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CHAPTER 1

P.E. 1.1
(@  A+B=(,03)+(52,-6)=(6,2,-3)

|4+ B|=+36+4+9 =7

(b) 54-B=(5015)-(52,-6)=(0,-2,21)

(c) The component of 4 along a, is Ay=0

(d) 34+B=(3,09)+(52,-6)=(8,23)
A unit vector parallel to this vector is
(8,2,3)

a, =4
Yo V64449

= +(0.9117a, +0.227%, +0.3419a, )

P.E.12 (a) r,=a, —3a, +5a,

ry =3a,+8a.

(b) The distance vector is

¥,

ok =Te—1, =(0,3,8)~(2,4,6) =24, —a, +2a,

(c) The distance between Q and R is

| 7o |=\/4+1+4=§

P.E. 1.3 Consider the figure shown on the next page:
4
u, =u,+u, =-350a, +Tg(—ax +ay)

=—378.28a, +28.28a, km/hr
or

u_=379.32175.72° km/hr

Where u, = velocity of the airplane in the absence of wind
u,, = wind velocity
u, = observed velocity




A% A
A
Up - W > E
\ X
S
P.E. 1.4
Using the dot product,
g _AB__-13 13
coS = = = =
BT 4B 10465 V50
0 ;5 =120.66°
P.E. 1.5
(E-F)F -10(4,-10,5)
a)E, =(E-a = =
@E; =(E-a;)a, T T
=-0.2837a,, +0.7092a , — 0.3546a,
a, a, a
MExF=|0 3 4|=(5516,-12)
4 -10 5

a,, . =+(0.9398,0.2734,-0.205)

P.E. 1.6 a+ b+ c=0 showing that a, b, and ¢ form the sides of a triangle.

a-b=0,
hence it is a right angle triangle.

Area =l|axb| =l|bxc| =—1—|c><a|
2 2 2

] 1 1
5|axb|=—| =5|(3,—17,12]

2

4 0 -1
1 3 4

Area = —;—«/9+ 289+144 =10.51




P.E. 1.7

(a) BP, =\/(x2 -x5) +(3,-3) +(z-z)

=+25+4+64 =9.644

O)r, =15 + Ay, 15 )
= (1,2,-3)+ (- 5,-2,8)
=(1-54,2-21,-3+84).
(c) The shortest distance is
d =P,P,sin0 =|P,P, xa,,|
6 -3 5\

-5 -2 8

(-14,-73,-27) =8.2

Prob.1.1

F= (_3’ 2’ 2) - (29 4’ 4) = (_5’ _2’ —2)
a,= =222 687040, -0.3482a, - 0.3482,

r| V25+4+4

Prob. 1.2
ro, = 4a —5a, +a,

4a_—5a +a_
a Yor _ s X" =0.6172a, —0.7715a , +0.1543a,_

o " Jros]  J16+25+1

Prob. 1.3

AB=2-0+20=22

a, a, a,
AxB=|2 0 5|=(15,-3,-6)
1 -3 4

| Ax B |+A-B =+/15* +3% + 6 +22 =38.432




Prob. 1.4

By =ty =ty =(3,5,-1)—(1,-4,-2)=2a,+9  +a,

Prob. 1.5

(@) Let C=A-3B=(4,-2,6)—(36,54,-24) = -32a, - 56a, +30a,
(b)

Let D=2A4+5B =(8,-4,12) +(60,90,—40) = (63,86, ~28)

| B|=+12% +18% + 8% =23.065

|7]?| =2.9482a,+3.7286a,—1.214a,

a, a, a
(c) a,xA=1 0 O0f=-6a,—2a,
4 -2 6

(d)
a, a, a

Bxa_ =12 18 -8 =18a -12a,
0 0 1

(Bxa)ya, =12

Prob. 1.6

(a)
a, a, a

BxC=|1 1 1|=a,-2a +a.
0o 1 2

A(BxC)=(1,0,-1)«(1,-2,1)=1+0-1=0

(b)
a a, a

AxB=1 0 -l=a,-2a,+a,
1 1 1

(Ax B)C = (1,-2,1)+(0,1,2) = 0-2+2=0

a, a, a.
(c) Ax(BxC)=|1 0 -1=-2a,-2a,-2a,
1 -2 1




a a

x y
(d) (AxB)xC=|1 -2
0 1

=—5a, —2a,+a.

o - R

Prob.1.7

(a) T=3.-2,H)andS=(4,6,2)
®)rrs=r;-r=(4,6,2)—(3,-2,1)

a,+8a, +a,

(c) distance = |r7g|= v1+64+1=8.124m

Prob. 1.8
(a) If A and B are parallel, A=kB, where k is a constant.

(a,3,-2)=k(4,,8)
Equating coefficients gives '

2=8k —> kz—%

a=4k=-1
3=pk —— p=3/k=-12

This can also be solved using A X B=0.
(b) If A and B are perpendicular to each other,
AeB=0 —— 4a+3-16=0

Prob. 1.9

(a)4-B=ABcosl,,
AxB=ABsiné ,a,
(4-B) +|Ax B[ =(4BY)’ (0052 0,5 +sin’ 0, ) = (AB)’

(b)a, -(ay xaz):ax -a, =1. Hence,

a,xa, a,
——=-==aq,
a.-a,xa, 1
azxax _a.V_
————=—=a,
a a, xa, 1
axxay :&:d

z
a.-a,xa, |1




Prob. 1.10
() P+0=(6,2,0),P+Q—-R=(7,1,-2)
|P+Q—R|=49+1+4 =54 =7.3485

2 -1 =2
(b)P.QxR=|4 3 2/=2(6-2)+(8+2)-2(4+3)=8+10-14=4

a:
OxR=|4 3 2|=(4-10,7)
-1 1 2
P.QxR=(2,-1,-2)-(4,-10,7) =8+10-14=4

a, a, a
©OxP-lt 3 2 |=(-412-10)
2 -1 =2
QxP-R=(-4,12,-10)-(-1,1,2) =4+12-20 =4
a, a, a
-1 1 2
or QxP-R=R-Q@xP=|4 3 2|=—(-6+2)—(-8-4)+2(-4-6)=-4
2 -1 -2

(d) (PxQ)-(@*R)=(4,-12,10)-(4,-10,7) =16 +120 + 70 = 206

a, a, a
(e) (PxQ)x(QxR): 4 -12 10|=16a, +12a,+8a.
4 -10 7
PR __ (2-1-4) = 0.9526

Opp = = _
O oSO = [plR]~ Jariradiziea 346

6,5 =162.3°




|PxQ| _\16+144+100 _ /260
IPllo]  3v16+9+4 3429
6,, =86.45°

=0.998

(g) sinb,, =

Prob. 1.11

(a)
A*B =(4,-6,1)+(2,0,5) =8-0+5=13

|B’=2"+5"=29
A-B+2|B[’=13+2x29=71
(b)

B
ai_:+ Ax

“|AxB]|

aX ay aZ
Let C=AxB=|4 —6 1 |=(=30,-18,12)
2 0 5
C (-30,-18,12)
—+
|Cl 302 +18% +12
Prob. 1.12

+

a, = +(~0.8111a, —0.4867a, +0.3244a.)

PeQ =(2,-6,5)(0,3,1) =018 +5=—13

PxQ=2 -6 5|=-2la,-2a, +6a.
0 3 1
P-Q -13

cosf,, = = =
PO J10V65

Prob. 1.13
If A and B are parallel, then B=kA and A x B=0. It is evident that k = -2 and that

a, a, a
AxB=|1 -2 3|=0
-2 4 -6

as expected.

~0.51 ——> 6, =120.66°

Prob. 1.14




(2)

Using the fact that
(AxB)xC =(A4-C)B-(B-C)A,

we get
Ax(AxB)=—(4xB)xA=(B-A)A—-(A4-A)B

(b) Ax (Ax (Ax B))=Ax I:(A°B)A_(A'A)B:|

=(A-B) (Ax A)-(A-A) (Ax B)

=-A°(Ax B)
since AxA=10
Prob. 1.15
A, Ay' A, 4, A, 4
A-(BxQ = |B, B, B|, (AB)-C= |B, B, B
C. Cy C. C, Cy C.

Hence, A-(BxQ = (AB)-C
Also, each equals the volume of the parallelopiped formed by the three vectors as sides.

Prob. 1.16

(a)

RP, =r, -1 =(-6,0,-3)
RP =1, -1 =(1,5,-6)
-6 0 -3

PP, xPP, =
CElanit e R

} = (15,-39,-30)

Area of the triangle = %IPIPZXPIPJ|=%\/152+392 +30% =25.72




(b)

a=r, —r, =(-5,2,0)-(1,2,3) =(-6,0,-3)
b=r, —r, =(2,7,-3)-(-5,2,0)=(7,5,~3)
c=r,—r, =(1,2,3)-(2,7,-3) =(-1,-5,6)

Notethata+ b +¢c=90

(r, =115 ~rpl)}

a = angle at P, = cos™
| rpZ _rpl || rp3 _rpl |

o ae(=9

12
= cos =cos™' [—} = 76.87°
lalc| Jas\J62 '

3 =angle at P, =cos™’ (o1 =53 )2 = 1ys)
= . =
|rpl —Fy3 ”"pz 3 |

o ce=b

60
=cos' ——=cos™ {———i|
lellb] J62+/83

=45.81°

(1, —1,)(r,;3 _rpz)jl

y =angle at P, = cos™
Irpl Ly ”rps Ly |

=57.32°

33
=cos' —— =cos™ {———-}
1a|[b]| J45/83

Note that a+ f+y =180°.




Prob. 1.17

Given r, =(-1,4,8), r,=(2,-1,3), r,=(-123)

(2) |PQ=/9+25+25="7.6811
(b) PR=-2a,-5a,

(c) ZPOR=cos” [L'QRJ —4257°

|QP || QR |
(d) Area of triangle PQR = _11.023
(e) Perimeter =17.31

Prob.1.18
Let R be the midpoint of PQ.

Iy :%{(2,4,—1)+(12,16,9)} = (7,10,4)

OR =J49+100+16 =165 =12.845

(o OR _12845 1 oo s

v 300
Prob. 1.19

(a) Let P and Q be as shown below:

y
A ¢

0

|P| =cos® 6, +sin® 6, =1,|Q| = cos’ 6, +sin’ G, =1,

Hence P and Q are unit vectors.

(b) P-Q = (1)(1)cos(6,-6))
But P-Q =cosé, cosd, +sin g sing,. Thus,
cos(d, —6,) =cos b, cos &, +sin G, sin G,

Let P, = P=cosfa, +sinfa, and

Q, =cosb,a, —sinb,a,.

10




P; and @y are unit vectors as shown below:

y
\
61+62
0, N
Q

P, -0, = (D)(D)cos(d, +6,)
But P, - Q, = cosf, cosd, —sind, sinb,,
cos(d, +6,) =cosf, cosf, —sind, sinb,

Alternatively, we can obtain this formula from the previous one by replacing
92 by -92 in Q
(c)

%lP—QIz—i—l(cosHl —cosb,)a, +(sinf, —sind,)a,

1 , : —
= 5\/c0529, +sin’0, +cos’ 0, +sin’ 0, - 2cosh, cos, - 2sinb, sinb,

1 1
= EJZ— 2(cosB, cosb, +sinb, sinb ,) = EJZ— 2cos(8,-6),)
Let 0,-0, =0, the angle between P and Q.

%|P—Ql=%\/2—2cosl9

But cos 2A =1 -2 sin ?A.
%lP—Q|=%\F2—2+4sin26/2 =sin@/2

Thus,
SIP-@sin 20

1"



Prob. 1.20

w(l,-2,2
w:%=(1’_212)9 I’:rp"l'; =(133:4)_(2’_371):(_1’6’3)
ax ay a_,
u=wxr=[1 -2 2|=(-18,-54)
-1 6 3

u=-18a,—5a, +4a,

Prob. 1.21
a)T,=T-a,= = =——=-2.8577
( 5] 7 7
ST ~72,-6,3
), =(5-a,)a, =4 Tz) = (72 !

=-0.2857a, +0.8571a, —0.4286a,

a a a
_ ITxs| [ 7 | [(-12.L10) 245
O.=——=2 -6 3|= = =0.9129
(©) 106 = 71js] 6 NN
1 2 1
= 6, =65.91

Prob.1.22

(a) H(1,3,-2)=6a,+a, +4a,
L, __(619)
T J36+1+16
(b) | H =10 =/4x2y + (x+2)* + z*
or

=0.8242a,+0.1374a, +0.5494a,

100=4x"y* +x* +2xz+ 2"+ 2*

Prob. 1.23
(a)

12



AB = (-3,1,2)(2,-5,1)=—9
|A|=\9+1+4 =14
|Bl=v4+25+1=+/30

A-B -9

cosf ;= = =-0.4392
14| B| 14x30
0, =116.05°
The minimum angle is 180° -6, = 63.95°
(b)

Ac =(Aeac)ac = (A.Czc = [(_3’1’ 2)0.1, 4)] (a,+4a.)
€] 1+16

=0.52%4a, +2.113a.

