.09684
AlV3] 11.01

Solution of the Q-equations gives:
AlV3l =-0.01793 and AlV3l =-0.02696

And the new voltage magnitudes at buses 2 and 3 are:
V2l = 0.98207 and V3l =0.97304

(9.20) In applying the Newton-Raphson method, if the amount of
reactive power required to maintain the specified voltage at a PV
bus exceeds the maximum limit of its reactive power generation
capacity, the reactive power at that bus is set to that limit and the
type of bus becomes a load bus. Suppose the maximum reactive
power generation at bus 4 is limited to 150 MVAR in the system of
Example 9.5. Using the first-iteration result given in Sec. 9.4
following Example 9.5, determine whether or not the type of bus 4
should be converted to a load bus at the start of the second iteration.
If so, calculate the reactive power mismatch at bus 4 that should be
used in the second-iteration mismatch equation.
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Solution:

4
Q(t(z:)alc =- |V4IZB44 - Z IV4VnYan! sin( 045 +6n - 84)

n=1
4

-1.02%(-40.863838)-0
-1.02 x 098335 x 26.359696 sin(101.30993-0.93094-1.54383")
~1.02x 097095 x 15.417934 sin(101.30993-1.78790-1.54383°)

42.514737 -26.125504 - 15.12165
12675831

When the reactive load of 49.58 MVAR is added to this reactive
power requirement of 126.76 MVAR, the actual reactive power
generation is 176.34 MVAR which exceeds the limit of 150 MVAR.
Therefore, bus 4 should be considered to be a load bus. The net
reactive power becomes:

150 MVAR - 49.58 = 100.42 MVAR = 1.0042 p.u.

Thus the scheduled reactive power at this bus is 1.0042 p.u. Since
the calculated reactive power is 1.2676 p.u., the reactive power
mismatch at bus 4 is 1.0042 - 1.2676 = -0.2634 p.u.
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Chapter 10 Problem Solutions

10.1 A 60-Hz alternating voltage having a rms value of 100 V is applied to a series
RL circuit by closing a switch. The resistance is 15  and the inductance is

0.12 H.

(a) Find the value of the dc component of current upon closing the switch if
the instantaneous value of the voltage is 50 V at that time.

(b) What is the instantaneous value of the voltage which will produce the
maximum dc component of current upon closing the switch?

(c) What is the instantaneous value of the voltage which will result in the
absence of any dc component of current upon closing the switch"

(d) If the switch is closed when the instantaneous voltage is zero, find the
instantaneous current 0.5, 1.5 and 5.5 cycles later.

Solution:
(a)
v = Vgsin(wt+ a)
Fort=0 50 = v2x100sina
a = 20.70° or 159.30°
Z = 1543527 x 60 x 0.12 = 47.66,71.66°
, _ 100 x f . R
Att=0 ig —ree SN (20.7° ~7166°) = 2.305 A
100
or g 47"6g/- n(159.3° - 71.66°) = —2.965 A (max.)

(b) Maximum dc component occurs when sin(a — 6) = %1 or when (a —#8) = +90° when
a = 161.66° or —18.34°.

v = 100v2sin161.66° = 100v2sin —18.34° = +44.5 V
(¢) No dc component will occur when o — 6 = 0, or 180°, i.e. when a = 71.66° or 251.66°.
v = 100v2sin71.66° = 100v2sin251.66° = +£134.24 V

(d) Forv=0whent=0and a=0. 0.5 cycles later wt = 7 rad.

e
= — =0.
t 5760 008333 s
100 -
i = 47;/6_[ (180° — 71.66°) — ¢13(0-008333) i, (_ 71 66°)}
100
= ‘/_( + ¢ 191 5in (—71.66°) = 3.810 A

47.66




Similarly,
1.5 cycles later: wt
t
i
and

5.5 cycles later: wt
t

1
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3
0.025s
= 2940 A

= lln

0.09167 s
2817 A

Note that the dc component has essentially disappeared after 5.5 cycles.
(5 time constants = 0.04 s).

