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% CHAPTER() & Probabilify : O

% Ket Definitions:
‘ brecks od€ ).
M: a set ts o co”ecﬁc}yx of Ob‘)e'ds (%ﬁﬁf Jelemwh
for exomple ' set A -.-Eo\,b,c,o(,eg
Q&jvm Aovsel
‘Sww = Cfe »
cose A,l?pc)'“'
AEA S oo 5N element in SCJ(}AA
0\¢A . s MOT elwuhn se . e Me!—hw{'

* Two methods Lo SPeiﬁ sefs: ‘L,' Lule Mt’ﬂ'WL'

; abular Method s
'Pa( e’ A = Z;g,q,g)gf

7 Rule Methad 2 o 2 .

Nwbers
fr egt A= | set of oren PAE ]
B = § AN real Mumbers petween ~1&35 -

B = I"’ << ?E

i e a fab’&»
%S’eh COV\ICL be. C}MﬁFt(’.a(. Aas _E: fj::awfab!&.

p Comn fable <et:

= 23"{ 6‘:8 10912).- "
i Azcléai’é’(g’@g s Fodind

2 UACOM?L&H& Sef :
fie em: C = Jo5< b 1o
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* Ane ther Class ification '19‘" Set: "E: ﬁ’”}c @

in fm'h‘.’—-

1) Finite Set: |
7-|Aa5 ?M”’f_ Nmbcf op CI&*‘Mh- = A= E”E)?}

';—l Tafinike Sef:
= B=]1:2,3-% c—_iléa/\w'g.

* E’“PD Ret: &,1%.
=> the Sct with

% Universal Set: &
= the set that contain

. 3 . )}.
cR:A B cnfaned in
= E"’A is Subsel in B

AN olement's -

1?'-: Il;Z;?; 1‘{7555;7)8;
A:ihgyg}- = AQ—B
c=32,4% = CCB

R 21,77330\} S 1 .¢B
N
fs 4 then therr o€ A ,S’ubIcILS of A.

Example:

% Rule : 7 set A has N elemen

e A=}a,b,c§

/V-’-? == 2;=85nbxch-
[§ ‘?;J HY Josbf 5 fb,CE,fot,c}', 3 0 s856% 7¢
>

Mofe s Josbf seme as jbsaf

o in duis e We oM consicler A as S
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% Sets AX B ae said fo bt O{I'S)ainjf or eutially exclusive
ets

- if ‘H'ﬂ have NO common &

lements -

¢ voint -
Jrom e lost €29 fmbf & e owe olis join
X Set OPefm'}‘fﬂﬂS:

iagrom . N
Venn 403 ‘S yﬂr. . pg\c e OLZ'UU'“{-'

7 Seb Equalty:

;J i diffeconce betweea twre sefs :

A-B el clements in A buf NOT in 3.

RPN LT o U- 51 b<ass

(EmoVe the. S!Aaaleal Area from A :
/.\-)3 = ja-6< C<1‘§

Exomple: A= ]

A ¥

::::::::

b/ i o

7] Ta fecsection :

AN B: the se
S

QQB/'P And ) iloga'ﬂt&f-
@ from tre previous example !
ANS AMB =5 1&d <165

b of Jhe common elewents betueen AX S
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9 Union : o

" s inpA& B
AUR: all elemeats in A g, A= Fir 24568
AUB 8=] 256,915

% G g 1865
* 11)523) y A8
J C U D /_]U)3 421,2)
bomeel Dot taKe the Jqfeguan/'clmedfs.

B

% For N sefs:
A|7A2)"")A/V

r&)’Ag =A,ﬂAzﬂA;/)---ﬂA,u-
=)

OA; = ArUAzuA3U°UAA/
=1

9 Complement
ﬁ . the sef all elements NOT in A -
e S W AeS-A e AVA=S . S=¢
” o A=S-A 65 - =
,% ; e ANA = = ALA thiy'amf-

X Algebra of sets:

wtadive law: . ANB =BNA
) Com c AUZ = BUA

() Distibution Loz o a3 ue) = (AnB) U (AnC)
o AU(BNC) = (AVB)N (AUC)

(o) Associative law : « ANBAC=(AnR)NC = AN (Bnc)
. AUBUC = (A0B)UC = AU(BUC)
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¥ Ve Margan’s Law ?
) avs - and | 2205 - Av3 |

X Mathewmatical Model of Expivements :
13 Sample Space:
S: e sef of

et exp: Roll die X record the appeared awmber
4

all possible ontcomes of the expifmaﬂfs-

Solution: all possible ot comes 1,2,3U55;
= 9= ij,Q)_?)L{,E,éE

cq: expt flip & coin: =» 8= iH:TI

@ Events ! S
Subsets of S
eoy: exp: Roll & die.
Pefine eveat A 7 theappe
Llution:  ep=> S - §1.2,%,4:5:6f
event => A= ?_,2;”) 55

é} Assign Pro babilities :
p(A) ¢ Probability o F eveat A -
Ly Mon fnejah‘ve A bea

f
ared number s even -

o ehote (At =)
i N

)&P{ababi“i’j A xioms ? # i

7 oéP(A)Si B M dtl'fj"l'ﬂ"ovedf'::

7 & (AP(S‘) ;7] Arrds s Bsnic o Ay

(;; impossi ble S: Cerci;'ai;\ -WWS: i

event. event. P ( UAI'):.ZP(A") R
(=l t=) ..__.7
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- P(A,UA;”A;“'UAN) @

SN )
L pUAY -t PLAL) +P(As)t - PLAW

wm of Areas (AﬁAz-r;-:AA/J

,S Noy oS
[@@éﬁ% > P(i('-}'At) “otal Avea

Exomple : Roll two it amd observe the appm‘eal aumbers .

a) Find the sweple space f
D) Velormine the events: A= sum=75, F=§3<Sm g ng

>C = § swm>i0f

c) Find PAY, P(3),P(C) ¢

al) Fiad P(AUBJ, P(B’UC)) P(Aﬂﬁ) :)P(B/]C) ?