(c)

D=A+2B-3C=(-3,1,2)+(4,-10,2)-3C
= (1,-9,4)—(0,3,12) = a, ~12a, -84,

(d)
a, a, a
AxB=\-3 1 2{=1la,+7a,+13a,
2 =51

(Ax B)C = (11,7,13)+(0,1,4) = 59

Prob. 1.24
At point (1,2,-4), x=1,y=2,z=-4. A=(2,-2,16)and B=(3, 6, 1).
(a) A-B=6—12+16=Q

10
AeB = ABcos8 ——> cosf,, = =0.09074
(b) - P Ja+4+256/9+36+1
0,,=84.79°
(c) Ay =(A-ay)a, = (‘T:' ZB = 10(3’66’1) =0.6521a, +1.3043a,+0.2174a,

Prob. 1.25

13




14

Fog =ty — 1> =(=2,1,4)-(1,0,3) =(-3,1,1)

At P, H=0a,-la.=-a,

The scalar component of H along Fop is
Her,, -1

D=H-a, = = =-0.3015
© rpp | N9+141

Prob. 1.26
(a) At (1,2,3), E=(2,1,6)

|E|=V4+1+36 = /41 = 6.403

(b) At (1,2,3), F=(2,-4,6)

(E-F)F 36
E, =(E-a.)a, =T=§

=1.286a, —2.571a, +3.857a,

(2,-4,6)

(c) At (0,1,-3), E = (0,1,-3), F = (0,-1,0)

ExF=0 1 -3/=(-3,0,0)
0 -1 0

H+

a =Tr——=Ia
ExF
T =

14



CHAPTER -—Practice Examples

P.E.
(a) At P(1,3,5), x=1, y=3, Z =5,

p:,/x2+y2 =\/1—6, Z=5, ¢=tan'ly/x=tan“3=71_6
P(p,$,2z)= P(y10,tan™ 3,5) = P(3.162,716°,5)

Spherical system:

F=qxt+ Y42 = /35=5916

0= tan" \[x* + y* 2= tan™ ¥10/5 = tan™ 06325 = 3231°
P(r,0,0)= P(5.916,32.31° 71.56°)

At T(0,-4,3), x=0 y =-4, z =3;

p=+x'+y" =4,z=3 p=tan"'y/x=tan'-4/0= 270°
T(0,0,7) = T(4270° 3).

Spherical system:
r=+x*+y*+2*=50=tan" p/z=tan"' 4/3=53.13°.
T(r,0,9)= T(553.13°,270°).

At S(-3-4-10), x=-3, y=-4, z=-10;

p= x>+ y* =5, §=tan"'- 4/-3=2331°
S(p,d,2) = S(5,233.1,- 10).

Spherical system:
r=yx+y* +2* =5J5=11.18.
5
- -1 p - —1______ o.
6=tan" £/ =tan — = 153437

S(r,0,4)=S(11.18,153.43°,233.1°).

(b) In Cylindrical system, p=qx’ +y*; yz =zpsing,
zpsin
0.-E—: 0-0 0--F2=L,

2,52’ 2452
Jp+2* Jo*+2

15



o, cos¢ sing 0| Q,
Q,|=|-sing cosg Of O f;
Q, 0 0 1]¢

COS . —psin
Qp=QxCOS¢=—p——-\/_2__——¢7’ Q¢=—QXSXH¢=—p2—¢2
p tz p+z

Hence,

P . .
Q =————(cosga, —singa , —zsinga,).
’pz +22 P ¢

In Spherical coordinates:

Q=

rsinfd .
=sind;

r

Q. =—rsingsinfrcosf 1 —rsinfcosPsing.
r

0o sinfcosg sinfsing cosé || O,
O, | =|cosbcosg cosfsing —sind|| 0 |;
o, —sing cos¢g 0 0,
Q.= Q, sinfcosg + O, cosf =sin’ Bcosg — rsinfcos’ Osing.
0, =0, cosOcosg — O, siné = sinfcosGcosg + rsin’ GcosPsing.

Q,=-Q, sing = —sinsin.

L 0= sin0(sin000s¢—rcosz Hsin¢)a-r + sinfcosf(cosy + rsinfsing)a, —sindsinga, .

At T :

o, y,2) = %a‘,+ 153 a. =08a,+2.4a:;

0(p,6,2) =g(cos 270°a, —sin270°a4 —3sin270°a;

=0.8a,+2.4a: ;

- 4 45, .- 432, .- 4, -
,0,8)=~(0——(-1) a, + = ()0 +=(~1)) as —= (-1
0(n0,9)=2(0-22(-D)ar + <0+ T (-D)as~<(-Day
36, A8 da, 1444, 192204084, ;

25 25 .

Note, that the magnitude of vector Q = 2.53 in all 3 cases above.

16



A 'cos¢ -sing 0] | pzsing
A,|=|sinp cosp O|| 3pcosd
A 0 0 I |pcosfsing

=

~N

A = (pzcosf sing - 3p cos sind)a, + (pzsin’ § + 3p cos’ §)a, + p cosf sing
f Y X , y
But p= x2+y2, tan¢:—, cos(b:———’ Sln¢=—;
X /xZ + y2 /xz + yz

Substituting all this yields:

- 1 _ - -
A== I((xz-3x)a; + (2" + 3x%)a, + wa,].
NS

sinfcosg cosfcosg -—sing|| r?

BX
B, |=|sinf@sing cosfsing cosg 0
B, cosd —-sind 0 sin @

2 2
. X+
Since r=+/x*+y*+27°, tan@ = Y tang=2

3
z z
2 2
. Vi +y z
and sing=————, 086 =———oxe—;
JXi+yi+ 2t Jx2+yiez
x -

24 cosg = ;

and sing = ,
'xZ +y2 x2 +y2

B, = r’sinfcosg — sinfsing = -2 = l(rzx—y).
ror

B,=r’sinfsing + sinfcosg = ry+l = l(r2,1’+x)-
ror

B, =r’cosf =rz =l(rzz).
¥

Hence,

1

B= 1
\/xz +y*+ 2

[{x(x*+y2 +2%) = yla, + {y(F*+y* +28) +x}a, +z2(x* + y* +z%)a:]

17



CHAPTER —Problems

) l o _ —2-S
@ "‘(’w‘&’:swa\lo: .
Qsmé? - C S |20 = 4.3%)\ -
V (x,q D= (~25,43>°"
> =lo
L) x = | wr30 = o-Bbb, \r\swgo =05 \
'S —\©
QL(XI\\;’C\: V'L (g.‘&B(o/ o
) xzvsimB s § = \<>'>‘w~\’>9°°@”c\D ‘O.;*H
W = v 5w ;\nq = \o ';vn\ﬁ)b g\hﬁo N——]
R S \Ow\%s e PN
, ~1-0°1

\‘D X= 3 s 30 oo)\ld(of o—o-’]S
N = 35"‘\%0 S\ﬂl‘{'c‘ = —|. Lﬁq
1""?(»“@'*2@30 - 'l'gc‘% \
¢, (o5, |- 299 2 S‘\'S -

e‘+(xl\91'r\ =

Prob.

(a) Given P(1,-4,-3), convert to cylindrical and spherical values;

18



p=yx’+y* = P +(—4) =17 = 4.123.

p=tan"' L = tan“—T4 = 284.04°.
X

. P(p,4,2) = (4.123, 284.04°, —3).

Spherical :

r=yx’+3y*+2° =J1+16+9 = 5.099.

0=tan" 2 = tan" 2123 _ 126,040,
Z —

P(r,0,4) = P(5.099, 126.04°, 284.04°).

® p=3 =t L=tan' 2=’
x 3

Q(p,9,2)=003,0°,5)

F=+9+0+25=5831, &H=tan"’ L _ tan™ % =30.96°

V4

O(r,0,4) = 0(5.831,30.96°,0°)

(c) p=+4+36=6.325, ¢=tan"%=108.4"
R(p,4,7) = R(6.325,108.4°,0)

r=p=6325 O=tan"2=tan" 235 _gp°

V4

R(r,8,4) = R(6.325,90°,108.4°)

Prob.

\A T;y-—ar: (w&a(,‘—‘ 9\;&8?\-\&?: W(ﬁ
| _dx:aQ:C&Mcbae* 9\;4\&43-'_&9:,_;(!,4,

19



Qy - "0 (Sm@ B o <§>\§q§ qe PR

-

Oj‘Oc‘:(g\;\&;p"\'w&QQ .QC??‘ DQS$

cr*)(‘f\cq%ﬁo.\
- - - - -
Qg &2 \, O Qp = & = Qg &9
Mse &c-ap = ©F By ® Ot Yo~ x
C/“’b —<‘“&’ o Qyx ae Qx'?lq Qx_a&
5‘»& CM& (@) = .-& - — — -a -6
O o ) b4 q(’ b Qq k4 _l‘
é}’Q( at'—éq 61. Ar

19 W splai wh st
Gx = S\new&)q( _\_wgw&a‘b - SV‘“Q Qo
C‘\; = SO SwWd 3, + CoHS Stn $a, i X

e d

.C/MBQv — sw8 a4 -

ox* Rer = 9\'nSu<v\Q,

S, Og = ° o ¢,
a\,- R = S\ & >“~nC¥,

Gy - Qg = LAS S
Q@ & = _orn©

-a}~0\9: —-3\—\'-@ .

20



Prob.

(@
X = pcosg, y = psindg,
V= pzcosg- p’ singcosd+ pzsing
(b)
U=x*+y* +2°+y* +27°
=r’ +r?sin® Gsin® ¢ + 2r2 cos? @
=r’[1+sin” @sin® g+ 2 cos’ O]
Prob.

® e oT\[[ WXE
. —'Smc\ v&Q 0 o
)

Q

F \5+‘t\ (WQQ{-—SM Q’Q;\
Yok \,5_,?9\,“&, =B |
_‘; = (gs‘mép + (e Hp - w&“b

21



P( G WQ S0 s&.q A O \\-(—‘Ja'
"U = U ® (,o\d we S\‘“¢ f—~s O OD
4 —sn§ e d o

9 -
—‘3= (\’-\-z\ (5en® cndae + o o, — sl 04\

‘gu}( \\-_-. r IimOS 1w e?: 2= (ORS,
—v. =2 § (S.\ﬂ D S\ &D -\‘WQ (s\‘new&?&r "\"UO\S W& ao
- —sied 3y -

m ® (Q,Qz‘t\ = (yoord + X sin §) 3
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Prob. (a)

x
2 2
F, cosg sing 0 p Tz
F,| =|-sing cos¢ O 2y =
F. 0 0 1||VP *Z
4
R

1 . P
F = ————[pcos’ ¢+ psin® ¢] = ——;
P /pz + 22 ,p2+zz

F, =ﬁ[—pcos¢5in¢+pcos¢sin¢] =0;
F. =

1
0+ 72
4 .
/p2+zz’

F=—>X (pa,+a).
/pz g
In Spherical: )
E:
F sinfcosg sinfsing cosd | | ©
F,| = |cosBcosg cosOsing —sind %
F, —sing cos¢@ 0 4
_r_
r .o 2 F ., .2 4 .2 4
F =—sin"fcos" ¢ + —sin" Isin" p + —cosd = sin” @+ —cosb,
¥ ¥ ¥ F

F, =sinfcosHcos’ ¢ + sinfcos Gsin’ ¢ — i‘sin6’ = sinfcosf— i1si119;
r r

F, =—sinfcos gsing + sinfsingcosp = 0;

o F = (sin® 6’+ﬁcosH)c_1,- +sin¢9(cosa9—ﬁ)c_zo.
r r

26



(b)

- i
xp’
' /pz_i_zz
G, cosg sing O e
G,| =|—-sing cosg O
¢
G. 0 0 1|| VAT
zp’
NP+
G, =L [peos’ p+ psin’g] = L.
\/,024-22 ,02+z2
G, =0;
2
G. ==L

Spherical :

2

2 2.2
G:p—(xax+yay+za:):r sin” 6
r

ra, =r’sin’ Oa,
Id _—

Prob.
WA= (Fesnd 1y ‘*‘Dae + (yreand -V ?twdb?«.
X MY S

= Tt > — BU&! G
(f ="ty b 3o + v 1-y= i“;ja@
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Prob.

(@
D, cosp sing Of| 0
D,|=|-sin¢ cosp Of|x+z
D. 0 0 1| 0

D, = (x+z)sing = (pcosf +z)sing
D, =(x+z)cos = (pcos + z)cosd

D= (pcos + z)[sing a,+ cosp a, ]

Spherical : Since D, = D_ =0, we may leave out the first and
third column of the transformation matrix. Thus,

D, .. sinfsing ..|[ 0
D,|=|.. cosfsing ..|[x+z
D, cos ¢ -] 0

D, =(x+2z)sinfsing = r(sin @ cos ¢ + cos @)sin Isin ¢.
D, =(x+2z)cosfsin ¢ = r(sinfcos ¢ + cosd)cos dsin g.
D, =(x+z)cos¢ = r(sinéfcos @+ cosd)cos ¢.

D = r(sin O cos ¢ + cos @)[sin fsin pa, + cos Osin gae + cos gay).

(b) Cylindrical:

. 2
E, cos¢g sing 0] |y’ —x
E,| =|-sing cosg O xyz
E. 0 0 1||x*-7

E, = (y’ -x")cosg+xyzsing
= p’(sin’ g—cos’ #)cos¢ + p’zcosgsin’ g
= —p’cos2gcosd + p’zsin® gcosg.

E, =—(y’ —x")sing +xyzcos ¢
=p’cos2@sing + p’zsingcos’ @.

E.=x’-2" = p’cos’¢—z°.

E = p*cosg(zsin® g—cos2¢p)a, + p’sing(zcos® ¢ +cos2¢@)a, + (p* cos’ g—z7)a-.