10.2 A generator connected through a 5-cycle circuit breaker to a transformer is rated
: 100 MVA, 18 kV, with reactances of XJ = 19%, X} = 26% and X, = 130%. It
§ is operating at no load and rated voltage when a three-phase short circuit occurs
between the breaker and the transformer. Find (a) the sustained short-circuit
current in the breaker, (b) the initial symmetrical rms current in the breaker
and (¢) the maximum possible dc component of the short-circuit current in the

breaker.
g “Solution:
i v ' Base current = 100,000 = 32075 A

V3 x18
1
: — x 32075 = 2,467 A
| | (a) 713 x ,
75 =
; (b) 7619 x 3207.5 _16, 882 A
(¢) V2 x 16,882 = 23,874 A

10.3 The three-phase transformer connected to the generator described in Prob. 10.2
is rated 100 MVA, 240Y/18A kV, X = 10%. If a three-phase short circuit
.occurs on the high-voltage side of the transformer at rated voltage and no load,
find (e) the initial symmetrical rms current in the transformer windings on the
high-voltage side and (b) the initial symmetrical rms current in the line on the
low-voltage side.

‘ Solution:

10
Iu - 10 _ . .

7019 +010) ~ 7448 per unit
100,000
V3 x 240

100, 000
V3 x 18

Base Iyy = = 2406 A

Base Ity = = 32075 A
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10.4

10.5

(a) 3.448 x 240.6 = 829.5 A
(b) 3.448 x 3207.5 = 11,060 A

A 60-Hz generator is rated 500 MVA, 20 kV, with X7 = 0.20 per unit. It
supplies a purely resistive load of 400 MW at 20 kV. The load is connected
directly across the terminals of the generator. If all three phases of the load are
short-circuited simultaneously, find the initial symmetrical rms current in the
generator in per unit on a base of 500 MVA, 20 kV.

Solution:
0
Iicaa = —:-3-6 = 0.8 per unit
E; = 1.0+08x30.20 = 1.0+ 50.16 per unit
I = %%lﬁ = 0.8 — j5.0 per unit or 5.06 per unit
A generator is connected through a transformer to a synchronous motor. Re-

duced to the same base, the per-unit subtransient reactances of the generator
and motor are 0.15 and 0.35, respectively, and the leakage reactance of the
transformer is 0.10 per unit. A three-phase fault occurs at the terminals of the
motor when the terminal voltage of the generator is 0.9 per unit and the output
current of the generator is 1.0 per unit at 0.8 power factor leading. Find the
subtransient current in per unit in the fault, in the generator and in the motor.
Use the terminal voltage of the generator as the reference phasor and obtain
the solution (a) by computing the voltages behind subtransient reactance in the
generator and motor and (b) by using Thévenin’s theorem.

Solution: P
YWY

j0.10

§0.15 035

GEN. MOTOR

P: fault point

E; = 09+ (0.8+30.6)(j0.15) = 0.81 + 50.12 per unit
E, = 09-(0.8+30.6)(j045) = 1.17 — j0.36 per unit

0.81 + 50.12 .
o= —36570—- = 0.48 — j3.24 per unit
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I L17-4036 _ _; 03— 73.34 per unit

m 70.35

I}’ = I;’ + I = —0.55 — j6.58 per unit

(b)
V; = 0.9-(0.8+70.6)(j0.1) = 0.96 — ;j0.08 per unit
10.25 x 570.35 . .
Zin L_]—OG_.(,)— = 70.146 per unit
" 0.96 — 50.08 e .
If = -—-J-m-é— = -0.55 — 76.58 per unit

By replacing I }’ by a current source and then applying the principle of superposition,