Qolution ©
a) S =§ (151) ;(I:?),(l,?},(l)u),{;,5),(1,5) —— (5,5)?
L) A= i (1,6)9 (2,5) 5 (3:4) 5(453) (5:2) (@UE

B =1(26), (4:5), (5:4) 5 (6:2)5655)5 (§56)5 (6,5)5 (456); 44)§

C =3 (6:6), (554), (6:5)§

: - 3 =L
g em=£H  eweelrl PO 5]

6.4 _[E
z

_—

J) P(AUB) = P(A) +P(B) = 35 % 7 = |5
pohce that ABD ase dlajiiat, 5o p(AUS)= PIAY+PUE).

b (BUC) =f4g] otice thet p(suc) #P(A)+P(c).

p(ANB) = P(8) = Fero
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X Tomb Probability : | ®
e J'OMJ- probaTliljffj between twe events A& B i o[onafc'al }fj

,/P (A/Lb}-; Probabim_'j ol(')‘“«t oCcMence op AY\\B tfje,ﬂ’lt’f-

P(AND) = p(AY+P(B) -
P(AVE) = P(A)*HB)— P(ANB)

provm3 bj Venn aba.jrown

A=aU(AnB)
y= bU (AnB)

o p(M+P(8) - PAUB)/

p(aSs p(a0B) +P(5 %

[ﬂf+P(M 1
o+ D) -R(0B) = plADB) T

*As a srecml Cose ¢

i AN B are (,stonn‘f

v3) é\_ P(AP(B)
= P(A eﬂa’ wkeﬂ

ional PfObabll
A hn‘j f A given that B has occurred

P(AﬁB) e ProbabJ

5W’M ‘HIHIL P(A /B) _ '__;(ﬁ%)_
P(ANB) = p(4/8) P(B)

(condition on) -
o if ANR=F =5 P(a/B)=Fero:

o box 4here is 100 resistors evith resishaces & talesaates as?

s Thea: [p(AvS) = PA)+PLB))

png=g (diseint)-

M: In
Tolesaact 225 . YFa| loosn Tetal
57 10 95 § 24 £2 &
ol 4 16 5 |73 =
Total Nuaber| 24 Y o
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CXP: Draw oat oane faﬁS}a/‘-

Define the eveafs:

A the resisbor s YF s~
20 the resishr i with 67 Telerrnce:
Ctthe fesishor ’s  |ogsv

Fiad © o) PAY,P(B)5P(0)
b) PLA/B) 5 P(A/c) > PL 8/c)
Yolution :
a) pA=AL ps) =52, P(o) =22

oo

- prAnB) _ 28/100  _ ] 28f
by p/R) P() 62 /100 62
P(A/C) = piane) . P8 _ E"ﬂ’{ .

TCHG,
prasc) = PBIO) _ aype _ |21
2 32/100 32
E le:
il <L Exp#d: Draw it ona resiskor from the bax.
fog: ialain ol P ( the resistor és o) = 18/50
812 5% IF P( the resistor (s 225) = 12/30
f/SO E adichyrc” P( the resistor is 2Es) = /30
P( Hee resistor is 4ts) = 174p

Exo#2: D 0wt tuo resistors coithout (eplacement .

s il
P( na( 3¢ m_,., N / s 221\1) = P(ANB) = P(A/E) P(8)
e 3 = & 1L _ [ 27

?‘f 2;0 :,Zqo
% with replacement: p(A/8) =P(A)=%%
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X Tadependent Events s N @)
e two evenfs AE\E e faia( to be .-‘Mlepw(a!f' zlc.

P(A/B) = P(A) A is Mot affec ted by B
P(3/A) = P(B) 2 5s Mt affected by A-

xConseguaMce ot inalefwdmce: —
p(As3) = PLANB) _ p(A) => p(Ang) = Pl
—p(B

« IT A& A ave independent ) en

a A& Ay e z'nalepmglmf-

5’ AL & Ay are :‘nolcpma{mf-

3 ANA ae -Ind.efeﬂﬂt&'l‘i" y }
o | endeal  eden S

Exomple: (rivent that A& Ay are tw ﬂo@f

p P(AI)ZO.%P(AZ):O.? 4, (1-02) =042 { -
Find © &) o(MNP) ZP(A) - PUi) = o6 ¥

) Plh/A) =PAs) = 1-03 =[o-7]

)?zﬂlgj-’:géM t#)
BDBZ)'--)BAI wL\iCla

W N
sa\‘\‘isfj U B = S = P(ylﬂc')zi B L&2 Ba |
2 A ETE
o pay 0B e P(B) = L s !

M
o= S PA/B) P(B)
=1

M:F(AnsFP(An(ﬁg,-)) = F({Anﬂf) U(ANBy) U - --(ANSY)

= p(ANDI)+p(ANB2) + oo - +P(APT)
N N
= iIP(N\ﬁ[) = 2 P(A/Bz') P(Bt) :5#—
(= 1Y)
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%g@es Rule 2

P(a/a) = PUBIA) _
P(A)

e e o
P(A)

Communica tion Channel >E’(_2Z__9___9

&

E'XG.W\P\Q'. % 2;@

h
_‘(—i aééﬂeb[ QX —TF_L_ ’&(_ff’ Al ,,
BT~ 0 P(A./&)'saj\' o the Peceived
”—éhc.'ffa-nsmi”ed” LH— is 0
‘ 1 iso P,
b(Bymoré (1) DI P g,

PLEr)=et L1 %) ;/'1-—————*—7 1"\J Az

i\ﬁ ﬁfﬂ% pit is i
Jord the Lolowing 2
@) P(A) P(A) -

b) P(8,/A) , PLB/AD B3 /hg) 5 P(BAD -

> . $M""
S’aluhon ' sum=1 )) _ F(_Aln 3\) -’rP(A'-n )32)

" P(AI) = P(@\ngl) U (Alnl‘s? " Probabimj Law.
_ pla/s) P8+ PA /82) BED Fonek

= (09) * (0.8) +(o-U %(0"“ = ) =

. p(p) = 1-P(A) == [PAs) = 0.42].