30



In spherical:

E. sinfcosg sinfsing cosd | | y*—x°
E,| =|cosfcos¢g cosfsing —sinb xyz
E, —sin g cos ¢ 0 x> -z

E, = (3’ —x")sinfcos¢ + xyzsinPsing +(x* —z*)cos b
but x =rsinfcos g, y=rsindsing, z=rcos@,
E. = r*sin’ O(sin’ ¢ —cos’ g)cos¢ + r’sin’ @cos@sin’ ¢cos ¢

+ r*(sin* @cos’ ¢ —cos’ &) cos G,

E, = (3" - x’)cosb cosd + xyzcosdsing - (x° - z°)sin#;
= - r?sin’ 0 cos 29 cosh cosd + r’ sin’ @ cos’ B sin’ ¢ cos - #*(sin’ B cos’ ¢ - cos’ B)sinh;
E, = (x’- y*)sin$ + xyzcosf
=r’sin’ @ cos2¢ sing + »’ sin’ 0 cos’ ¢ sin¢ cosh;
E =[-r?sin® Ocos 2¢ cos ¢+ > sin® B cos @sin® gcos ¢ + r*(sin® Hcos’ ¢ — cos’ G)cosFla, +
[—r? sin? @cos 2gcos @ cos g +r° sin® @ cos® Gsin® gcos @ — ° sin B(sin® G cos® ¢ —cos® B)las +

+ [r*sin® @cos2@sing + r’sin® G cos® gsin gcos G ay

Prob.

(@)
H, cosg sing O] 3
H,| =|-sing cosg Of| 2
H, 0 0 11]|-4

H,=3cos¢g+2sing, H,=-3sing+2cosg, H,=-4

z

H =(3cos¢+2singla, +(-3sing + 2cosgla, - 4a,

(b) At P, p=2, $=60°, z=-I

H =(3co0s60° +2siné0°)a, +(-3sin60° + 2cosé0°)a, - 4a,
=3.232a,-1.598qa, - 4a,
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Prob.

(a)

H, cos¢ sing 0] |x’z
H,| = |-siny cosp O |x’yz
H 0 0 I||g

H = xy’zcosp + x’yzsing = p’zcos’ ¢ sin’ ¢ + p’zcos’ ¢ sin’§.
= Epjzsinz 24

H, =-xy’zsing + x’yzcos¢ = - p’zcos¢ sin’ ¢ + p’zcos sing
= p’zcos¢ sin¢ cos29.

H. = xyz’ = p’z’ sin§ cos.

a 1 3 = 2 - 1 3 . ~ ] 3 . —
H-= Ep zsin® 2p a, + Ep zsin2¢ cos2p a, + Ep zsin2d a..
H sinBcos sinBsing coshd xy’z
H,| = |cosBcosp cosBsing -sind| |x’yz
H, - sin¢ cosf 0 xyz’

x = rsin6 cosd, y=rsinfsind, z=rcosb.
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H, = xyz[ysin® cos¢ + xsin8 sin¢ + zcosB
= 7’ sin’ 6 cos sin¢[rsin’ 0 sin¢ cos + »sin’ 0 sin¢ cosd + rcos’ 8]
H, = xyz[ycosb cos¢ + xcosf sing - zsinb]
= r’sin” 8 cos8 sin¢ cos¢ [rsinf cosB sin¢ cosp + #sin cosd sin¢ cosp ~ rcosd sind]
H, = xyz[- ysing + xcos¢]
=7’ 5in” 0 cos sin¢ cosg[-sind sin’ ¢ + »sind cos’ ¢ ]
= r’sin’ § cos sin¢ cos2¢.

H= r’sin’ 0 cosf sin$ cos¢[(sin’ 8 sin2¢ + cos’0)a. +

(sin® cosd sin2¢ - cosb sinB) ae + sind cos2$ a, ].

(b)
At (3- 45), H(x,p,2) = -60(-4,3,5)

IH(x, v,2)| = 424.3

This will help check H(p,$,z) and H(r,0,¢)

4
p=3,z=5, ¢=360°- tan“’§= 306.87°

H-= 1(125)(5)(- 0.96)a, + §(125)(5)(~ 0.90)(-0.277)) a, + §(25)(5)(— 0.96)a.

o

= 288a,+84a,- 300a.

Spherical,

5 1 5 1
=450 = 5v2; inf=—f4==—+; = —=—.
V0= 5V2;  sind= o= s cosb= om= o

g 3
& sm¢=—§, cos¢=§.
1 9
- H = 2500(= )([)( *)[{—*2( )+ }“r {‘*2('_) }a”f 12 25}"“]

= -8485a,+4158a,+ 84a,.
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Prob.

(a)

r:Jx2+y2+zz = \/p2+zz.

&= tan ;
z

or

TE gey

p= \/x2 +y*= \/r2 sin’ @cos® ¢+ r’ sin® Gsin’ ¢.

= rsind,
z = rcosb, ¢= 0.
(b) From the figures below,
z
ﬂk 7. ﬂ\
a,
a, a
8 sinda, 0
coséa, sinf(-a.)
p

ar =sinfa, + cosfa;;
Hence,

ar sind 0 cosé
Qe | =|cos® 0 -—sing
3 0 1 0

From the figures below,

Qs =coséa,

—sinda,;; as =ay

a, = cosfae+ SiNfar; Q,=Cosfar—sinfas; Qs =Qqy.
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B
0 p
a, sind cosf® 0| |a:
a,| =| 0 0 1] |as
a cos@ -sinf 0] | g
Prob
L : { Ql
23 S 20
O = m/ils\) T o=
\ \r—xﬁ_‘/ ~-1 U 547
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ot oo e T 2 299

o477, 2537

V(f,@,&\ = P(lb‘%\/

1

O[5 [eob =0k 0“1*‘31
- (xsw‘r@ et d © ’Z

Prob.

Using eq. (
d? = pi + pl - 2p,p, COS(p,~4) + (2, - Z,F
=10% + 52 - 2(5)(10)cos(60° —30°) + (-4 - 2)* =74.4

d=+74.4 =8.625

Prob.

(@) d=+(6-2)*+(-1-1)*+(2-5)* = /29 = 5385

d*=32+5 -2(3)(5)cosz+ (-1~ 5)* = 100

b
® g oo = 10
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(©)
d? =10 +52-2(10) (5)cos%cos%—2(1O)(5)sin%sin%cos(7%—%’7£]
=125—100(cos%cos%—sin%sin%) ~125-100c0s75° = 99.12
d =+/99.12 =9.956.

Prob.

A cosp -sing O | A4

[

A,| = |sing cos¢ 0| A4,
A 0 0 1| | A
[ x y |
2, 2 [2, 2 0
\/;c +y \/x +y Ap
y X
= 0| |4,
\/;2+ yz \/x2+y2 )
0 0 1 :
A, sindcosg cosdcosg —sing| | A
A, | = | singsing cos@sing cosg | | A,
A, cosé -sin@ 0 A,
i X Xz -y
P+y2+2 Ry ey + 2 X2 +y? A
y yZ X Ar

y

= Jx2+y2+22 \/x2+y2\/x2+y2+z2 X% +y?
z _ XEy? 0
JX2+y?+ 72 VX2+y?+ 22 |
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o ¢
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—
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H%U:A _ —2013-33 (2.5056@ —_1%-35%\
b 5559 |
_ 3068 t21 310
© T cqllndnicsh systee
B Q;vsﬁ wé © %(
Bi T b
Jo L= © v )
= DR | R etk
o © N>
R 0
7 1 = o9l
- —-‘:3'” O\(J'HS Do
- ~ J\3 \Q =
5 (%__%\q‘)_\_(é’;—l—p T
XS = -
\—\%-\\ © Vo i
— 2| Qe
_ =52, t 2PA —60 .
] B I
Baqp =t (002213~
Prob.

(a) AeB=(52-1e(1,-3,4)=-5

5 2 -
b) AxB= =5a -2la, -17a
®) ’1 -3 4’ 2 ‘ .
(c) cos&AB=A°B 9 =-0.179 —— 6,,=100.3P

AB  J25+1 441119416
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AxB _ (5-21-17) _(5-21-17)
an = = =
@ |AXB| 57121 +172 755
=0.182a, -0.7643a, - 0.6187a,

(AeBB -5B

=g =-0.1923a, +0.576%a, -0.7692a,’

(&) Ag=(Aea;)a, =

Prob.

At P(8,30°,60°) = P(r,8,0),

x = rsinf cos¢ = 8sin30° cos60° = 2.

y=rsinf sing = 8sin30°sin60° = 243
1
z=rcosh = 8(§ﬁ)= 43,

G=14a.+8V3a,+ (48+ 24)a, = (14,13.86,72);

NENE

ay = —sind a,+cosda, = - —a,+—a,.
¢ y 2 P y

Gy = (Goapay = (-7 + W3) 5 (VT act ay)

= 45a,- 2.598a,,.
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Prob.

(a) AtQ, r=10, O0=xn/2, ¢=7xn/3
X =rsinfdcosg =10sinz/2cosx/3=10(){1/2)=5

y =rsindsing =10sinz/2sinz/3=10()(v3/2) = 8.66
Zz=rcosf@=10cosx/2=0

Qx,y,z) =0(5,8.66.0)
(b) At P, r=v9+16+4=5.385

cos@=2o2 __03714 —s 0=682°
r 5.385
X 3 o)
COSp=——o—s=—=0.6 —— ¢=306.87
x2+y? S

P(r.6,¢) = P(5.385,68.2°,306.87°)

o A = (X, —Xa)? +{¥p Yol +{Y, —Yal? = 22 +12.66* + 22 =168.2756
C

d=1297
Prob.
(a) An infinite line parallel to the z-axis.
(b)  Point (2,-1,10).
(c) A circle of radius rsinfd=35 , i.e. the intersection of a cone and a sphere.
(d) An infinite line parallel to the z-axis.
(e) A semi-infinite line parallel to the x-y plane.
(f) A semi-circle of radius 5 in the y-z plane

Prob.

- - S =06,
© - fomi= ke T

T ~
\;K: Fg%@'u@\&:'\_‘wo{
o = f—*ﬂk@ 5 Cp: ‘EWG —

—_> wo(r-;“&wcﬁ—

&% ()5: w:"’“d o

1



Yewe,

-\ ) _ o
of = (/9’;\(9;,9 C»DKQ\, (';: VR (sn\.,S-AMCEYB/‘{

W) s o oo B et = 'S e L S

R L T
P(\‘r"\{r\M\NQXN\, . }
i'\;:,_\ e A RO TS

\F\* ]

Prob.

(O) AtT,x= —3,)’ =4,7= ]lp = 5,COS¢ = _%

A=0G,-5() (—%) G+ 2501

=3(_]¢+25C_72
r=«/%, sin@:i cosezL
J26, J26
= -3, - 5 -
B =26(—)a:+ 2(\J26) ——a
(Flar 226 —=a

=-15.6a,+100
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(b) In cylindrical coordinates,

Bp sin@ cos8 0] |-15.6
B¢ = 0 0 1 0
B cos@d -singd O 10

z

B, = -15.6sing = —15.6(—5—): -15.3
26

T

B,=10, B,=-15.6 cosd=-3.059

B(p,¢.2) = (~15.3,10,-3.059)

AB = (A.és)és = (A. B)B ]2 _ (30—76485} (—]53,]0,—3059]

‘ ( 343.45
B
=2.071a,-1.3540,+0.4141q;.
(¢) In spherical coordinates,
A sind 0 cosb |[ 0
Ay |=|cos® 0 -sinb| 3
A, 0 I 0 |25
25
A, =25c0os8 =—=4.903
J26
. 5
A, =-25s8inf = -25(—) = -24.51
0 ( «/%)
A, =3
a a, aq
AxB= {4903 -24.51 3|= —245.1a, -95.83a, - 382.43q,
-15.6 0 10
Gpe = 2B +0.528a,—0.206405 + 0.82380;.

46423
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Prob.

At P(0,2,-5), 6= 90°;

B, _cos¢ -sing 0| | B,
B,| =|sing cos¢p O] |B,
B. 0 0 1| |B.

0 -1 0]]|-5

=11 0 0|]|1

o 0 1]|-3

B=-a.-5a,-3a.

(@) A+ B = (2,410)+ (-1,-5,-3)

= a,-a,+7a..
AeB 52

b) cosé,; = =
) " AB 4200
-52
V4200

0,5 = COS(

| = 143.36°.
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Prob.

2r cosesingﬁ(—]

G =cos’ga, + ,
rsinéd

y+(1-cos® g)a,

= cos? gax+2cotfsingay +sin? ga,

G, sindcosg  sindsing cosd cos? ¢
G, | = |-cosfdcosg cosfsing —sind | | 2cotdsing
G, —sing cosg 0 sin” ¢

G, =sin@cos® g+ 2cosPsin® ¢ +cosdsin® ¢
=sinfcos® ¢ +3cossin’ ¢

G, = —cosfcos’ ¢ +2cotfcosfsin® g —sindsin? ¢

G, =-singcos’ ¢ +2cotfsingcos ¢

G =[sinfcos® ¢ + 3cosdsin® gl a,

+[-cosfcos® ¢ +2cotfcosdsin? g —sindsin’ gla,

+singcosg(2cotd —cosg)a,
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Chapter —Practice Examples

P.E.
: =< T 7w z
@ DH = [ rsin0dp ., = 30521 = Z= 0785%.
$=45°
0=90°
® FG= [rdd |, = 55-5) - T 2618
0=60° ~ 2 3 6 —
©
8=90° $=60°
AEHD= [ [r’sin0dbdp | = 9(- cos0)n oltz%n
0=60° §=45° =
Il = 3z
= IE))= —= 1178
Q= 5= M8
(d
r=5 6=90 2
4BCD = | Ird@dr=rj£- S A W LR 1
r=3 6=60 =203 3 T
(e
r=5  $=60° =90 3

¢=60°

e —o0° 1 1.7
73 (—cos8) oo ¢ (e = 5(98)(5)?