" . 70.35 _ . _ . .
I; = 08+506+ 70.60 (—0.55 — 76.58) = 0.48 — j3.24 per unit

" . 70.25 ) . .
I/ = —-08-306+ E—éﬁ (—0.55 — j6.58) = ~1.03 ~ 73.34 per unit

10.6 Two synchronous motors having subtransient reactances of 0.80 and 0.25 per
unit, respectively, on a base of 480 V, 2000 kVA are connected to a bus. This
motor is connected by a line having a reactance of 0.023 € to a bus of a power
system. At the power-system bus the short-circuit megavoltamperes of the
power system are 9.6 MVA for a nominal voltage of 480 V. When the voltage
at the motor bus is 440 V, neglect load current and find the initial symmetrical
rms current in a three-phase fault at the motor bus.

Solution: Power Sys Bus

P: fault point
0.48?
Base Z = —21 = 0.1152 Q

0.023

X = = i

L 01152 0.20 per unit
2
Xsc = % = 0.208 per unit
1

X = 5 T — = 0.130 per unit

58 T o T oaos

[
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440/480 .
i = 7.05 t
I; 71,30 05 per uni
0
or 705 x —200 _ _ 17,000 A
V3 x 0.48

10.7 The bus impedance matrix of a four-bus network with values in per unit is

50.15 j0.08 50.04 30.07
50.08 70.15 30.06 30.09
70.04 70.06 ;0.13 ;0.05
40.07 j0.09 0.05 70.12

Zpys =

Generators connected to buses () and @ have their subtransient reactances
included in Zpys. If prefault current is neglected, find the subtransient current
in per unit in the fault for a three-phase fault on bus @. Assume the voltage
at the fault is 1.0,0° per unit before the fault occurs. Find also the per-unit
current from generator 2 whose subtransient reactance is 0.2 per unit.

Note to Instructor: This short problem is easily varled by assuming
the fault to occur on other buses.

Solution:
At bus @),
I = L——'833 it
1T jo12 78.33 per uni
0.09
Vo, = 1.0-— . i
2 1. 0 = 0.25 per unit
From generator 2,
1-0.25
L' = > = -3.75 per unit

70.2
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10.8 For the network shown in Fig. 10.17, find the subtransient current in per unit
from generator 1 and in line (D-@ and the voltages at buses ) and @ for a
three-phase fault on bus ). Assume that no current is flowing prior to the
fault and that the prefault voltage at bus @) is 1.0/0° per unit. Use the bus
impedance matrix in the calculations. ' "

: Solution: ©)
-]
; 35 & 2 2.5
—

O- ®
35 S

, . —

i GEN.? 1.0

Thevenin Network
(Admittances marked in per unit)

12 5 42
Yo = 5 —j15 2.5
j2 j25 —j85
i A = 2 {12(75x85—25x 2.5)+5(=5 x 8.5 — 2 x 2.5) — 2[=5(~25) — (2 x 7.5)]}
i hat’)
= j3075

For the fault at bus () the impedances needed are

Aoy j5(—j8.5) — j2.5(52)  —425-35

Zia = = - = = j0.1195
" A 73975 T97s
Doy —512(—58.5) — j2(;2) ~102+4 .
= = = = 30.
,, 221 A 73975 73975 70.2465
| Aps —§12(28) - (j5)42) _ -30-10 _
’ = =~ =" = = j0.1006
| Zas A 73975 Jagrs - !
1.0

I = ———— = —3j4.056 it
: ! —30.2465 74 per uni
! 30.1195 i ,
; VvV, = _ = 0.
; 1 1 502465 0.515 per unit
| 70.1006 _
H Vi = _ -0
& 3 502465 0.592 per unit
i " 0.515 _ .

12 = ?3_2_ = ~72.58 per unit

From generator 1,
: = 1———0—512 = 12.43 per unit

:
i .
—
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10.9 For the network shown in Fig. 10.17 determine Yy, and its triangular factors.
Use the triangular factors to generate the elements of Zy,s needed to solve
Prob. 10.8.