0l p(h)= P(AB) P(B) +P( 4/ B2) P(B2)

)

— a.]%0.6+08%0c.Y
= [p(A) =o-H2).

= | 2)_ -q)*[a'ﬁj o= 40 :
) P (3/A) = PUAIE) PCY (ﬁ_ﬁ [P(Bi/A) = 0%

P(AY)
p(ss/A) = PUNB)PB) o [p(By/A) =0 08|, ok  P(E/A)=] -P(BiI/A)
@ PLA

; « P(B/A) =1 = 01N}
[PBo/h2) = o.85F).

. P(B/As)= Pg‘i‘)’m—f(&)%? (Bi/4,)=0.T3].
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X Covbined Expivements : @
= Expl'(cw\w,' ﬁ(Medj Combiw sub—exp. .

Example :
exp: Flip o coin &N colla dlie .

@ - Sowple space S = {(H,l), (H:2), (H,g),(y,q),(H,g),(u,é)T
(1) 5 (T:D)(T).?))(TJ‘!): (15)> (T:¢)

Q_ﬁ-‘ exp. -1:: Sub-expl: flipa cin. = 8= 1H, TS ;
Subrexp: Rolla die. => Sy = T1:253545 4

(H)E):(H)o’)
&> = =5 (M) 5 (H2) 5 (M33) 5(HY)>
=2 TS" Icf,u,(mJ,cw,tm),tf)sblf)ﬂ

means ovent .
3

Com bination . UJK"Q S'\ /\/' & ,Q‘z
® « Define event C ;7 the appented face is head & the appeaced Ninmber 15 even
> C= T2 5(H W18
c;mbinea[-
Q__@: A:EH; (from Sub—up;f) = C=AXE
8= 32,46 (Jrom sub-expd) = (20 5 (HH) 5 (H)
© « P(c) ’@ oR:  p(c)=P(AXB) =P(A)- P(B) = 1‘-#% = @

E xample :
Flip 2 Coins at once , Pt'no(: P(“” fuces are hem{) ?

g = [ UHy HHT> YTHy THH> TTH, THT, HTT,TTT f

= [p (FwrHs) =1/3].

gE: b _F
i g 10 - koo <[
\
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g c\‘(’ P@rmm‘,‘a'h'oms 5 )— . ) @
=> all pessible seguedces of o rdering 1 elemeats (The orafvf{ s

impor fom:
FaKen from n elemeats without replawwedf-

M:{ '—7-76(0(3(2 CWO(SC{-:IZ)
H - .
e place S placed
== T :
)ﬂ b Jc] [ " b s pemutations.
A ot
- A E ] ef et =12
b ¢
oA s Y31
C ol{ 2}”
d 1 e e —
:{L é’ J card - cowd -
£ xowplt: 5 - cordds ol ol e ) [E)y s, s uhib 8
{ - PR B
Ej 1 _ 40
VS Y # 3 = =
— rtl
#5F Femuhh’ms = frn_—. n(n—\)(n-2)-..(n—r‘+l) = o

omDi "" ns? | |
%Cﬁbl,g:v; s Permutatims buf the oreler 15 NOT impor taat
(28l B I

le: Y-cavds
Examp T

ﬁ‘“—‘

n I
RTINS S
#OF CONLIM}‘MS = Cf r-! (n_r)! r[ [f)

FRCEIOR

tof combinations

=6
(g (g
1.

NogS d2 SD_'_-\';
&~ 20 S-ntrD;?
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Example : 5 shdeats. How wany  2-members  teams could @

be ,Débrf?ormeo(?
5y - 5l skUx3 _ 10 feams-

e

‘ 5 ! 5
Yoluhion : 4ol teqms=Cp = (3) 31 (5-3)] ’/f* 2

X ge{nouli Trial ¢

e "W‘ial of CXPr ir two Pas’s‘iuc au‘i’COMCS‘

A

‘s o
Success

—

A ! A
o, 1 i = erl on
fail >J05~:f A oo

Cq: Flip a Goin:
Two poSSib]C owlecomes? é‘:- SLHE \ )
A= $LT§ P(A=p P(A) =1-p

A times s Then the aumber

I

w TF we, repeat the Sernouli Trial

- Py A/-
OF siaC(esses l/< = 0> 1;2) g

1N '—‘-?
JWhat 35 the Frobabllﬁj oF K P S

’H"P a com 3 £imes 5 P(ycsz):?

EX&M[’}& |
A f : < 3 ) §TH, THH TTHs TH 5HT JJJTT'Eg
<o lutioe = 3H =S HHH HHT)

_ Key |
PA=1-+ -3 k=2 K=1 |

So K=0515253
p(,,(s,q) - p( {HHT;HTH,T’HH}) - p(wd) + p(uTHh + pErrHp)

_ 3 (pmpepty) = 206 (1-P)

T ———— -

Rule: V Bermonli Trials 5 P(A)=p LPA)=1-p 5 Ksaslsgyeeas W
E V-K
> Use the fllwing furmela:  (P(K) :(%)f’( (1-p)

% Mo RacK te the previons example ¢ find F(y(,o)?
P(Kco) = (ag) (’D (I—P)} = (l-P)?
og: pi=s) ~PLTTTf = pETf pr7f PITT = (1-p)?
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> fiad p(x=1)? 2 ‘
Pl =1) = (,3) p! (-p)>=3p(1-p) |
OR: p(K-1) = p[rru]+PITHTf # IHTTS = 3 (l

——et
—_—

3 P)z

Exomple: Flip o coin 700 Eimes , what is She Pfdbabi“fj Bt the

head oppears at most L times , P(H) =M s

: 5 event |
32@1“ since e asked abiut the head = moKe it the sACCES !

= HS:OJ'{ 1;
A;iug N=loo = p F’f |
K =o,:, ceesl00 => Pik“‘l appenr’s af wmost 2 h‘mcs? — Pfy(gzg

—pficedg + P IKoF +PEKE |

Teml = (f’"a) (04’ (4 o8
= =[.432 :
Teia? = (lo‘o) (o-l{)' (a.dﬁ“l => _Answ&f‘ | )HD_\ |

TC(M 3 = ( lgO) (0-1'])2 (aé)q%

& Sece the Text Buo :  Examle 1-F-1 51172 S, F-3

* * '3 % >k
End of CH.