Volume = [ [ [ r’sinddrdodg =%

r=3  $=45° 6=60

= 49—” = 4.276.
36
P.E.
y A

60°

A 4
v
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Jaodi = ([+ [ +yasdl=C+C,+C,
L 1 2 3
_ _ 2 2
Along (1), C, = [edi= [ peospdp|,= £ = 2.
5 20

Along (2), dl = pdpay, Aedl =0, C,=0

0 2
p 21
Along (3), C, = |pcosgdp, g =—1| ., (2)=-1
3 2_[ 660 AR

Jaed=C +C,+Cy=2+0-1=]
i

P.E.
(@9 VU= AN aUzzy+ v,
x oy oz
= y(2x+2)ax+x(x + 2)ay+xy a:
(b) VV=ﬁ/—¢—1p+lﬁ—V(_1¢+ ad a:
ap pog Jz
2
=(zsing+2p)a,+(zcosp — Z—sin2¢)c_z¢+(psin¢+22cos2¢)c_zz
P
(0
Vf = o/ c—zr+lﬁc—la+—.1 ﬂ;,¢
or r 9 rsin@
. . . 2
=(cos6'sm¢+2r¢)ar_sm4951n¢lnraa +(cosé?cos.¢1nr+r )a¢
- rsind
{c_os_mﬁw]ar_m_@mmag +(M+rcosec9)a¢
r r r
P.E.

VO =(y+2)a:+(x+2)ay+(x+y)a:
At (1,2,3) Vd=(5,4,3)
vq>.;,,=(5,4,3)-&32ﬁ= %= L
where (2,2,1)=(3,4,4)—-(1,2,3)

a7



P. E.
Let f=x’y+z-3, g=xlogz-y>+4,

Vf =2xya:+x'a,+a.,

Vg = logza,—Zya + a.
z

At P(-1,2,1),
- \73 (-4as+a,+a,) - Vg (-4a,-a,)
nf =i = - £ ’ n =i = -
| Vf | Ji8 T vg | A7
- (=3)

cos@=n;.ng=t——"2_
T 18x17

Take positive value to get acute angle.

0 = cos™ —> =73.39°
P.El
- JA
(a) VoA:é’A"+ 2+ o4, =0+4x+0= 4x.
ox Jy Oz =

(b)
JB
VoB_—_l_a_( ) 195 9B
pdp 7 a P
= —1-2pzsin¢—l3pz2 sing =2zsing — 3z°sing
p p
= (2-3z)zsing.
At(5,-’25,1), VeB=(2-3)D)= -1
(c)
- oC
oC= 15 PC)+—— 2 (C,sinf) + —— ¢
2 or rsinf &9 rsin@ g

1
"—26r2 cos@cosg

= 6cosfcos ¢

T
At(l,—
@ 6°

ujk)

), VeC= 6cosz6r— cos% = 2.598.
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P.E.
W=(Ded5="¥,+¥,+¥,
N

¥,=0="¥, since 4 has no z-component

¢=2r z=]
¥, = [[p7 cos® gpdpdz =p* [ cos’ gd¢ [ dz
#=0 o] lP=4
= (4)’ (1) =64~
V=0+0+64r = 64~
By the divergence theorem,
(jDOdS' = C;fVOde
S 14
VeD = li(pz' cos’ @) + l—0’,—zsin¢ + 24
p o p P dz

=3pcos? ¢ + —cosg.
| P
Y= IV-de= _[ (3pcos’ ¢ + = cosd)pdedzd p
P
vV 14
4 27 1 4 2z 1
=3[p’dp [cos’pdg [dz + [dp [cosgdg [zdz
0 0 0 0 0 0
43
= 3(?) z(l) = 64r.

P.E.
(2)

VxAd=a,(I-0)+a,(y-0)+ a.(4y- z)

= a,+ ya,+ (dy-z)a;

At (1-23), VxdAd=a.-2a,-1la,

®)
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- - - -1
VxB=a,(0-6pzcosd)+ay(psing - 0)+a, E(6pzz cos¢ - pzcosd)

= -6pzcosy a,+psing a, +(6z- I)zcos a;

At (5,%,-1), VxB= 5a,.

Vx(C = (},;(r‘”z cos@—-0) + izi(——M—ir”z)+a—¢(O+2rsin6’cos¢)
rsin@ r r

— 2 cotear_(zcotgsin¢+%r‘”2)&g+2sinecos¢&¢

At (1,%,5:—), VxC= 1.732a,~4.5a0+0.5a,

P.E.
JAedi=[(VxA)edsS
L S

But (Vx;l)=sin¢c—zz+zcos¢c-1p and dS=pdgdpa.
P
[(Vx4)edsS=[[psing dpdp
S

2 60°
= 2} (~eosg)],

1
=2(-—+1) = 1.
(2 )
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P.E.

a, a, a,
vxvr =2 2 21
ox &y 0Oz
ov o o
ox 0oy Oz
oV v - VvV IV - vV
- SAS YL ASE e AL
Oydz Oydz Ox8z Jz0x oxly Jydx
P.E.
(a)

J l l
VU =——2xy + yz)+ —(x* + xz)+ —
o"x( Xy + yz) N (x" +xz) > (x)

= 2.

(b)

)&z =O

vy lap( ing+ 2p)+ = ( ing 225in¢co¢)+ 2 ing+ 2zcos’ §)
= ——_——AZSsm — - SIN@Y—- 22 —S S - sm ZCOos

P

1 1
= ;(zsin¢+ 4p)- ?(zpsin¢+ 2z% cos2¢) + 2 cos’ ¢.

2 2
= 4+ 2cos’ ¢- ~pZTcosZ¢.

©
1

r*sin

1 72

¥ or

Vif = [rzlcosesin¢+2r3¢] +
r

+ [-cos@singlnr]

r*sin* @

= —1700549sin¢(1—21nr—csc2 flnr) + 6¢
;
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CHAPTER —Problems

Prob.

b
B aAs = Qa\d{m/ gzg S{

© ds= ¢ mede 44

o -\ = |57
(& Szg &de&o\?:ﬂ%\ -sog= |51

J
=2 &= )
s
gc& & d‘t\ .
T p=>

—
-

‘_q —_—
= 50("\'\( %‘B _—_— =12

()/1_ 22X
§:S g ‘:\—S\;‘edgd&\r—g
& =-o Q:a =

Vo _
NI
&’\\ AdS = 5w & Ar &&/

\© pXN
$ = g s B drvi@ .
&=30

r=0 &:6

- wae (am) (BN = som =

@) dS = rLSG«BdQc&&/

e e G

5 + o-?QBS

\s]- 1

oo = |51
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Prob.

2n a a

2 3
v= [ [ [rsinoddrdp= " (I-cosa)
$=0 0=0 r=o 3
T 2na’ 1 na’
V = —} = - —)=
@=3)= "5 U-3= =3
T 2na’ 2na’
Vv = —) = - =
@=3) 3 {-0) 3

Prob.
(a)
dl = pdg; p=73
L= fa = 3ifd¢— 3E-Zy= 2 9356
- T T2 47T 47 =
n
(b)
dl =rsin@dg; r=1 6=30;
% T
L={dl =rsin6 [ dp = (Dsin30°[(3)-0] = 05236,
0
(c)
dl = rd

%
L= jau=r[d¢9=4(g-%’—)=f‘3£ = 4.189

6
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Prob.

(@
x=2 z=3
[Fedi= j (*-z )dy| + [2pax]  + [(3x2))d
y=0 x=0 y=1,z=0 z=0 x=2,y=1
x 2 z 3
= 0+2(1)7|0 - 3(2)?10
=0+4-54=-50
(b)
Let x=2t. y=t, z=3t
dx=2dt, dy=dt, dz=3dt;
1
[Feal = [(82-5*-1627) dt
0
3 4 1
=(t" -40.5¢t") 0 =-39.5
Prob.

JI:IOHI = I(x"dx+y2 day)
L

Buton L, y=x’ dy= 2xdx
3 6

(x? + x* 2x)dx = x?+ 2-%

R
L

=‘_|~
I

W |~
+
|~
i
]
[«
DN
[«
|
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Prob.

A
Y
S
x=l  y=x*
Jpds = [ [ +m)dyd
x=0 y=0
2
2l X
=J-(x2y+xy )dx=J'(x4+_)dx
0 y:O 0
=l+—1—=£=02833
5 12 60 —/—
Prob
- _ 0 1
Hedl = - y)dx + | Syzd
I . x=l(x ») y=0,2=0 ,J; yz Zx=0,y=0

+ j(x2 +2y)dy + Syzdz

x=0,z=1-y/2

(=3

2 2 0
= [xdx + I(y—y?)dy+ [a0z-102%)dz
1 0 1

=-1

w
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Prob.

—\b‘,_ { feds = g v have §9( @9 o\%%d‘ﬂ

4 ga\ gol S:H\M\s e '_go‘ SD\ yb‘\ao\ﬂdﬂ) dv

LW =S

)

Prob.
(@) Ved= g;(zxy)%(xzna%(—y) =2y
jv e Adv = m'z ydxdydz =2 ]dx zj ydy 2jarz

2

=2(2)2- 2(2)=4(4—0)=16
- 2 [0 =
(b) VeAd=2y=2psing
[Veadv= mzpsin dod pdgdz = 2]p2d pzjsin éd sjdz =0

since integrating sin ¢ over 0 < ¢ <2x is 0.

(c) VeA=2y=2rsinfsing

5 j Ve Adv= J’H 2r sin@sin gr’ sin 0d6d pdr = 24[r3dr2fsin ¢d¢]sin2 d6=0
o 0 [¢]
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Prob.

Jyvv >~ ]
N 4 e
D TU= D d o™ T zx e

S -
= Ay 3 3™ T + (3n= 3D

29) -
@ vVY=2 JL@’ML v’\wB‘t‘&x +3Q(M+ EY-S

— Q/Q?.*K —‘r?“ﬁ\ s‘:“g SUPU

T -
Tv Jr\aTa of

N EEAC mw@z S — 22" +BSM<M
+ 4—!@2—0‘3‘& Qe - -
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Prob.

o oV . oV .
(@) VI = Eaﬁ a—y—a,,+ -a—z-a:

(2x+3y)

2x+ 3y - - (2x+3v) . -
= 2" cosSza.+ e cosSza, - Se sinSza-.

At (0.1-0.2,0.4)
e = "6 2 06703, cosSz=cos2=-04161, siniz=0.9092

VV = 2006073)(-04161)a.+ 3(0.6703)(-0.416]) a,~ 5(0.6203)(0.9092)

= -05578a.- 08367 a,- 3.047 a.

(b)
VT =5e%sing a,+ 5e”" cosy ay— 10pe ™ sing a.
At (250
( .‘3 ? )’
VT = (5)()0.5)a,+ 5(1)(0.5) a,~ 10(2)(1)(0.866)a.
= 25a,+ 25a,- 17.32a.
(©
-2sinfsing = cosBsind - cosd -
Y Q = 3 a,+ 3 dy + 3 s
r r ¥
At (1,30°,90°),
=2005XD . (0.86)()) - - .
Vo= ( ; X )a,+ ( 1)( )ao+ 0= -a,+0866da,
Prob.

VS= 2xa.+2ya,-a.

At (1,3,0), |

VS (26D
VS| J4+36+1

VS=2a,+6a,-a. and a, =

a, =0.3123a,+0937a,-0.1562a,

Prob.

VT=2xa.+2ya,-a;
At (1,1,2), V T'=(2,2,-1). The mosquito should move in the direction of

2a,+2a,-a.
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Prob.

| | l
I ST ¥
\?\\ V- k= \‘327“‘5 SV SR Y LK Ry TH W |

. 5 3 02
VX fr = | % 2N ot

N
Qx\j 9\;\7‘&\5 Qe XE

(Q’D\ax + (ot L o= 1F S\‘wxvﬁi\{

19\ =~
4+ (yemary — 2@ Bq%

%\JS, _
Z 60 AnE 3«5 + (ﬂuo?nw) — xQ S

00343 ooy ro T
= Q%xoosc% -+ sin §
P 28 - 2B _élia\
Vj\&’(—l@ ) 'G\Q?""C}T{f >e

_ 3B\
+ ');5(0 ’a—g\cﬁ

_8{

P
~ YS\nGaG'
(&
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Ixc

il

\rsmel: (1{ > \ ——%Qr
(‘O ,E_ (’).v $m9>1<h@

\( (/\,(.v@\& Qq

. - S SCL
~ 4rusoa — BrsmBbs O

50sin > h"y( 7t2+“2) 0
in— L —) =
X y > 2 cos 4 4

Prob.
(@)
.. 0 V7J V7
VeV A)= ?(VAX)+—(V A+ =V 4,)

_ o"V o"A a"V A4, p i
- Ay t (g,
= V(M"+M’+5A’) v 4, Ll
TV ox Py Iz *ox Vdy "¢z
=VVeA+ AV

(b)

Ved=2+3-4=1, VV=yza.+xza,+xya,

Ve(VA)=Ved+ AVV
= xyz+ 2xyz+ 3xyz-4xyz= 2xyz

60
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Prob.

U- JU- 8U-
grad U= Qx +—Qy + a;
X oz

=(z-2xy)ax + (2yz® - x*)ay + (x + 2y?z)a,
Div gradl = Ve VU = %(z—QxyHé%(?yzz —x2)+§iz(x+2yzz)

= -2y +27% +2y?
= 2z° +y* -y)

Prob.

\4
<
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(@)

JDeds = [”. +j! +pj=£ 1Ded's

= - [[p* cos® gdgdp + [[0* cos® gdgdp + _|'J'2p222d¢dz|p=5
= (5 Zfdgs ]zzdz =+50(27r)(§3 L)
0 -1

20;’” = 209.44

— 10
(b)V e D=——(2p?2%) = 47°
Ve D= o -(2p"7)

[veDdv= [{[42* pdpdpciz = 4 }z?dzsjpdpzfdgs

3

=4xZ_ &
3

*(27)= 3

2
P2 =209.44
> 209.44

-1

Prob.