Solution:

[ 512 75 72
Yous = 75 —775 725 | per unit
j2 725 —385

[ 512 : : 1 —04167 —0.1667
= 75 —j5.4167 : : 1 —0.6154
—76.1154 :

72 33.3333 1

- - - o~

L U
Yiuws™! = U7L7!  where
1 0.4167 04231 70.0833
: 1 0.6154 L™! = | 500769 30.1846

1 70.0692 30.1006 350.1635

U-l

Hence,

70.1447 50.1195 30.0692
per unit
70.0692 70.1006 30.1635

Zows = Ypus™ ! = UTIL! = [jo.ugs 70.2465 50.1006

10.10 If a three-phase fault occurs at bus ) of the network of Fig. 10.5 when there is
no load (all bus voltages equal 1.0/ 0° per unit), find the subtransient current in
the fault, the voltages at buses @), @ and @, and the current from the generator
connected to bus @. Use equivalent circuits based on Zy,s of Example 10.3 and
similar to those of Fig. 10.7 to illustrate your calculations.

Solution:
.  10s0° 1.0.0° . .
I = = = —;4.105
Zis 50,0436 74.105 per unit
o
‘W
' v
Zy ® L
—]
Z3; o)
-
24 @
1040"
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During the fault,

Va [ 1] Z91 |
{ Va4 :‘ = 1000711 ¢ - I}' Za1
Va 1] 231 |
(1] [ 70.1938 0.2444,0°
= 1.0s0°| 1| —(-54.105) | 70.1544 | = 1} 0.3662,0° | per unit
1] | 70.1456 0.4023&}

Current from generator at bus @ is calculated to be

(E/ = Vi) (1.0 -04023) . .
= — _1.002
50.30 50.30 71992 per unit

10.11 The network of Fig. 10.8 has the bus impedance matrix given in Example 10.4.
If a short-circuit fault occurs at bus @) of the network when there is no load (all
bus voltages equal 1.0/0° per unit), find the subtransient current in the fault,
the voltages at buses () and ), and the current from the generator connected
to bus (). Use equivalent circuits based on Zy,s and similar to those of Fig. 10.7
to illustrate your calculations.

Solution:
L 10400 1.020° : _
s Zaa 50.1338 J per um
. )
——mnn—o
Zl: ) @
N7 UV, N— .__1
Z32 . ) @ I
ST

|"v> 1.0.£0°

,’
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° 1 " Zl?
! n] 5

During the fault,
1.0‘:[ i } — (—77.474) [ 70.0793 ] = [ 0.5830,0° } per unit

Vi
Vs
70.0664 0.5037,.0°
Current from generator at bus () is calculated to be

(1.0£0° = V1) (1.0 —0.5830)
70.1111 - 70.1111

= —3;3.753 per unit

Vi

jo.1mn

1.0£0°

10.12 Zp, for the network of F 1g. 10.8 is given in Example 10.4. If a tail-end short-
circuit fault occurs on line @-@) of the network on the line side of the breaker
at bus @), calculate the subtransient current in the fault when only the near-end
breaker at bus ) has opened. Use the equivalent circuit approach of Fig. 10.11.

Solution:
| VY YL | ye—0
l Zb=j0'210 I
It
" 1.0,0°
Il = where
4 Zkk,new
(Zss — Z3s)°
Zik new = Z Dy — 20
kk, ne 55+ Zp Zth,53 2z
Zwns3 = Zss+ Zaz — 2753
Hence,

Zw,s3 = 7[0.1301 +0.0875 — 2 x 0.0603] = ;0.097 per unit
(0.1301 — 0.0603)°

Zkk, new = J [01301 + 0.210 - } = 30.2970 per unit

0.097 - 0.210
" 1.0.0° .
I = —_— = e . 1
f 70,2970 73.367 per unit
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10.13 Figure 9.2 shows the one-line diagram of a single power network which has the
line data given in Table 9.2. Each generator connected to buses (D and &
has a subtransient reactance of 0.25 per unit. Making the usual fault-study
assumptions, summarized in Sec. 10.6, determine for the network (&) Ybus,
(b) Zyus, (c) the subtransient current in per unit in a three-phase fault on
bus @ and (d) the contributions to the fault current from line O-® and from

line @-O.