,%’CHAPTER(z)f R ondorm Variables (RV):

£ RV oleF Jewnle'm oﬁ S'M,D)c space -
A

X
exp- —pNr 3,&’62)' '"JC/VS :_-—737 XCS)F\PGM} on the teal Zinc. L

|

Viscrete.- R
.
RV_E Gontinuons.
- . Plio a coin & roll & dlie
Example® X Flip a o
@S ® define R.V. ___7
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.

R \ D),
‘ G o B pen the dic
Rule : X (8): f{; i‘af;ﬁc: x & (-2) (#on fhe die)

(5H3) (H>3)
L T,u) ( HyH)

(T>9) (H%)
( ©6) [H)é)

{ l2,—-10,-—3;-—6;-—‘{;-—2, ]32);)1") 5)63

4

Discrete.

x4ﬁ=P[®)=¥§Ea

> Piad e fdowiney: B
.+ P(X’-‘,?)

Lo (x=-2) = pP(TmiT)
. P(X:{?) = F(Xf—\2)+{>(x——m)+- .o

—

= O\*% =
,P(Xé?()):@ -P(Xsoo)-—-[] . P(X € -0) 0]

p (o5 XgH) =g Y =42

Example : Whee| of chance @ @8 O®ORY 4 X(s)=8 |
= All ceal #’ between © "NV,

SO\u’non OS I < 8 S lZ} et inebolity 2670
Arons Q'V'

!

l

® X =Jo<x <l -
| C - — X
= find P(o< X<9) =7 6 14y
= Leagth of the Peﬁ'cd’__ Yoy =E

p(o < X<9) =P ] o< 5<3] lng T of fhe BIal 720

—>ﬁno(P(X—°\ (g,g) =0
* Always prd&o«bl’ }j for a SFGCLFIC point In G,\}‘inums A — Z@VO-
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(DA

P(OO%: 4,5 = da- s Take the lmit
5 pldi<s<e2l = T 3
\ A

Q S Pldhescds] = Aim P - Fero #
* alzlf'tl -0 U(z—ti( —0

; ] Zf/fﬂ'
UO'I'C: ZF 1{' was ﬂfgcre"e KV:?) it odaﬂll bC /3

" () Distribation Function - CCVF)‘
‘ L—»@ Density Function . (PPF)-

CDF F (%)
" N

s L = P(X<x) ’ B
Jor any RV X @Koo

Exawple: (%) for o Disuete RV

=3, pw=L , PH)= 2
= 2 P(3
exp: * S';ZIJZ,?)LIE PU)--Z—';!'— )P[) 2y ) a2y ) oy

10 |
U—_élﬂ"'ﬂ;

_ ot find F;((x)? ¥ |

ﬂe—ﬁﬂﬁ R.V X'fg : M —F () - — _u__,,:,l-)__-
an - () ?

coluion: X - §1,8, 27,818 mﬁwx (12" gp(,;_;,
3 237 =L ol p (Y 725 |

p(x=1) =4 p(x=28) =% TP frodwzz: |

o) =10 E .
PLX=8) =3 PIX =) "3y > E]* L
w1 A |

TaKe poial's starting from —0:
, Rl =P (X$w) = },  E()=0 l
0 f;((o)’-P(XSO) =0 k
L - P (x<1) =Py = YA |
; F;((})=P(X-S3)=P(>(=l)=%q l
. F(8) = p(x<8) =P(x=1)+P(¥=8) o R il\ |
. 5 (1D = P(x<27) =p¥) )+P(x =3} P (X=)7) 11
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e W(i’ﬁ/\j F (%) :

}'.;((7[)2 ? o , x«l *Ameﬁs:
B 5 1gx<8 R = o
o 8¢ x <27 Fe(00)71
i o gz x <& F(x) = R (x)
T, ssx
R (x)

€3 X:Z—J,O)lf 1{2 _

P(X.-_ ) = o-b 675 5 5502255

P(x—_o)—:o~25 10-5 5 o

P(x=1)=025 4 5
Recal e waik step fur CHMU':(::\
U(x) = | 2 K=e 1

0 L) X<0 _‘-x
u(x)
w(x-Xy = { x2% it J
g 4 <L X. { 1 ~ X
‘ ey, %
- |, XFEX 1
M(x*)g) - 1 5 3 XS"X- Jj ﬁLx
X,
coF for Discrefe RV X € 1X5x% )"'x/v’}
* Y

5( (x) = 2 P(X(’—Jff) n (X=X

A

@ = P(X=0ulx-) +P(%=8) u(x-3)
P27 u(X-27)
4 P(x=6H4) u(x-44)

= foc Example :

LIS _

2417~ — =S =
%%::"“__ ’#
1 L g oz gy B
llyzl‘ _ _:__ e
i e I
W
o ! . %

L' 1 8 gy e
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M: Dstribution Fumction Con‘f(ngauts R.V:

R.V T models +he {»wfafu/e c’F cerfain location —r-:z-fasfsﬁﬂj

Ey (4 = PZT\<H= o 4, t<-é60

___fg-_-—%——b}:
£ 440 g -g0<t 120 ~&a 126
180 2 F;(é) tj’ég
1, t=120 ;V_L
Wl | » L
X CVF Propafh'es: K 120

O Klwlze  @E(@=)=1 @ o<kl

@t X< > R REG) @ Pl<X<h) =K (x)-K(x)
)-rCDF is increannj Funcfion.