We convert A to cylindrical coordinates; only the p-component is needed.
A, = A, cosp+ A sing=2xcosg—z"sing

But x=pcosg,
A, =2pcos’ p—z’sing

¥ = [4-dS = [[4,pdgdz= ([ 29" cos’ ¢ - pz* sing ldgdz
S
x/2 a2

=202y | %(1 +cos2¢)dg ljarz -2 ]zzdz [ singdy

éemw

ap+Lsin2p|" 222 T2 21356165
= —sin -2 =27-2/3=5.
2 0 3 0 222
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Prob.

(@)
(Ver)T =3T =6yza,+3xy* a,+3x*yza:
(b)
x—al+y5—T+zﬁ—T=x (Y2 ay+2xyz az)+ y(2z ax+ 2xy ay + X*2 0;)
Ix oy 2z
+2(2y Qe+ X2y Q)
= 4yza+3xy? ay + 4x%yza,
(©
Ver(reT)=3(2xyz+ xp’ + x’yz*)
= 6xyz + 3x)” + 3x?yz?
(d)
- o 17 74 174
reVirl =(x—+y—+z—)(x* +y*+17°
(rev)r® =( . Yay 52” y )

= X(2x)+ y[2y) + z(2z)
=2(x*+y*+z2%)=2r2
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Prob.

c}H-dS:jV-Hdv
S v

cj H-dS=-— jjzxydydz
N

oot UQxydydz

1 J'J'(x2 + 7%)dxdz vl

+ ﬂ(xz +z%)dxdz

e H2yzdxdy‘z L _UZyzdxdy‘Z 3

=0+ Qf[ydy ]’dz +2 I_[dxj'ydy +6 }dx f[ydy
1 -1 0 1 0 1

=12+3+9=2=4

_ +8Hy +aHZ =2y +0+2y =4y
x oy &

V-H

IV -Hdv = _[H4ydxdydz =4 ]de 2Iydy }dz
v 0 1 -1

y?|2
=4{1)—[ (3+1)=24

Prob.

- 12 1
V.A=;2_a_(r4)+

— ;%(r sin’ @ cos @)

=4 r + 2cosé cos¢g
IV o Ady = IH#’ sind B dddr + ”IZr’ sinf cosd cosp b dp dr
= 4%[;(— COSQ)EIZ(%)+ 2—;3[;(— &‘:e-)tusind) E
. 81(1)(%) + 18(0+ é)(j - 0)

= 8%+ 9=136.23
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[aeas=r[[+ [+ ][+ [N245

4=0 ¢=r/2 r=3 0=x/2

Since 4 has no ¢ —component, the first two integrals on the right hand side vanish
xl2 xi2 3 »l2
Plo ds= I I rsin@d@dg ot I I r’sin’ @cos ¢drd¢|6

=0 ¢=0 r=0  ¢=0

=x/2

V(3 xi2 . 12
=81 (E) (—cos&)lo + 9()sing|,

=81—” +9 =136.2

(%]
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Prob.

Transform F into cylindrical system.

F, cosg sing O] x*

F,| =|-sing cosg Of| ¥
F, 0 0 1||Z2-1

F,=x’cosg+y’sing = p’ cos’ g+ p?sin’ g.F, = 2% -1

2

F, =-x*sing +y? cosg = —p’ cos’ gsing + p* sin’ pcos g
VeF = lai(p3 cos® g+ p’sin @)+ 2z - pcos® g —2pcosgsin® ¢
p
+2psingcos® ¢ — psin® ¢
=2pcos®p+2psin® g —~2pcosgsin® ¢ +2pCcos? gsing +2z

IF-dS‘ = J'Vo_de

Due to the fact that we are integrating singand cosg over 0 < ¢ < 2,
terms involving cosg and sing will vanish. Hence,

[FdiS = [[[22 ppdpdz =2 [dp [zdiz [pdp

2. p?
o7

2

Z2
= 202a)( %) (2|

)=16x

=50.26

66
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Prob.

(@
§;4-d5' JV Adv, VeA=y+z+x
4.74-d— = _I[j[j[(x+ y+ 2)dxdydz
= 3[x yIddez 3(—L)(1)(1)
(b)

Ved=0. Hence, §4ed3=0

Prob.
J-p,, dv = (j Aed S (divergence theorem)
N

where p, = Ved =x* + y*. Assuming that

+
0

x

3

y3
y=y > Ay-'—'-"3—+C2

Hence,
3 3

4= (x? +Cax + (—)é— + C,)a, (solution is not unique)
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Prob.
Let y = §F0d5'= Yoy, Y,
where vy, ¥,,V,, ¥, are the fluxes through the top surface, bottom surface,
outer surface (p = 3), and inner surface respectively.

For the top surface, dS = pdbdpa., z=J5;
FedS =p’ zdp dz. Hence:

3 2x 190
y, = I Jpzzd¢dz|z=5= 3n
p=2 §=0

For the bottom surface, z=0, dS= pdd dp(- a.)
FedS=p?zdy dp = 0. Hence, y,= 0.
For the outer curved surface, p = 3, dS= pdydza,

FedS = p’sing d dz. Hence,

5] dz p’ 2fsin¢ b |p=3 =
$=0

z=0

For the inner curved surface, p = 2, dS= pdpdz (——az)

FedS = p’sin¢ d$ dz. Hence,

dz o’ jsm¢ d| =

z=0 $=0

v=4FedS= [VeFay

- 190 10
VeF=——(p’sing)+——(zcosd) +
pap(p ) p6¢( )+ p

= 3psing - gsin¢ +p
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[veFav = [[[Gpsing- ;lsimp +p) pdbdpdz

3
=0+ 0+ [dz [dp [pdp
0 0 2
190+
3
Prob.
a, a, a
(a) VxA=i 2 —a—=zay—xaZ
o&x oy oz
xy y? -xz

VxB =[i2p22$in¢cos¢—0]ap +(2pz -2zsin* g)a, +l(2ps,in2 $-0)a
p p
(b) = 4zsingcosga, +2(pz - zsin® g)a, + 2sin’ ga,

=2zsin2¢ cosga, + 22z(p - sin’ gla, + 2sin’ ga,

VXC = — [——a—(r cos? esine} a - %[g(rz cos? 49] a,

rsing| 06
2
(c) = r [(2 cos8)(-sing)sind + cos G(cos? 6)] a — cos 6(2r]a(,
rsing r
3 e}
_ (cos® 6 ?sm fcosd) a -2cos?da,
sing
Prob.
A
Y
|
\ 2
3
-« >
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(@
JFedl=(| +j+j )Fedl

Forl,y=x dy=dx,dl=dxa.+dya,

ljl_*"ocfl: ;" x’dx—xdx=——éli

For 2, y=-x+2,dy =—dx,dl =dxa:+dya,,

o 17
jF-dl: [(=% +2x* ~x+2)dx =
2 1 .

12

For 3,

Q

e B

[Fedl= [x ydx|y=0_o
3 2
JFed = LR
J 12 6
(b

VxF=-x%a;: dS$ = dxdy(-a;)

[lvxFledS = - [[(-x*)dxdy =

Ol—,—'

i 2
= Jx2y|:dx + IJ‘x'*’y

(c) Yes

Prob.

rf2

1
JAed= | psin¢dp‘¢ o Jo pzpd¢dp}p

p=2
T 1

T
=T L 4-1)+8-Z)=—9.4956
2+ (4= 1)+8(-2) = 94956

70

;[xzdydx + T[

-X+
0

~X+2

J' x2dydx
1 y=0
2 X! %, 7
dx= Z|° + i[x (=x + 2)dx =__Z_
frsnd s §
+ | psing + p°dg
=1 p= g= 90° ¢=r;l‘/2

p =1




Prob.

We need coordinate transformation to get F,.

F, cosg sing O] 2xy

Fy|=|—sing cosg O] vy
F, 0 0 1| 0

4

F,==2xysing +y cosg¢
But x = pCo0sg, y = psing
F, =—2p*cosgsin’ ¢ + psingcosg

y=2" IF"pd¢‘p= 2

chF -dl =J'FydyL( _9 + Idex

Q
g+ I (-16cos¢sin? ¢+4sin¢cos¢)d¢,
p:

x/2

2
Yy 2
=Z_|"+x
27

0 2

0 (4]
=2-8-16 [sin’ gdsing)+4 [ singdsing)
nl?2 z/2

=-6+16/3-4/2=-2.67

Prob.

V-A=8xe™” +8xe™ =16xe™
V(V-A)l=16e7a, -16xe™a,

0

VxV(V-A)= ™ =(-16e™ +16e”)a, =0
x =

2|
o Rlo &

1™ —16xe™
Should be expected since VxVV =0.
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Prob.

r 3

A 4

dF-di= 2j3y2zdx
L 0

1
+ [6x%yd
z=1 _{ Y y}x

y =-2, =2,z=1

0 -2
+ I3y22dx + Iéxzydy'
3 y=lz=1 ; X

=0,z=1

=3(4)(1(2) + 6(4}%2'_]2 +3()(N(-2)+0=-1

a, a, a,
05} 0 15}

VxF=| — — — |=(12xy -éyz)q, +...
x o (12xy - 6yz)a,
3y?z 6x’y 9xz?

[(9xF)-ds = [[12xy - 6yz)dxdy‘z S 1 22jxdx ljydy -6 ]‘ydy:j[dx
M - 0 -2 -2 0 .

1
-2

=3x*|_y? —3y2_]2(2)=3(4)((]—4)—6(]—4):—18

2
OY
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Prob.

45°
0 > 2 X
2 xl4 0
Fedl= |2pzd 3zsin 2pzd
dFe OIp p‘z:ﬁ! ¢pd¢’p=2,z=]+ Jp pL:]
2
=p2O+(—6cos¢)”(/)4+p2g=(4—O)+6(—c057r/4+1)+(0—4)=1.757
VxF = l[3zsin¢—0]az +en
P
z/4
[(vxF)-dis = [ jﬂsin¢pd¢dp‘ =3(2)(-cos¢)”/4
p=0 g0 P z= 0
=é(-cosz +1)=1.757
Prob.
sin@dcos cosgcos sin
(a) VV =- r2 ¢ar+ rz ¢ A r2¢a¢
(b) VXVV =0
(©
10, . 0 ,. ,COSOCOS¢ ] sindco
V.-VV =V =—__(-sind — _
rzar( t COS¢J+r"’sin¢9 ae(sme r )+rzsin20( r
=0+ 5950 1 o ) SO%0
r’sing r’sing

2sin@cosg
-
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Prob.

Q=

rsinO[(cos ¢ —sinp) ax+(cosp +sing)a, ]
rsin

= r(cos@ —sing)a.+r(cosg+sing)a,

o sinfcos¢ sinfsing cosé || Q,
Oy | = |cosfcosg cosfsing -sinf||Q,
o, - sing cos¢ 0 o,

0 = rsinfa, + rcosfay + ray

(a)
dl = pdpay, p=rsin30°= 2( )—1
z=rcos30°=+/3

Q,=r= Pz

I

hi

§Oedi= [ p?+ 2 pdp=20)2m) = 4x
5
(b) '
Vx Q= cotba, - 2ag + cosh a,
For S,, dS=r’sindd®dja,
J(V X Z))o dS = _[r] sin0 cotf db db |r=2
5 -

= 4Id¢ J‘cosGdG:4=1t
¢

0
(©
For §,, dS=rsin8didra,

[(VxQyedS=-2[rsin6dpar]|

=30°

2 2x
= -2sin30 [rdr [dp
[ a

=-4dn
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(@
For S,, dS=r’singdgdoa

L QedS=r°[sin’ 0dody|

2x 30°
=8 jd¢ jsin20do
=47 [__[_ =2.2767
(e)
For S,, dS=rsinddgdras
QedS = Jrz sindcosddgdr|
5, #=30°
_4md3 5 o559
3
¢
e L9 s <
o= 73 (r sm9)+ 050(5m9cos6’)+0

= 2sinf+ cosfcotd

[VeQaV = [(25ing +cosgcote)?singdgdpar

0
4 J3

=—(m -—)=9.532
3 (7 2] 53

Check: jv-@dV=(L +L QedS$

= 4r [£_£ _‘/;]

J‘

= ?[zr - —2—] (It checks!)
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Prob.

Since U= @xTr, Vxu=Vx(wxr). From Appendix B.10.

Vx(AxB)= A(VeB)-B(VeA]+(BeV)A- (AeV)B
Vxu=Vx(@xr)
Vx(@xr)=0(Ver)-r(Vea)+(reV)o - (aeV)r

=o(3N-0=20

or a=—=Vxu.

N |~

Alternatively, let x=rcosef, y=rsino!?

_ 0x- +6_y-
BT S v

- orsine ta. + ercosota,

-0 ya, + o xa,

9 9 9
Vxus=|dx 8y 0z|=20a.=20
-0y ox 0
fe, 6 =ivxu
’ 2

Note that we have used the fact that Vew =0, (reViw=0, (w0eVi=w
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Prob.

- 9 2 =2
V“P«:\’bi 2y o (33-5#30\%
Sx'\) 2*‘5 ©

xh o= (55 (35— on axagae &

—1 -5 0 - -5

. . - (
fP\Yd\S:g A Y djd?av\ JAX d\ngOuJ

+~(;5XA7(512’33\ ‘(AXA%A?QQ\\’:—\
3=

+ I\%o\*d\,)a%\ jﬁxdxdﬁur\ g

= ‘§g2x~5"d\)dz C I%\Z[‘) dy d*‘ °‘"
§
\

X= O

Q.

g'ﬂ"\)d)kd?: G —[‘S‘;f\,o\xdz

Y=

(3% 316/,‘/43 ab dxdy |

Y-
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-—

Sg(%*\f&; G yB) dndy|
: J'Z-::'=g
! - g 1 g
-qwg e %+ 2D |0 [Ciea.
—\ _6 A —g

<"40 + %%OS)% . 2126678,

- -\
gvﬁw = ~ ‘&A%O\S-
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Prob.