Solution:

Reactance diagram: Admittance diagram:

i % %
70.0504 j0.0372 @ @ -715.84 -326.88 @
70.25 j0.25 -34.0 , -34.0
30.0372 30.0636 -3j26.88 -315.72

Q ©)
(a)
@ @ &) @
@ [-j50.72  719.84 ;2688 30
v - @ j1984 —j46.72 30 526.88
bus < @) | j26.88 jO  —j42.60  515.72
@ 30 j26.88 71572 —j46.60
(b)
6y @ &) @
j0.1357 50.1234 370.1278 50.1143
-1 j0.1234 50.1466 30.1246 350.1266
Zbus = Ybus =

30.1278 70.1246 30.1492 30.1222
40.1143 j0.1266 30.1222 j0.1357

CICISIS)

(¢) From a fault at bus @,
10/0°  1.0.0°

II/ — =
Z3s 70.1492

= -—36.702 per unit

(d) During the fauit,

Vi o1 w| Z13
(W] = e ]-n| 2

_ o1 . j0.1278 1 _ [ 0.1435,.0° .
= 1.04_(_)_[ 1 } - (—76.702) [ 70.1222 ] = [ 0-1810L0_°] per unit
Current flow in line Q-3 is calculated to be

(Vi—Vs) _ (0.1435~0)

jX:13  30.0372

= —43.857 per unit

—
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Current flow in line @~Q) is calculated to be

(Vi —Va) _ (0.1810 — 0)
7X43  370.0638

= —32.846 per unit
where the sum of these currents is —56.703(= I7).

10.14 A 625-kV generator with X7 = 0.20 per unit is connected to a bus through a
circuit breaker as shown in Fig. 10.18. Connected through circuit breakers to
the same bus are three synchronous motors rated 250 hp, 2.4 kV, 1.0 power
factor, 90% efficiency, with XJ = 0.20 per unit. The motors are operating at
full load, unity power factor and rated voltage, with the load equally divided

between the machines.
(a) Draw the impedance diagram with the impedances marked in per unit on

a base of 625 kVA, 2.4 kV.

(b) Find the symmetrical short-circuit current in amperes which must be in-
terrupted by breakers A and B for a three-phase fault at point P. Simplify
the calculations by neglecting the prefault current.

(c) Repeat part (b) for a three-phase fault at point Q.
(d) Repeat part (b) for a three-phase fault at point R.

Solution:
(a)
30.905
YV
j020 o §0.905
NNNa NV MOTORS
GEN. Q o905
p O
7
Motor input = 250—:—3—}—6 = 207.2 kVA
625
X} = 02x %75 = 0.603 per unit
For interrupting current use
15X, = 1.5x0.603 = 0.905 per unit
625
Basel = m = 150.4 per unit_
70.905/3)70.2
Zy, = ]————.(5-905 /é +)Jjo_2 = j0.1203 per unit
1
I{ = ——— = —38315 per unit

70.1203
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From the generator: _

I = 58315 (ﬁ%%) = —45.000 per unit, or 752 A
? From each motor: |

s | I = [-8315 - (=75.0) = —31.105 per unit, or 166.2 A

3
(b) Fault at P

Thru A: I = 752 A (gen. only)
ThruB: I —35.0 +2(—31.105) = —3;7.210 per unit or 1084 A

(¢) Fault at Q

Thru A: I = 752 A (gen. only)
ThruB: I = 166.2 A (one motor)

(d) Fault at R

Thru A: I = 3(166.2) = 4936 A
ThruB: I = 1662 A

Maximum currents to be interrupted by A and B are 752 A and 1084 A, respectively.