@ R (=) = k(=
woeof fr B F (m=p(ten) = pls) U (sx <)
= P(Xsx) + PG $X<%)
il + vZ
% % s, P(x < X4 R) = P(Xsw) ~ PLXR)

£ fr the same Exomple in pﬂtjc_@:
Fad: &) P(3X<27)
y P 1<x<2%)
) P(3<X <)

soltiont &) p(3<X<28)= p(x=22)= P(X=3)
oR: P(7<x<27) = P(X=8) +P(X=27) = i+z§-_ 10

Y p(1< x<28) = P X< 5F) - R (tP) = K () Sl FE g

- i
24 T 24 |24

Z
oR: P(2<X<29) = P(x=8) "D ]
&) p( 9<X<8H) =p(X=8)+P(8 <X<EY) = R AG TN +5-,,—~g',§—ug{
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4/3_@: 7Cor Contineons RV :
P(X=x)=0 , P(x<xX<x)=p(rgX<x) =P(ngX<%)

;_EQE? (x)

2
for @V X yihe poF 2 (£, (%) - aﬂﬂ") x

Example = PPF for Discrete .V
X = 11,3,25617 5 P(x=1) =4  P(X=29= %

Find 5(0 =7 i~ fei-
SoJution: }’x(x)z alfi(x) = %{[z‘%“[x‘” + z%u{x—snz—f M[X—2¥)+—2L$K(X-K‘Iﬂ
= g g+ 2 5068) + £ S (x-28) 12 5 (x-6Y)
pRO g 4k
¥ For Discrete RY XE[JGJ)QJ)Q-"XM}' ;/HT g?i I
Wes( g (0 = 57 P(X-R) S(x-7) 3 27 4

Example: PDF for Coatineons R.V. T =72-60<t< 120§

Find (JC)”?
S’o)u’f:‘on;]g( )?r@%) = dRE 5 we Waow E(h=plTet) = | © > £ <65

AIO% F < —66 :‘%_o P\ 260
5 ’ t =120
= fW }r%z escns fo 11
—Hrea =1
o 5 t=12 lsol////ﬁ eaLi-
. -60 120 »
% PYF Prapwﬁ&%: .
@ %‘cj(x))o @ [fldr=] “if NOT 1 4neq itis HOT POF”
Example” Find the Cu.a:/'aanwsuch that  g(x) s pQF 4
= T [atrydr=1 Becawse 30 &5 POF -
A T 7 L bl L

S N L
=7 (12--#2104)*2:1 = A 2
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® Ex - fxf((;) JdZ
Banples F; (o) = [ (551
K (%) = P(xsmrwj;g’((i)o(f»

Fe (%) =p(XsX) I- Fe (%)

X2
@ p(x<X <) :jﬁ(ﬁ)e{f— . —P[X>x.) ﬂf (3)A%-
y X

/\Mp(xmxm)
7

J’C\

= (X<]Cz) P(X<xl
*PfooF P(X\<X<X2 E((x‘ f (%) =p
= [35(;)4?(; fffﬂaf; j}’(mg 4

)ﬂfmporhm% {Q-VS"
[7] Uaiform RV

[2 Expaﬂeﬁha’ RN\ g Gaunssion R.Y.
(5] Rinem inl R.V.

E} U/Uﬁfﬂl /a ?\_ | j)[;(}f)
X~b( ! 7 bC(—m,mjg((X }'—l" JA&x<h \

b-a
X"‘ZM’C‘Z’F 0 » 0-W fr

CQZXSIK x A5 o , XLA ckecK:}ofdx)olxb—i
o HL(*)= jy(;) x ks ’wx( ]

_’x

.-375((1”)”‘? °
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Example: X o ()fash) > X~ U(2+3) 202 @1
X

findl &) PL-1 XS 9 "
b) P i< x<HS A_,j:j,;——uc
Soluhion ¢

a) PZ|<X<0 j}’(x,(x J—AXPB
Y Plir<x<uf- j}"(x)alx jJ—Ax—

@ E xponential .V : | —G‘(};_) x=a
X~opl) <07 ¥C 7

ad\Y € (00, 00) = g &S
.Px(x)
» practical example: T % 4%77_5
C'Ja-\‘\‘if\‘i) Xime te stat « phoﬂc call. e | i /7 > X

7 =] ...(x—aJ
check: Area = _{b e Fhx=]
e CPF of CXP(“JU:

x p(;- v} 3 X<Q
F (I) - (5) = i —(%-a)
X "ooj 7{; jj-g— ox Z

e r g X2a
(73
’Q(\i) (X\—c% X Q(__l
,_'_.. b = l = = b o x?&\
e P di —b/ -3 [ =1-¢ for £
a
e 52 5 xza ‘ J[
- g JHEF e
o y X <@ 5
Example: X ~esp(s:2) Find: @)P12< X<3§ Ll x<20 x>3§
i

o) pix<2 U x>

Solu‘}im: = To sdve find ]0 (x) Ficstly- }]X 4 ik
} (%) = f % 2 JwEs M :?>-
s X<0 et - Canhﬂﬂ-f..

P o § 7 T
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~%9 1 1

i (&2 - farw) &

N
= & P?Q<X<3f:2,( —ZLc/io(,r -4
1 2
oR: fud K(x) = pf2ex<if=g (1)~ f(2)
D) pixcspxs>3f =P85 =0 I\ Mo infersection.
) Prx<s UX>25 = siace A/o erc.(sec‘ﬁm -—> X<2 5 X23 a/azcbfjd'/‘%

T -5
=Pix<2f+Pyx>3f = ff-é’o(erJ’e dx= i et -0 ‘@

% dren oF PP 4HTS =] - P[2<X<fj’

;.-X
P -1- [1hn = L

2 ke

[Z] GauSSr'M RV '//l/amafq :
X“N(ﬂx) 6;1_) .GIG(——M)M)

0
oo;>

e X € (—'w,m)

Oy :-':/( vernge Value for X~N(a5%)
gy = Shma(afa( ﬁW/'ahd/l-

o2 - (x -a,)?

%S()em'a/ Case :
Ax g glige 4 ~ N{a51) 2 stmdad gamssion  R. V.