- g ) . v}ﬁs—/-l‘
\0\\5 é\_{\ :—)rﬁ()’\-t-\.j + %
% 9 b\—S/L
ba-—\{‘ = ]\;7\1’(7;'{‘\‘) .t—’l" "%(X +\6 “—’-&_
XL,
\’\QIV\(‘LI \\ “ A 1,"7/1—
e (K" e ) (et E
VLV\ = S (x +Y e
ahid +{+tg/
= Q(X"J\-\*"ﬁ-’cm\
V.
A s XY
L -2
oV iy ) 4 2T 5__v _xr& T %
oY - Yy
X%Q—_"f el
TV, = et -

L

K‘) Vl\/,5 - —%\% (106‘&{“1‘*‘5 - 40? St'nlcxb

= A0sin2b — 40 sn2d =9

O VY = 12 (p2) (v 45 —p (empt )
fop p N 5
= -?i(w@_}— S\‘n% "—% (eor d L svnd

=9 - | N
C¢ con® o (S\;,,Q,Wﬁ
- 3 \‘“Swﬂ‘l +
@ V \/S = %1&% OO (\g YLS‘%G&

Sy sin oot d
VL sh?’@
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— 309\;19*(&8(‘& — \03&9@@»

— 2.0 §;ﬁ8\ﬁg& )

\ (\ ~ls_3nl®x

O Tv- 2 2T Ee
\

f’{‘ S\;\ &

Prob.
(a)

U = x3y2e xz
VU= i(3x2y2e =)+ i(2x2ye"")+ i(x’yze =)
ox oy 0z
= 6xy’e “+ 2x’e "+ x’yle ¢ = (6xy° + 2x7+ xX°yNe ©

At (1-1.D),
VU=¢' (6+2+1)= 9e= 24.46

(b)
V = p’z(cosd + sing)
VW = éa—i-[.?pzz(cow + sin¢)]- z(cosd + sing) + 0
= 4z(cos¢ + sing) - z(cosd + sing)
= 3z(cos¢ + sing)
At (5, %,- 2), VW =-6(0.866+0.5)= -8.196
(c)

W= e sinf cos¢

VW= ENCE (-r’e”" sinb cos¢) + —e_r—cos¢ i(sin9 cosB)
r’or r? sin@ a0
e”’ sinf cos¢
© rsin?0

)
—(-2re”" sinf cos¢ )+ ™" sinf cosd

T
~-r -r
e’ cos ) -e " cosf
,—,(cos"() - sin? ) - —
r°sinf r°sind

4
VW = e sinf cos¢ (/- —)
’

At (1,60°,30°),
VW = e’ sin60cos30(1- 4) = -2.25¢”"

-08277
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Prob.
(a)
V = e
>V, &V, &V,
&2 + @)2 + &2

Fi Y.
5(3y2)+ 5(322)

=6x+6y+6z=6(x+y+z)

vV, =

l
= §(3x2)+

(b)
V, = pz’sin2¢
1 72 4z* l
VW, = — —(pz*sin2¢) - —sin2¢+ — (2, pzsin2
> pé,p(,oz sin2¢) - sin2¢+ 52( pzsin2g)
2

2 sin2g - 2 in2¢+ 2psin2g
= —SIn - S Sin
p P P

2

:(Z
P

+2p0)sin2¢

(©
V, = r*(I+ cos@ sing)
VW, = ii[2r3(1+ cosh sin¢ )] +
T or
+ L 2. sin’ @sin g)r’ +
r’sin@ 0

= 6(1+ cos@sing) -

0 Cn
T aind —e(— sinf sm¢)r2

r*(- cos@sing)

r’sin’ 0
2sinf ) cosfsing
sin@ cosgsing - sin® @
cosfsing
sin® @

= 6+ 4cosfsing -

Prob.

(@) VV= (6xy+2z)a.+3x’a,+xa.

VeVV=16y

0 @ 2
VxVV=| 0x oy 0z|= 0
6xy+z 3x° x

(b) VV = zcosd a,- zsing ay+ p cosd a-

VeVV Ia(pcs¢)+zc09+0 z ¢ z b= 0
. = ——(pzco —cos = —cosd — —cos¢ =
p dp p p p =

VxVV=20
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R I ) drcosg ., . .,
@VVy= 7 (24r")cosfsing + rsing (cos® #sin” §)
- mcos@smgﬁ
) 4cos . 4cosfsing
= 24rcos@sing + g 8cos¢@sind - sl 0
VxVV=0
Prob.
(a)
PV SV Y
vy = Ty >+ ¢ >
2 Y A
= 2(y°2% + x* 2+ X%y
(b)
ViA=V’4, a,+V'4,a,+V’ 4 a;
=(2y+ 0+ 0)ac+ (0+ 0+ 6xz)a,+(0- 22° - 2y))a.
= 2ya.+6xza,- 2y + z°)a.
(©)
‘ grad div A=V (Ved) =V (2xy+0-2y%2)
=2ya.+ 2(x-2yz)a,- 2y’ a.
(d)
curl curl A=VxVxA =V(VeAd)-V’A4
From parts (b) and (c),
VxVx A = 2(x-2yz- 3xz)a,+ 22° a.
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Prob.
Let A= UV V and apply Stokes' theorem.
[tvvedi= [vxvy)eds

L

- [Vuxvryads [U vxvryeds

L s

But VAV = 0. Hence,
[tvvedi= [vuxvyyeds

12
Similarly, we can show that

[Wwuedi= [(vvxvuyeds- [(VUXVV)ed§

A

Thus, IUVV0d7=—IVVan'7
1 L
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Chapter —Practice Examples
P.E.

[ 5x107°[(1,-3,7)~ (2,0,4)]
110 [(1,-3,7)-2,0,4)F
(@ F=—7 o5 , C2x107)((1,-3,7) ~(-3,0,5)]
47[(36—7[] [(1, _3:7)_(_3’ O’ 5)]3

45(-1,-3,3) 18(4,-3,2)
19%2 - 2932

-1.004a.-1.284a,+1.4a. nN

=[ ] oN

()) E=—=-1.004a.-1.284a,+1.4a. V/m

F
0

P.E.

Let q be the charge on each sphere, i.e. @=Q/3. The free body diagram below helps us
establish the relationship between various forces.

P
0
|
T
A S T
F; < ........
N
dr2
F, |
mg
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At point 4,
T'sinf cos30°= F, + F, cos60°

2 2

__ 4 1

~ 4ne,d’ ' 4ne,d’ 3

_ 3¢

~ 8ne,d’

Tcosb = mg
2
Hence, tanfcos30°= 3q.2
8re,d"mg
a
But sin9=é=_d_tan9=_\/§__
l \/51 12 d2
3
ENees
Thus V32 = 3¢°
’ \/l2 d® 8ne,d’mg

3

or o’ = dne,d’mg
dZ
3P - —
3
but g= % — q’ = %— Hence
0 - I2ne,d'mg
= —aﬂ
I’ -

3

85



P.E.

i d?l
e =m———
dr?

- d’x - d’y. d’z.
eE,(-2a,+a,)= m(dt2 a.+ 2 ay+ i a,

)
where E,=200kV/m

d’z
- 0 — z=ct+c,
d’x - 2eE,t’
mo = -2eE, —> x=— tette,
d’y eE, 1’
mF=eE0 — y= om +estt ¢
At t=0, (x,5,2)=(0,0,0) ¢, =0=¢, =c¢
Also, (E,iy—,ﬁ) =(0,0,0)
dt dt dt
Att=0 — q=0=c¢=c¢
2
Hence, (x,)) = Lot (-2,1)
2m
ie. 2|y|=|x|
Thus the largest value of is
80cm=0.8m
P.E.
(@

Consider an element of area ds of the disk.
The contribution due to ds = pddp is
p ds pds
dne gt dne,(p’ + %)
The sum of the contribution along p gives zero.

dE =

- e

P, I ZI hpdpdp _ hp, I pdp
(p2 +h2)3/2 280 ) (pZ +h2)3/2

4

0 p=0 =0 -0

= 22 [(or 4 Y2 d(p) =22 (20 + Y ]
4g, ; 4¢, 0

=L h

2¢, (h* +a*)"?
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(b)
As a —> ©

Ps
) 280

E-=

(c) Let usrecall that if a/h <<I then (1+a/h)" can be approximated by (I+na/h).
Thus the expression for £, from (a) can be modified for a<<# as follows.

1
2\73 2
E,=Pi L _|-Py (142 N )
2¢e, { a’ 2¢, h a0 but =0 = 2g | 2R7
+—

_ P | m | 0
2¢, | 27h* | 4me W

This is in keeping with original Coulomb’s law.

P.E.

< £

0= Jpsas= | [121y1ax dy

-2 -2

2
= 12(4) Izydy= 192 mC

J-p dS - J p.dS|r-r|
41tsr 41t80|;— ;‘-'|3

where r-r'= (0,0,10)- (x,y,2) = (- x,- y,10).
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txy

It

byt

I

P.E.

Zf 2] 12|y|10-3(—x ~¥,10)
=-2 y——247z-( )(x +y +100)3/2

X

2 2 - 2 2 -
—xdxdy a: —y|y| dydxa
108(10%)[ J|y| _[ 7132 +100)2 ,[ '[(x + +100)3i’2
Yy 2 -2 y

2 2
- |yldxdy
+10a,j -[(x2+ 2 7]
23 y° +100)
2 —d(y )
108(10M)a; | [2
10")a I[ I(x Tl
]. ’ 1 ]
(2 +104)"2  (x* +100)"2
x +/x +104|
x+x+100 2
2+4/108 ) (-2 V108 —2++/108 ))
++/104 —2+4/104

—-216(10")a.(-7.6202 (107*))

~216(10") a j [
-216(10")a; In|

-216(10")a z(ln(

16.46 a, MV/m

y=-3 plane A z
line
I charge
0)
/
7
e
/ / '
X x=2 plane
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F= Pr
27e,p

ap
This expression, which represents the field due to a line charge,
is modified as follows. To get a,, consider the z=—1 plane. p= V2
a, = a; cos45°— a, sin 45°

L a-a)
2
_10(107) 1

107 E(&‘—&y)

367r)

Es

27(

=907 (ax—ay). Hence,
E=E+E:+E;
=-1807wa,+2707wa, +907ra,—90ra,.

=—282.7 a, + 565.5a, V/m
P.E.

D=Dy + D, = 4—;a,+—a,.

_ 30x107° [(0,4,3)—(0,0,0)]+ 10x10'9&
T 4n(5)? 5 2 7
30

Y - 2
S00m 0,4,3)+ 5a, nC/m

=5076a, +0.0573a, nC/m’

P.E.
(a) p,=VeD=4x
0,(-1,0,3)=—4 C/m’

b)) ¥Y=0= Ipvdv = ]] 4xdxdydz

= 4M/2)=2C
() 0=¥=2C

oo -
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Q= Ipvdv= v = qDOdE
For 0<r<10,

D,(4xr?) = IH2r (**)sin0dOdrdg

4
D, (4nr*)= 47[(%'0) =2zrrt

2 2

D = Y E=Ll_-a naVim
2 2g,
-9
E(r=2)= %&, =72ma, =226 a, V/m
2(5) —_—
For r>10,
D,(4nr*)=2xr,", r, =10m
4 4
D = r"z > E=_D0 ~a, nV/m
2r 2g,r
4 -9
E(r=12)= %—&, = 12507
2 144
( om )(144)
=3.927a, kV/m
P.E.
V=Y., —Qf —+C
Ame, |r—re |

At V(0)=0, C=0

|F=r1| =(=1,5,2) - (2,-1,3) |= /46
| 7—r2 || (~1,5,2) — (0,4,-2) = /18
| ;—;3 |=| (—1,5,2)—(0,0’0) |= \/-3_0

1078 4 5 3
V({-1,52)= + +
b= 10 Vi s o
367

= 10.23 kV
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P.E.

(2)

(b)

(c)

P.E.

(a)

(b)

V= Q +C
4dreyr
If ¥(0,6,-8) = V(r=10) =2;
-9
2= ——ST(:)% +C — C=-25
4 10
ﬂ(3 6ﬂ)( )
5107
V,= 0° (10°7) -25
47[(36”)|(_3s2’6)— (O:O;O)l
= 3929V
45

Vo2 ————=-25=269V
g JP 145

Vi =Vy-V,=2696-3929=-1233V

w_ Eedl = [(3x* + y)dx+ xdy
o

2 -1
= {35’ +y)dx | + [xdy |
0 y=5 s x=2

=18-12=6kV
W=-60=12mJ

dy=-3dx

_% = IE-dl = Oj(sx2 +5-3x)dx+ x(-3)dx

2
=I(3x2—6x+5)dx=8—12+10=6

4]
W=12ml

—

|
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P.E.

(@)
(0,0,100 ——> (r=10,0=0, ¢ =0)
-12
V=—i000(1);? (10-‘2)=—1010_9 —9mvV
7[80( ) 472.( ) -
36z
—12
E= m(i(;—g)[ZcosOc—z,+sin0c_19]
4(=—)N0°
367
=1.8 a, mV/m
(b)
mT T
At (I,—,—
( ’3 b 2)’
100005%(10"2)
V= T = 045V
i
nGoOW T
. 100(107" ] -
E= —(_9)—(2cos%a,+ sin%ae)
4 1)’
1D

= 09a, + 07794 a, V/m
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P.E.
After Q[ s M/I =0

) 9 9
After Q,, W,= Q)F,, = 4ne,)|(1,0,0) - (0,0,0)

_ 1 -18
M(_OI_L - 18 0
-9
410 )361t

After Q3 ’
W= Q(V5+ Vi) + OV
] -2
-9 -
3EXI0 ){|(0,0,— D-0om)" (@D -Gony |~ 8™

2
27(1- —=)-18
( ﬁ)
=-2918 nJ

After Q,,
W: = Q4 (Vu + V42 + V43)+ Q3(VJ/ + Vsz) + Qszl
-2 3

9 !
= O ){l(0,0,1)— 0001 " 100.D-100) " [00.)- 007D

= -36(1 —2—+i) + W,
= AR g
-39.09-29.18 nJ = -68.27 n]
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CHAPTER —Problems

Prob.