10.15 A circuit breaker having a nominal rating of 34.5 kV and a continuous current
rating of 1500 A has a voltage range factor K of 1.65. Rated maximum voltage
is 38 kV and the rated short-circuit current at that voltage is 22 kA. Find
(a) the voltage below which rated short-circuit current does not increase as
operating voltage decreases and the value of that current and (b) rated short-
circuit current at 34.5 kV.

Note to Instructor: The attention of the student should be directed to the para-
graph just preceding Example 10.7. Students wishing to learn about circuit
breaker applications should review Application Guide for AC High-Voltage Cir-
cuit Breakers Rated on a Symmetrical Current Basis, ANSI C37.010-1979, Amer-
ican National Standards Institute, New York. This publication is also IEEE Std
i 320-1979.

Solution:

(a) The voltage below which rated short-circuit current does not increase as operating
voltage decreases and the value of that current are
38

V = — = 230kV
1.65 230k
I

1.65 x 22,000 = 36,300 A

! {b) The rated short-circuit current at 34.5 kV is

22,000 x 38
34.5

I= = 24,232 A
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Chapter 11 Problem Solutions

11.1 If VIV = 50,0°, V? = 20,90° and V? = 10,180° V, determine analytically
the voltages to neutral Vg, Vin and Ve, and also show graphically the sum of
the given symmetrical components which determine the line-to-neutral voltages.

Solution:

Van = 50+3520—10 = 40+ 520 = 44.72,26.6° V

Vin = 507240° +20,210°—-10 = —25 - j43.33 ~17.32 - 510 - 10
-52.32-453.33 = 7.47,-1344°V

50,120° +20,330° — 10 = —-25+ 74333+ 17.32 - 510 - 10
= -17.68+333.3 = 37.7,117°

=
3
I

Vo
Van (2)
an
(1)
Vbn
(2)
Yon
(0)
Vbn

0
V0
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(11.2) When a generator has terminal a open and the other two
terminals are connected to each other with a short circuit from this
connection to ground, typical values for the symmetrical components

of current in phase a are 1:1) = 600/=90° . 1;2) = 250/90°_, and Igo) =

350/90Q° A. Find the current into the ground and the current in each
phase of the generator.

Solution:

Iz =-j600 +j250 +,/350 =0 A
I3 600/150° =-519.6 +300

I§2)= 250/21Q° =-216.5 125
1\9=350£90" = 0 +;350

Ipb =-736.1 +j525 =904.1/144.5° A
189=600/30Q° = 519.6 + 300

1% 250/330° = 216.5 125
1{%=350/90° = 0 + 350

I =736.1 +j525 =904.1/35.5° A

In =Ip+Ic=71050 A
or In =3I9=3 x j350 = j1050 A
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(11.3) Determine the symmetrical components of the three currents
In=10/0°, Ip =10/230°,and I = 10/130Q° A.

Solution:

I{V=+10£0° +1oz_151L+104310_)
= H10 +9.848 - j1.736 +9.848 +1.736)
=9.899/0° A

I§2>=§<10/JL° +10/47Q° +10/250Q°)
= H10 -3.420 +/9.397 -3.420 - j9.397)
=1.053/0° A

1{9=H1040" +10/230° +10/130°)
= 110 -6.428 -j7.66 - 6.428 +7.66)
=0.952/180° A

The components of Ip and I are easily found from 1‘;), I(az‘) and 1(30) .

Check: Iz = 9.899 + 1.053 - 0.952 = 10.00.