5% i
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:Dp‘éi‘fr.ibu‘hon Fctlon for X ~wM(os1) = F (%) @
ESTCibution  Functivn for Xt (ags003) => Fo(x)

= F) = Pixsx} = [f(3dF

x _% :
= (Fe = [Le ot

Fio) 77 Lo Solved by wsing Tables.
B 1 ) =plxos] e T R taaey

Exwple: Given X ~Mloyg) Fid: a) I XSS Ppfatexs 293
) Plol<x<23  dIPf-28¢ xc-of )P [-15<x <1U§ 1) P[ x<o23f
Salution:  since Contintons RY eve dow't cae for the equal Sign:

g pix<osf %’r = p  X<o25f= F(o23) =[o.5310]

[-] 6-2?
aes= o .54l

a) Pi Xé"/-%f 1- F(135) st il NG ) 5 £ F(135)=1-0.9115 =]0.08%5 |

i d

- 135 135

Y Plat<Xg BY = £ (.3) - Fls)) = 09843-0.528=|0.4{35 |

‘.,_/—I%: C) fame as@ since it is Confimmans R.V-

ol 2
A) P ~2-3¢x<eoi§ _ F(-ou) - F(-23) = {- Flo))-1+F(23)

&{1: = F(p.g)_F[a.j):o-ﬁﬂ‘l?—o-gfqg':lo-gzgé

-23 o
) - F(-15) = F(u) =1+ F(25)
e ~1.6<L X<t = F(“") F( |
)Pf f =0.9192-1+ 0.93%2 =0o852’-12
7
.-"51 o
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X
x*x X~ /t/(ax, o @

F"(x)_ l (Jr‘ixJ
f;z“?ﬁ C PF g By subshbdin: Ff e B
X""x =00 —b A= » *
‘>/_—(x)f %_O\I 3:——x—+u_;:«_x a‘vtS%—f
J == du %
2’7}7[ N {(21)

X - X-ay 3
Bk CJCJ i F [“/ l =~
X " ;
~e0 Lf”,- ’8/ d(“-

Examglc: X ~ W (19,25) Find: &) Piro< <5 LPL % <x\<!5}’

Selution fx_""-lo s 6;2-_-_ 2% = o =5 NZQ)
) a0
\—J/\@,\ Pjrecxg 75§ '—‘&(3‘5)—/:)-((2@/4“!“”}{ &

Iy 20 35 _ F( ;g,/a) F[zﬁ._y__F(g)-F(z)
=1 -0a77 =[0.0013

g 0222~ pis<xsisi= ((8)-R05) = F('%59)-F(°F)
N = F()- Fl1) = () - 1+F0) = 2F(1)=)

=2 x0.8413-1 = {0'6826§
First Maternl % % w  Fist Mafedal % % % Fircet Maferial % % %

14) Bepnouli R.V':
= Q:’scfch‘_ R. V',(Cla‘f&a( te the Bewouli Telal.

e s

SdCccjs

!, it A occuss.

X Ia , ifAoccnrs: o 1
X€ Jot] 01X =020 & pix=f = plAf =1-p

X

Scanned by CamScanner



o (Fx(x) =(1-p) S(x) +P (x~1)

* BT G Gl p T
15] Rinomial RV : = Yiserele. |
Vef.: X : Vumbec of success in fc(’f.’a'fng N Bermonly —ZrmlS. % |

> £ & R(x): @
i\

XCixf’(""'ﬁ”f‘ &l
>H+! , s PiX=2% = PjK—E} (Ci_ F (1- P) 4
) ]Cx(x) 5 Z P[X’rz%(x-ra) ¢
l=1
= JE(’C f(r P (l*P) 5(’('76)
Nl

o (KM= 2 [N)P (l-f’) “ ux-x)

%Cono[alhonal )Qevm &)sth’rﬁﬂhm Faction s : bchon Fo f
isfri buTion Funclion |
xPecalls for RV X S EpEP IS BRI |

> Condiional Diskribution Fanc bun of X
[7) = P1XSxNBf
R (x[8) = P§ x<x 85 = Rl o

= Conditional Deasit Function of X
JE (xlg) = d K(xI8 F(xlﬂ) |

r POFACDF same as propar ties 4t Gmaffi tiona |

% Nete o All Pra‘oafhés fo
CVF & POF-
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E ’ R . |
“Xawple: R G 2 R GF @)
l_5_32_60_) ] 20 & 10| |
180X 1% Total =100 FoX2: Total= 150
EXP.‘ ”Rw\damlj 56£€Cfo\ box & dhea d,[au) oo\{' a ball ‘FfdM
Me selecfed box™

Define RV X = {5 e ball is €.

9 ,dhe Dall 5 G , X=312:75
5 )‘Ht& ba” s B

Find ¢ @) E((x/B,) b)j;’((xle) c) Fe (%)

event B, = “Hhe selected box s Boxf;
event By ="the selected box ;s BoxZ.
Solution :

&) Fy(xi8) PLX- 185 (x-1) +P] X=2/85 w (X -2) +PIX=3/55 4. (X=3)

= 2 " 25 y(x- 69 y (x-
’R“[x‘)+/aa“( 2)4—/00 (x=3)

if he asked about )fx(x/&) = The soune But replace it )y hpulse - .

—
I [0
b) x(xw‘?) = 7‘8;% wfx-1) +7%%u[x’2) +7-§-5 Uux-3)

¢) Fylx)=plx=i§ulx) + Pix=25nlx-2) rPEX=3F w(x-2)
pix=15 = PIRF =P (k) U (RNBDS = PlRns§ +PIRNES
= PR/ T8 Pt RIZSPEBS T Tatal Prabability”

= Boso) g (:1-5) = [6-7Z]
0 .
(£ Nat givea otk it 05505 -

=74 = % + V4 e = '0-3’?5 :
-_— 6 O O ey . . !
.PZX:ff ”"/og % (o:0) + )i%ar—( 5) 50 337\ |

Scanned by CamScanner



RGiven L.V X wih (1)

L»V(’,{'e(m/lc F—(xla) such 2 = 2 X& b} b cenl num bec. @

Fe (x18) =p} X< 2/ x<)§ = P Xsx (1XsbS
Pi X<b§
'ror b>X : B blx :
e o T
= S pIxsxT _ ge K 7 Ve
=> ii(x/:f) T XeTS F(b , b>x d %g > f
PIXSB_ g b |
PZX<b§' :