W Sec Tert —
© Fe qo [0 (
Hre | (5,06 — (-2

- Q93 Q_QO,O)‘%\" C%_%’—%)l

T\ 7
4 e \(o)o) ¢ - (-%/,_415%\\
- (oo, (3O e
3 Y
fo s DG4S dlon N

\

L/(o)\\l

Prob.

5 5
(@ O= jp,‘d1= Il2x2dx = 4x*|mC=0.5C
0 0 I
(b)
4 2z 234
0= [peds= [ [pzpdpdz | = 9(2n)=| nC
z=0 §=0 p=3 30

= 1206 pC
©

0= [pav=[[f r;iga r*sin@d6 dp dr

_ 10Td¢]d9]rdr =10(27z)(7z)472
0 0 (] =

=1579.1 C
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Prob.

) & 2
Oofl-f=_&6 _ loemMe ——f
/-\—W%o?’ 4 \Jc' oot
. men
aqw\o N
3
o B & Rees b0 = el
lyo hon60O = vz R S

G
2 Awge o
(:x; E\ S\vw 6O — ELS‘V'(O =
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Prob.

(@)

(b)

5(5,0,6) = -2 [6:0.0-(40,-3)]

QZ [(5, O’ 6) _(2’ 05 1)]

47, (50,6)—(4,0,3)]
Q| (1 O 9) Q2 (3,0,5)

) 4re, (82) 47:50 (34)*?

If E; = O’ then
9Ql 1 + 5Q2 1 _
47r£0 (82)3/2 47[80 (34)3/2

Q = _._Q2 (_)3/1 5 (82)3,2 C

"9 34
= -—8.3232 nC

F(5,0,6) = ¢ E(5,0,6)
If F, =0, then

q9 + 390, _
475,(82)"  4ms, (34)3/2

Q1=—3Q2(§_)3/2_ 1( )312 nC
0, - 44945 nC
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Prob.

£ dIR R=-2 g, 10
= , =-Za_, == =— nC/m
=] 47g, R® g Yoo o2n
But a,=cosga, +singa,
Due to symmetry, contributions along y add up, while contributions along x cancel out
Y 2) p 0 o
E,=—"t -2sing)a 2d ACk -1-1)2a,=--"tq =-—=L_gq ,
* 4ze R J ( #a, 249 47e,2’ (-1-1)ze, dne, ¥ 8x’g, Pr=0m
- QR — Q[(()’ O, O) — (01 '—4’ O) = Qa}’
© 4ne R’  4ne,|(0,0,0)—(0,-4,0) 64re,
o

0 0
E=ER+EQ=—87[2L5 +—6m'=0 e Q=8—”—

_810nC s 47 nC

Q_ T
Prob.
Lok Vs-—\“? a 2% 1‘_‘\_ 3
Q- S\a?méwg& e patde =
Wewme b= 3¢ Cnrdh V:’ 28 a
3w’ 2.7
P Jo symey, B ohow only ¥ ommpTtt
d’\l_z_z sdg Sathe P *—Qi” ) %? LY{,
Awes Aores (R (et
oo 30 g ﬁ_fi?i
lwg\%- A . (f + L\" 3’1,

-
) 4%:):0” So év‘iﬁs“ |
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LU,F ?___\'\'\ﬂns , é\? = LSQL‘LQQS .
_ (e e jj(wce s

ga o g
| o ((’L*L\VS%" Cewd .
L (seced deas) 5T

N ENrantD) “J;”Q\

Angs o

el o2k Q\“ o T O‘_:\at
B h

{ o th

Axao’
o “S‘—SVW.\(Q—A.
Prob.
_ [P T U
V= sdme, PSS dS=pdpdp; r=+p’+h
1
- 1 E(pd¢dp) ) ] thd¢ 1‘1[ dp
T e, IR dme, 5 L 07+ R)
2n 1
= In(p+ yfp” + H)[_, = ;[ln(a+,/p2+h2)—lnh]
0 0

1 | a+p’+ W
—In

2, h
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Prob.

(a)
Due to symmetry, £ has only z —component given by
dE, =dEcosa
psdxdy h

C Ane (X + Y+ 1) (B + Y+ R

E - psh J- '] dxdy
* 7 Ane O +yP +hH)?
0 -ag -b y )

_ Pk J J dxdy
wEy 5 o (X +y*+h*)?

_ psh (:[ ydx T
mgy o (X +R)+ YT+ R
_ ok bdx
7y § (X +R) X +b% +h*)"?

By changing variables, we finally obtain
E = £ tan” 2 azb 25172 _}&‘
T &, h(a”+b°+h")

() Q= [p,dS = p,(2a)(2b) =107 (4)(10) = 0.4 mC

-5
E=—" 0 14 =36x10*(0.0878 radians)a,
10° [ 10(4+25+100)
367

=31.61a, kV/m

T

99



Prob.

v

Let f(x,y)=x+2y-35;, Vf=a.+2a,

- vf (a:+2a,)
a,=t% =t
IV NG
Since point (- 1,0,]) is below the plane,

- (a.+ 2a,)

a, = .\/g

Pe - 6(107°)  (as+2ay)

2, 2107°/36n)° A5

E=

-1517 a.- 303.5a, V/m
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Prob.

(a)
0,0,h)
R
a /
p,dl
- p,{a’lk - - _
D= I41rR” R= -aa,+ ha.
§=2x - -
= Py I add(-aa,+ ha:
47 oo (a2+ h2)3/2
Due to symmetry, the p component varies.
b p,a(2nh)a. _ Py aha.
47{ (a2+ h2)3/2 2(a2+ h2)3/2
a=2, h=3, p,= SuC/m
Since the ring is placed in x = 0, a. becomes ax.
__26))a. . )
D= 24+ 97~ 064 a, pC/m
(b)

b, - £1600-(0-30)] = Q [(30,0)-(030)]

% 471300~ (0-30F 47 ((30.0)- (030)

0330  03-30) 60
47(18)” * 4718 ~ 47(18)"

D'—' DR+ DQ= 0

60

azag”°

0.64(10°) +

1
= —0.64(47:)(183’2)10'63 = -1024uC
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Prob.

I drne, R3

S

R=-pa,+ha,, dS=pdédp

-pa, +h dgd
E=J‘ J‘Ps( pa, zaz);l?y? P
4me, (0" +h")
The p-component vanishes due to symmetry.

2n a

ph pdp
.= tme, Sty
(] 0 p + )

Let u=(p>+h*),du=2pdp

E, = ﬁi(zﬂ-)l J-u‘mdu =&h(2u-'/2) = ﬂ(l _._h_)
4re, 2 de, 2¢, a’+h?
At the origin, h=1 so that
P,
E == 1-—
(158

-6 112
P qE_qp,(I__ 30x107 x 200x10 I

= 1-——
J— .’ZxE ( ﬁ

367

Ja, =99.24a, uN
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Prob.

E= E1+ E2+ Ej
Q - P - Ps-
= o+ +—=a,
dner? 0 2nep e 2, a

1000107%) [ (11,1 - (4,1,-3) } 2(10“9) (11,1 -{1,0,0) } 5(10°°) -
i (10-) I(1,1.1)- (4,1,-3) o ( ) (2,1,1) - (1,0,0)F 10°

2n ( )
(-0.0216,0,0.0288)+ (0,18,18) - 901 (0,0,1)

~00216a+ 18a,- 2647a. V/m

Prob.
E’-‘—é\‘{‘EL: (- ER + L
’lﬂ‘?’g 2. ( \
oxe (—o
_ 3008 [ (oo~ (o Ll ¥ B
TR (e a2 ¥ e
T e N
> & - 54wy 6@/ V™
Prob.

(a) At P(S -1,4),

| -6 -6 -6
! p,,, _ 10x10” ~20x10 30x10
E=
! Z’ 9y 10“’( a)+ 10'9( ) 10"( a.)

367 367z 367r
=367(5,-10,-15)x10’ = 565.5a, ~1131a ,—1696.5a, kV/m

| (b) At R(0,2,1)
| E =367[5(-a,)~10(a,) +15(-a,) |x 10’ = -565.5a, ~1131a,~1696.5a, kV/m

(c) At Q(3,-4,10),
E =367[5a,~10(-a,)+15a, |10’ = 565.5a, +1131a,+1696.5a, kV/m
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Prob.
L p 10x107° 10x107°
E= #”" B T(a’)—T(*a’)
UL okt (2) 2 x——(2)
36 36
=36(5/2)(1+1)a, =180a, V/m
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Prob.

[ (a)
| VeD 9D, aD"+aD’ 8y+0=8y C/m’
, = [} = — 4 = ) =
Ps ox dy Oz ) &y m
(b)
- 17 12 a
,=VeD=——(4psing)+———(2pcos¢) + — (22>
2 . pé,p(/) ) pa¢(p ) 52( )
= 8sing~2sing+4z= G6sing+4z C/m’
(c)
= 1 72 2 I a
,=VeD=— Zcosf)+ —(sin* @
o * rzé’r(r ) r"sinBé’O( )
= —cosf+————(2sinfcosd) = 0 C/m’
r r*sin
Prob.
[I’___I NPT % s (3
3 2 OY YO\

i' : o‘r YOONNS Y,
9?\\0.-4'\@ RN (o

Q = §Q\D&S = QT:WQ‘WV
t. O

Anet
& Q_/\/@/‘ Q—;_
\0‘\ C)Ou\<;‘s ko\w L{’ o SRS jl

| M&-‘D\u'} Qx_
s \'J\Q\u_si o e SPMQ_“\})\ 5
ARSI A /QQ\(LL

R‘l\)o—“\ > o
_(: :-(J)]_E = @‘G‘) Q¢

Aye

V“\‘;‘ J'\ o Co vl s \O\W .
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Prob.

3g,sin3r 3

p,=V:-D=V.g F= ———(1 —cos3r) = C/m

r

Prob.
oD
@) pv=VoD=aD" +—2 +aD’ =2y C/m’
ox o 0z =

(b) ¥ = [D-dS = [[xdxdz _jx dxjdz—- C

y=

(c) 0= Ipvdv = HIZydxdydz =2 l_[dx ]ydy lJ‘a’z =1C

Prob.

TR |0
a5 ey, By e Y
The. Wr*—!\nwv\m D sness of T 3

/‘/\,\Q OY 3\*\ QAR

f= {ags = B

‘(L:W = 5™,

106



R B iy L
o (2" = 3™
N Cloding = Gouss's Lo, = Qe -
W) T~ vl LY 0 Yy, Qovc = O
Jo o
M’Fﬂ r=lo > Yo« 0y
Qemc-z Gr + Gy + P = -3 4 2 o= e
V- ape
D R~ o\n > ¢ G, (3 Ty
Qoe = @ +% + 03+ Qv = EVSS

Ye_l4pC
- _ 4
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hnathod |
\_9} &:\&,‘\‘w;“\'\bs-\—\k.\.\ys_\_\{/b
\:\ow-‘\ LBV )(\\q_ Yat\,wlo\/\}» \7&?(.

\I"\’\c-f\c. W“\S wq_ S

V. g& At S.‘-n % (Jd(w% \?:%’&’Slz‘s\l\%?d@ dQ’PeI

+§§f&°‘% d?dt\% “SS*LW% de'c\%\éw

=Y

[ Sanpsng padee] - | fawgendptdss

=1\

iR
= CSTS"’*% S}L‘“ - S\Lko\e S L{a} + \lifdg §5\aew

=T

_4(a) - q 4 3(63) = 53\ ~C

2 s-53\ C-
Method 2 N ) P
V-EZ ?:3 5\héf ——%g\;% -+ 4? Slnj{

R ¢
= s\% % (Are + % 2_»5

§- Yo = Msm d g (G %LwL 4p)peipde

) 2

> 1[ ‘lr_jid% Sfre"o\e + 2 Sldro\q g:i‘—d‘t]

o2 4D +2 (D] = 531w

= Q-Q%\Q '
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Prob.

(a)
Y= Qe
For r= 15m,
Qenc = leS/dS: P .[ds: p.vl({'htR‘2 )
= 2(107%)4n(I*) = 81 (107°)
y=0.,=213 pC
For r=25m,
Qonc =Py (4“R/2)+ P2 4“R22)
= 8n(107°)+ (-4)107% (41 2%)
= (8n-64n)10°°
yv=0Q, =-17593 uC
(b)
\V = Qem:’ IDdS’: Qenc
D (4nr’)=Q,,.
- Qenc
T qnr?
For r=05 Q,=0 —> D=0
For r=2.5, Q..=-17593uC=-561(10"°)
56m(107%) - 5
D =- m 25y -224a,pC/m

For r= 35a Qenc = p.\'i4ﬂR12+ p_\'Z 4ﬂR22+ p~‘34nR32
= -56n+5(41(3°)) pC
=]24n uC

oA cim?= 25313, uC/m
F T m@-sy M T2 Pl
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Prob.

For p<a. E=0

For a<p <b, consider a Gaussian surface in the form of a cylinder or radius p and length
L. Since A is the charge per unit length,

[D-ds=aL

S

&,E, [[pdgdz=£,E,2npL = AL
A
27pe,

E =

p

For p>b,

g,E,2npL=AL-AL=0
Hence,
A
E =4 27pe,
0, otherwise

a,, a<p<b
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Prob.