(11.4) The currents flowing in the lines toward a balanced load
connected in A are I; = 100/0° ,Ip = 141.4/225°, and I =
100/90°. Find the symmetrical components of the given line
currents and draw phasor diagrams of the positive- and negative-
sequence line and phase currents. What is I;p in amperes?
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Solution:

The phasor diagrams for positive- and negative-sequence currents in
the lines and in the A-connected load show the desired relations,
namely:

(1)
(0 _Lail/300 and 1Y) =i /o300

For the given currents, we find

1M=1( 100 +141.4/345" + 100/330)
=107.7 -j289 = 111.5/15° A

189= ;_( 100 +141.4/105° +100/210°%)
- -7.73 +28.9 =299/105° A

1802 ;_( 100 - 100 - j100 + j100)

=0 (since zero-sequence cannot flow into the A).
and,

1
1) - 1_11.15__5. /-15° 430° = 64.4/15° = 62.2 +j16.66

1y =Zi2._i9- /105° -3Q° = 17.26/75° = 447 +j16.67
3

I.p=66.67 +j33.33 =74.5/266" A




;
i
$
¥
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A
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(11.5) The voltages at the terminals of a balanced load consisting of
three 10-Q resistors connected in Y are Vzp = 100/0° Vp. =

80.8/-121.44°, and V; = 90/130° V. Assuming that there is no
connection to the neutral of the load, find the line currents from the
symmetrical components of the given line voltages.

Solution:
Phasor diagrams for the positive and negative sequence voltages are:

al vy bl

1%
v“) —ab_./-30° and V@ =2z /.30
Y3 Y3

(no zero-sequence components)
v - L (100.0: +80.8/-1.44° +90/370")
=-§-(100 +80.77 - j2.03 + 88.63 +15.63)
=89.8 +j4.53 = 89.91/2.89°

viP_L L (100/0° +80.8/118.56° +90/250°)

=5 (100 38.63 +j70.97 - 30.78 - j84.57)
=10.2-j4.53 =11.16/-2395°
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_8991 y2711° = -
Va(’l’)_&%'sg_/ 27.11° =4621-,23.66

v =116 /605° =6.41 +j0.68
arn

3
Van=52.62-j2298 = 57.42/=23.59°

- 57-42/1'5———?-—5—91 - 5.74/-23.59° A

I,

(1) 91 ° -
vy ___89{32 /212.89° =-43.59 -;28.19
v®-1L16 /126.05° =-3.79 +/5.27
Vip = 47.38 - 22.98 = 52.66/=154.13°

- 52'66%5—‘“-31 ~527/-154.13° A

3

Ip

Vg])=§-9-v-_3-21—/_9.2.8.92 = -2.62 +j51.84

v@=1116 /246.05° =-2.62 -j5.89

Ven = -5.34 +j45.95 = 46.25/96.51°
I, =46.251Lgﬁ.51_° _ 4.63/9651° A

Note that I + Ip + Ic=0.
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(11.6) Find the power expended in the three 10-Q resistors of Prob.

11.5 from the symmetrical components of currents and voltages.
Check the answer.

Solution:
From Prob. 11.5, .

Vi) =51.91/-27.11°
V2= 6.44/6.05°

V=0

V(l)
(1) =240 _519/-27.11°
o
1;5):%@0_: 0.644/6.05°

=0

° L3
§=3[51.91/227.11° 6.44/§,Q§°][5'19/—’27-11 ]

0.644/6.05°
§$=3(5191x5.19 +6.44 x 0644 ) =820.7 W

Check:
(5.74)2 x10 + (5.27)2 x10 + (4.63)2 x10 = 821.6 W.

(11.7) If there is impedance in the neutral connection to ground of a
Y-connected load, then show that the voltages Vj, Vp, and V. of

Eq. (11.26) must be interpreted as voltages with respect to ground.

Solution: .
Power supplied by the source is:

S=Vila + Vil + VI

Where the voltages Vg, Vp and V. are voltages with respect to
ground.

s Ao

T
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Likewise, the power consumed by the load is:

S Vanll + Vil + Vanle + Vala +1Ip + 1)
= (Van+ Vi) I + (Vo + Vi) Ip + (Ve + Vi) €

But (Van + Vn), (Vbn + Vn) and (Ven + Vp) are voltages with respect
to ground.

(11.8) A balanced three-phase load consists of A-connected
impedances Zp in parallel with solidly grounde