,'f we Clnotm_')c '”46' COAOLHIOH L?:?XSBE == )2'-‘?)(2):5

,C; (x/}f) Azl C]rm-ﬂge :

Exomlle: R.V X~ U (s53) Ff‘nﬂtF( )‘/)(<1) ¢

solution: il (x) <l
— = b P (x/X<!) /——’f——&“ 9 X
x>
7 (%) };(x) i
3% => .JS_“.= X
3 : ¥ 1 -a J"
i 3 4 L
5 ox <]
, x>1
» X <o

¥ ¥ o N’
gnd_of CHZ

Soy Mow we Re-wiife
Fx (x/x<t) .
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X CHAPTER (2): Opemh’on,(’ oM one R.V: ;
OExpechmlioﬂ ( of _ Mg ') X —+ ED{ Ié 5<—

or ”a./mgi value \
(oC valwe).
EXW!C: 3(&0(@5 'F‘Jf 20 g{—u\_o(onfg w{'H'l ma(K OM-% D'F 50

#oFsl'aa[eAh 5(0“1'\’: = & —;22|,Ci,115:/5}

6 £ L#ats R.V. _
5 | u owerane jfa.ﬂlf. = (=
g i@ G~ 2i%6+xb H5 XA HIERD
20
=2 £ a2 g HlE 20

= G- 21 PIG=215+9 PIG=1F+ 45 p7 =455 16 PF G165
x Jor Discebe RN X =5% 5% 5 X

= 2l PCZ)'—'OJ'f) Pél)'—‘—o‘l
EXWMPJE'. f:/_)(—{?.'. g—zl,L?)Ll} )P(') 9

)9€7€:'/le: RV - K= 13'2"1 5 Find yy ?
g4 Y - _ -
Soidin: y=15, %8055 > Y= 2% PIY=4S
s V= @) (e2)+(3)(eH) +(3)(a.|)+(/5}(1?) =65

P(#)= 1-(0-'10'2-1'0-”) .—_-3:-_3_

¢ for Gonbinaows RV X w;ﬂ« A
the &X(’eCf’a’h'M [MMG‘{]& X) 5SJiV&4 bj:
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E){me]g: mean OF MMiFo(M R.V. @
X~ Ulah) 5 Find X2

Solution:
JPX(JC) e Ma+kem:;h'ca”j : b
\ = = !
4 o5 gt =[xk
“}ﬂ » X —O“J jg( 5 A &
A L'_ _ l ch },2_@2 = _)9_:"__0_‘_
CX*"—‘ﬂ’ " T i £

L-»e-3- Xvh(-,5) = X = _'1_2+_5:£_ —i‘T s' g

Exwmpl& Find mean Valne Pir the exp oneatinl RR. 'V' XV&KP(AJEJ?

—~(x-e) He(¥)
S’olvﬂrmw je(x = ?’— y X =4 fo‘[ [
o > X <a > x

L cart be de feained o&(ecﬂ NN
—>/Vla+hm"v+'fﬂ”j X = jxf(xlix Jx-r—-c oAx.

1T i by b :
WX gy e MdE e bxe I+J‘° ]
dv= &hx —+ o caie

Ry’
% 00
b .y —X/ i+ ml’ reslt o0 _ 00
=r ><=’E'[O-rabeé+ be AJ] | s
J v s By using L'Hopitel Rule .
- Le b[m[; Ea/b*f*o b2 éa/b] b =
= (X =a+b

Ly €9- Xnexp(1y3) => X= 145 =

<
e- Xnexp(s5) = X= i

Scanned by CamScanner



EXmPle'- f RV XV/\/(“xnd;cﬁj s Find ;Z? @

)
! —-(X'-—“.x)z
— ]Ex (x) = | e 2%

]
% (27 652

axis ijMMBf/j ”
*MA+L\M&+IC«‘\_‘9 X ijf (x) Ax = BJ Subf*f

let 9. x-ax __» ohj='---obc Gy JF=gr e
6% L—P TxY+ly = X 0o 5/.? _5/?

X={ (ormy [ty +I 1 %
] /@/2’ é&o(ﬂ -0 udo{ 91/61‘1

‘j/
axjc alﬂ—-]-Jdda(dfj—ax*’r‘O
T = (K=o #
X~ (o,1) = Areaz1
Example: X~ Benonli (P) 5 Find X 7
Soludion:  X= or1f H J 6020 50 45 (x-1)

PA)s P - E X=X
PLA)=1-P Y X = 2 ¢ PIX=2% 3
L |

= = ()Pix=0§+(I) piX=l] =o+F :7-

L,e.ﬁ. ngefnauli(o-q) => {22,._!4 7§,(x):o.55(yj+o-|{§(x‘_1)
=> X =oM

Ftion E

Cyample s X~ Kinominl (P)/V) Find X ? p)
M X X Xzovcot 5 = };((.x)_ 2 PEX )4{5(.3(—1()

L Hont X = 051,25 -
S'}u 1ot 2 b —s(J[x—-.x(S (x,)/) [(-

N+
o K= 3% PIX x5 W(:)sz-!% ool PIX=HT
N ) /V’ l‘ _ ]V"J
: Z 5 pix=if = iz(f)F () =£Z‘ /1/// e ) :
[N-I)' _ ik \
P iq {0l (-4)! P (' W i E
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= fet K=o-] 171K @

N-1

X= NP (v-1! K, A=K
o s D e v
M M Iy
- M] K M-K K MK
= K=mp 3 s Pee) =y (K)o
Kzo 7 - K=o

X=Joro2semes G > P x=1] =(4) P p™

go %\ M K M"K 3 /_.
R () ¢ 1-p) cepreseat  the summation of all propaties
~ So it gives 1 -

> et (X207

%Expccﬁkﬂon oﬁ /Junc"'im of RV

X ' is RV
et 94Xl 7s Fum ction of the RV X .

E[300] = (Talx) 40 dx
% 1T X is discrefe RV,
Wea, (ET T = 2 90 PLXES ]

Example : X = 3 9236Jq3 5 Pix=-1§ =05 P[)(=25=o.g)(>zx__g§:0,,5
Lok gx)=x"-1 5 Find =900 7
S_O_’,&._'H_".‘_": (30() = Eg@cdjj (X2) Jj(”JJ)ﬁ(,x‘f)S = ioj 3)214)30'%

3001 = %&(x) Pix=x§ = ) PLY=XS fg(mrfx%;*g(x}) PI=]
() PT =543
=(0) (o1) + (2)(o6)+ (24) (orl5) +(80) (e15) = [1F.4].
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E’C“N_P_!E‘- let X a A il ﬁ(x)pmi j[)()'—ﬂx-t-b' @
whete a& ) real numb&f,sg\ {Ine,ja/e Cansf’mf's-
Determine ET900T ¢ N

Scolwtion: EBCXJI =Sw3(X)7{)((KJD(X i S(ax-*-b) j)F((xJ o

= E[ﬂ(xﬂ = oiS)C f;((x)d(x +};ﬁ ”{((x) 0&5 3
3 EEX-] :ixﬁ()dalx
)—» Eb(x)&-—a X =+ b * (3) \ jg,(xl = Ni P i3 §(x~Xe)

=>(E19(0T = aX +b EOxT = (x5 piy s st
o “es ¢zl 00 } ~A«K
=s Pix§ x § (x40
% Some p{apau/ﬁ‘c,s: CZ, y L
= Sy PIRS ¥

& EiQXI = OkE[X] z | :
Bl =)b (aemse of vt ) of el &Ffmxprce;. f;nm’:ﬁ,, g
7 E i : ‘F E[XE mFmA g +1A j

the canstaat irelT 3¢ swmpation in this EX.

L’v e.ca- Le{’X o (C-V-‘""'”/‘ Z’-‘Q ')’EMA?
W E-x]=-1% =&
y g pxa] =51 =D

(x)
Exaple? leb X~ U (56) > fad ELX] 2 R
Solution : S(X),xz ) 31:15

o) 3 i3
eld = [ flads = § §Hlx = g x’] = 6E [21].

W Moments aboul dhe argin.

mﬂ :E[@] QZUO‘H\ oro&’f-'

™y —-E[XOI - Eii]:l: af)"ueiioe:?f‘e.

X) ‘

A’OJ1’2)'_“ jC P })('(Sl' am(@{‘: - Me:l;_ejc
L e i€ - e0d- ()
_ xn JC)AX o SCCW\ O{‘o!e(: /,AC pover + (ower. '.

> m= 5l ep- ] (T g o e )
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 Eecall cp(y= viH i)z VY - oy 33
e,
o Avero = __. qt) ot
Vwé RE - Avernse fower (P) _f v
l > P —‘l\"J (3 +AZCos?[w+)+2A13(°J[”U) dt .

Acesfurt) +3

Do ke mh'gfa’ram &  emenbev 'Hm{ mfegra“u/]
QJFXPL/-\’ of cosine on ﬁs (Je,nai is Zefa
: 5 - A’/,
CADC, value_. => fD B+ _.2_ +o / B Ll

29 DC A/ﬂf*jt
e pates

x AC avessye poder st

Yl zan Ce. .
Examp\e Xvaxp (“Jb Fmd m2 (x-—ﬁ)
§o|a,‘h0ﬂ- E[)(:( J’m‘l]ﬂx@c Jox = fx e ox

"Lzﬁ(e X/LULX (I"h"jmhm l?j ow's - l‘mer_)

5 to find Var(X)?
o oD sl vt |

2
= v (X]= ™M =oi® = £ —E[Y] & (a+b)2+bz— (at+b)

Exoples X~ U(ssb) > Findi 8)rte Y= ety d) o 2= VortX)

Solufion: 4) o, = ELX] D
Bl 5 = X: b P
" 2 Y s x?l
Q) my =[x’ - fxgx(f)dx“fmoloc-:‘?a

b
b?-03 _ ,b—/(b-rab-t-a’) = b%+on +02
Ao~ T 3 bw] 7
&) Vaclx)= E[X]-EDNT "= blredea? - (onb)] E.
_ bk Yabeda-3a2 6ab-347 _  bE_pab+al_ | (b-a)? |
(2 \2 2 ’
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X Mo ments beou_f the Mean : (C(M]Lfal Mdme"‘h)‘gﬁ]s? @
" =, {2 x‘_;(-)n ‘.)( E[X Xﬁ /
J'L L ] o M "E[X'—XT E[)(I ED(] = 2N D

N =oglr2yse-
0J2 < E[(x2] £ Var(x) £ o
fo( _/MZ: 7 ~9
7 M= EJ N _ogx +X2]= E[X* -2 X E[X] + X :E;Q_j_;_l(

Exowple: X ~ M(0x)0%2).

—

« X =0x .
V@(‘[X Z(Frwe s,
= =0x
VM(X)-E[XZI £ 7“(;:(40 = a2 a?
= gfxil= fx .___l—z T 2007 5% (}_70 the mfcjmfmn = O +0x
“os (3.
P Cha,(ade(tshc FMC’)LI'W’ ¢)((“’) g

e e Xt ) et (F

. =£IXT =[x fyeldx (Huek E sove)

n w
= we wiet (ma= (2)" iji(i')lw_

1 o -
c @) Q) bjdma wsing pT A
0 e )

———— ao Jjux

Solution: ¢ ) = £1¢ ] : f *fedx - j ¢ L.
q/b o)X “on ‘*/b o0 . z _Jb))x A/L = (-(J;:)‘JJX L

. @(w) =@ j é —J'Vb ¢

Il PSS Sy S A
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© s )| J[“'J“" o€~ e (. ﬂ»)} €9
w@w—-o “’b)z
$M|!: —‘j ._Jgi_" - "J'J(ﬁ*b) => (m,=aA+b
@u=,
mz-:(..J) OLOLwCu)/ = eess = @@
L Ju): Jua
Home.woor K. ¢ for X‘-’U("-Jb) Find g5)([“'1) ? /4"5“7&( ¢(,"’) % chb &)
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