For p<1, O, =0 —>
For I<p< 2,

o
]
S

2 A
Ou=| | [120abepetz
$=0 p=/ z=0
p 3
=1202m) L ?fl’ = 8xL(p’- 1)

2xr

[pdbdz=D,(2 5pL)

— N

v=[Ded3= D,

p=0 $=0
Hence,
8nL(p’-1)= D,(2npL)
8’ -1
D, - -0
2p

For p> 2, y=D@2nplL)
O, =8n Lp3|j= 567 L
6nL=2D2nplL)
.2
Y

D,

P

0,p<l, 1I<p<2

8(p’° -1
Thus, Dp= %, p>2

28

p
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Prob.

(@)
y=0, atr

=2
0,.= Jp,,dV = ”Jé?—rz sin® a® dr db

2 2r =

=10 | | [sinoad

r=0 =0 0=0

= 10(2) (21) (2) = (80 1) mC

Thus, y = 2513 mC

At r=6;

4 2% T

Qe = 10 Jdr Id¢ Isineaﬂ

r=0 4=0  8=0
10 (4)(27) (2) = 160
y = 5026 mC

(b)
V=0,

But y = §DedS= D §dS= D, (4nr%)

At r=1,

! 2x x

Q.o = 10 [dr [db [sin6 o

r=0 =0 0=0
Q.= 10 (I)(21) (2) = 40
Thus,
40
QEHC n 10

D: = =
T qnr? T 4r())

D= 10a, nC/m’

At r=5, Q,. =160

Qe 160n
D = = =16
T odnr’ 4n (5’

= l6a, nC/m’
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Prob.

(a) For r<a,

dD-ds= [p,dv
§ v

&,E Anr’ = p, HE r*sin0dOdgdr = p, ]rdr”jsin edezjﬂ’ dg=p, 47r§
0 0 0

=Po
" 2¢g,

Forr>a,

a n 2z 2
£,E,4nr* = p, [rdr [sin6d® [dp= po4ni’2—
0 [} 0

(b)
Q= Ipvdv = p,(47) J.ra’r =2ra’p,
v 0 -

Prob.

| 2 (. L2 (o)=L}
%:v%—\ﬁa(r DO = Y»av( ' 9
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®= S(’N\V - SSS 1o ysimedededd

Y
r

= \Ogldf gm&& gﬁs;“ec\s = 10(1\ CQ“B(L\

-~ DPOR = 15"3 nC

" Gyt L] Lo sie s,

" " 2 \—:.%Q(T
= \o(z\g“s\lﬂ 5d e SA ad - za(\(w

b N

-as\3 nC ‘
Prob.
(a)
From A to B, dI=rddas,

90°

Wys=-0 [ 10rcosdrdd | = - 1250 n

0=30° =5 =
(b)

©

G

From A to C,dl = dra.,

10
We=-Q [ 20rsingdr | =-3750 nJ

r=5 0=30°

From A to D, dl= rsinfdp a,,
W =-Q [0(rsing)dh = 0

We=Wp+ Wop+ W
where F' is (/10,30,60). Hence,

10 90
Wye=-0f [ 20rsinédr | +10 [10rcosérdd | }

r=5 8=30° 8=30 r=10

75 100
= - 100[+ —-] nf = - 8750 nJ
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Prob.

S 4 meyr P v
1
1 —(pd¢d p) 2w a
= P 1 d dp
V= ( 2 2 4 .[—_2 7
P ) mE, 5 p=0(p + )

’ 2 2)|“ - —1—[111(a+ /a2+h2)—lnh]
p=0 Qg
0 0
1 a+Va*+K

. —1In
i 280 h

Prob. ~
\/: \/,‘\'V = Q) ,\_ C\)"— —
ﬂf“@‘\?’?‘\ 466«\7—(1\
\G\ \r—r,\: \(o‘\/o\ — (o)o)o\\c
74,\* \ (op, ) = (o, o,b\ s

2o ) ey

V=

Ar”*\/bn
B )= Lan- <ooo\\ 7
\x\r\\\(l\\3~(0°‘\\

\ 2.6V
[T
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&b\ 5 - \/P = ‘\%D\V‘ g/b
_29.37
Vo= 5~ 32

Prob.

-
o Q
@ \/,,Q<%S:—-Q—( LO/Z

— 4nat

4"“@0 Y _ Ll 5 oy
M:’ =1 ig \L__.V T
A N Q—/;-lj—rf
Qa\ o G?/,)
V= 2_(%\_ - |SkV @Qg
2N | 0 ’
G

&5 \/ = SQL&L = — _ |B ke V.

At § Ade
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(@)
E:—(EK&,+§Vay+ﬂa )
X 17, oz
= =2xy(z+3)a. -x*(z+3)a,—x’ya.
At (3,4,-6), x=3, y=4, z=-6,

E =-203)(4)(-3)a. -9(-3)a, -9(4)a.

=72a.+ 27a, —36a. V/m

(b)
p,=VeD=¢g Ve E=-¢,(2y)(z+3)
V= 0u= [psdV=-2¢,[[[ v+ dcdyar

1 I 2

/ 1
- -28,,de ‘J;ydy;)l-(z+ 3)dz= - 23,,(1)(1/2)(27+ 32)|

- (.]_+3 _ i(lo—g
=8G9 = G

Q,.= -3095 pC

)

Prob.
(e o b [ &
V'_(Z%:é 4V, g_ b o (\f\L{’f’y
-~ 5 .
= _{5 (fur\ a(\fv\—{\ ’7\_01(?3
4[\"2; O ) |
P2 ORT
4e, ¢
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Prob.

= (x- x)c—zx+(y—y)&y+(z—z)(_zz =

()
g 4 2
VxE=|& & &
yz xz Xy
o
—e
Y
o >
0
2
th0d7= Iyzdxl +
® -
2 2
= 2y|+ 2x| =
0 0
Prob.
3
poazar , r>a
- 4e,r
E= ,
Po ! (_Zr N r<a
4g,a

Since V =——jE-d7= —_[Edr ,

_po r3
12g,a

+C,, r<a

3
p,a
4g,r

+C,, r>a
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But V(x0)=0 — C2 =0,

Vrmay= 2L TP o ol Pl
dg, 12¢, 3G,
3 2
“h | Pl 4
126,a 3¢,
Thus, V= )
X
4e,r ’
Prob.

(a) For rza,,
§Dds = [p,dv
s v
£,E 4mr = p, [[[a ~ Y42 5in0d6d pdr
a
“ 2 rt., ad o a
=d4mp [0-L+ D yrdr=anp | -+ 2
p,,of( ) ﬂp,,[3 S+

3

= P2
r 3O¢<,‘ar2

v =-[Edl=-[E, dr—p—a]+c,

30¢,r
But V(0)=0 —> ¢,=0
y oLl
30¢g,r

(®) dDds= [p,dv
S v
&,E 4nr’ =p, jjj(1—§)2r2 sin@d0d gdr

3

f 2r ¥, oo
=4 l-——+—)dr=4np | —— —+—
,D,,(;[( a a2) p°[3 2a 54°
2 3
Er=.p_0_ 1_7_+r
3 2a 54°

3 4
v =-[Edi= —jEdr_fi LA AR A
6 6a 20a°|
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2 2 2 2 2
V(r=a)=!£=&[a~—£—+g—)+cz =2l +c,

30e, g{(6 6 20 20¢,
2
cz——p°a
60¢,
2 ) 4 2
yLoll T | L2
g, 6 6a 20a 60¢,
a 2mpad
= |pdv=4mp, —=—2—
) 0 Jp" P30 15

Prob.
(@
VVAB=QJE°d7a dZ:de_Ip
'WAB i
= [ Dsingdp], =0
Wi=0
(b)
_W " 30°
o= Jesvemopas |, o-tsnsTo2
$=0 p=4’z=0 0
Wyc =_2q=2
(c)
We, F i
cD _ ,[PSin¢dz | = 4sin30°(z |)=-4
q z=0 ¢=io° ’
o=
Wep = 4g = ﬂ
(d)

Wpp=Wpg+ Weet Wep=0-8+16=8n]
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Prob.

(a) s
4 r 2
= 4 2
Qenc npO(a 3 5)(')
8n
Qem: - Epo
y=[Ded3=¢,E (42r?)
V=0, :
8n
g, E (4nr)= T3P0
2p,
T Tse, e O
= 2p, a
15e, 77 7
2p _ 2p
V= |Eedl = - =2 [,y = 2
J I3¢, J @ 15¢,r + G
Since V(r->0)=0, C, =0,
_ 2P0
15¢,r
(b)
For £ a,
ar’ o g
Qem:= p,,(41t)( 3 - ?)l 47'5[)0(
- Qenc _ Eg_(az" i
©odney? g, 3 5)
2.3 5
- p, . a‘r
E=— -~ —
8,,( 3 5)

2.2 4
V:—IEOd7=—p0(a; ‘2_0')+C2
0
4 2.2

s Po r ar
=5, 207 s G

Since V(r=a%)=V(r=a"),
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2y Py 4 a_J 20y | 7pgd’
Ise,a s, 20 607C T Gt 50" o,
) _pl(i_ azrz)Jr 2, X 7p,a"
g, 20 6 15¢, 60¢,
(¢
The total charge is found in part (a) as
81p,
AT
(d)
For r2a,E decays to zero with no maxima.
Forr<a,
2 3
p, ar r
E="(—F-—
’ so( 3 5)
OE ?o3f 5
9, po@ 3, _, 805
an €, 3 5 3
r=07453a
Prob.
(@

E=-VV =-(Q2xas+4ya,+8za.)

= -:Z;t(;x -‘1))éiy —'i;Z i;z \//ITI

ov.- . ov-  ov-
dx dy dz =

172 12

= cos(x’+y* +z8)"[2xa.+ 2ya,+ 22(_1,](%)(372 +yt+ 2y

a;+ yay+za;
__xat yaytza )cos(x”+yz+z2)”2 V/m

\/(x2 +y* +2%)

Alternatively, V =sin(x? + y* + z%)"?
V =sin(r)

Then £ = -—-cosr a,

can be converted into spherical coordinates as
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V- 1V- V-
a

a:

2p(z+1)singa, + p(z+1)cosga, + p’singa.

E=-2p(z+1)singa, — p(z+1)cosga,— p*sinda.

(d)

- V- 173V - 1 V-
-E= ar+-— ag+ —; ag
J roe rsin@ ¢

¢ (-2sin24)ay
p

, ) - 1. -
~E =—e"sinfcos2da. + —e"cosfcos2pas +
r

-r

(sin2¢)as; Vim

E =e¢"sinfcos2par — le" cosfcos2pas +
¥

r
Prob.
(a)
2
m % = ekE; divide by m, and integrate once, one obtains :
p=9r ekt
dt m
2
P
"From rest" implies ¢, =0=¢,
At t=¢,, y=d, E=§ or V=Ed.
Substituting this in (1) yields:
2 2md
e E
Hence :
_eE [2md  _ \/2eEd_ 2eV
m ek m m

thatis, u « JI7

or u= k\/V
(b)
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oo e asoyo”
m  \9.1066 (10°)
= 5.933x10°
()
o 910%)
V= = 100 _ 5557 £y

2¢  2(1.76) (10")

Prob.
pcos@  kcosd

2

V=

47z£or2_ r
At (0,1 nm), &=0, r=1nm, V=9

thatis, 9= %, sok=9(107")
v = 9107%) cos6’

At (1,1) nm, r=J§ nm, 6 = 45°,
V- 9(10"8)cos45° 9 _ 3 182 v

107" G2y 22

rob. ‘
o a L vds o wsiedt e
= - ©
‘ = A —> \(“s
IPPNYSS S\ ‘ =
o \orC’\/\/\ 3\&0/\
\V\*‘Q—Q(* )D(\‘\ a (S\V\ _ \V\g':n@ —\-—‘Y\Q
\Y\( = g g\v-S
™~ Y= C S G

Mo Ca, e G0, =), 8= Ve,
4_ Cf}' —_—) Q:'Z)
XY = aginle-
e Aoy e s s b daca o the
Ny POse

124



Cinca -é_ w -\ar\o)%\ia-)\ *‘a )f\f-it \i'\/\’z,

T, % - (23
4> I
FAN s a —é he -
b —j h_l zt\; 4 Se) = o BAHAT AOFHR %
A= s )
B o aquipelenfial oo i Voo i
O:: V= \/“ﬁ‘ Vo = Q\ —— O
’ 4[;%5(‘ Agieia
M an av\o:’\~(°\(~’ 'Po‘w\\- (7(/«,5/0\5,
~ — “+
T S G — : Al
res L LCh =019 G5, 9) — (=12
2 A
o —_— =

r/’ﬂv —
(x—1> Y RET TN N e

\Q’(*“\S’ + \5“;: C\(x-\-DL-\— Ay

o @—G\l‘*\f:@.%\L
j-er o c e <\& 05( o dh s 4‘.%5 e
C T g podeatind L o
Sk ey dnnd Lalvw 5
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Prob.
Check whether VxE =0.

6 9 9
(a) VxE,=|ox 0y  0z{=30xya, =0
5¢ 15x’y 0

Hence, E, is not an E-field.

(b)
VxE, = [ﬁpz cos¢—pcos}ap+(2psin¢—2psin¢)a¢ +—/1;[2p(z +1)cosg—2p(z+1)cosdla, =0

Hence, E; is an E-field.
(c)

VxE, =0a, +—1-[—
r

- isinﬁsingﬁ—O]ag +l[0—§cos€cos¢]a¢ =0
sinf r r ¥

Hence, E; is not an E-field.

Prob.
Let us choose the following paths of two segments.

2,1,-1) > (5,1,-1) > (5,1,2)

W=-q[Eedl
W 5 2
——=IEOdl= I2xyzdx + Ixzydz
7 =2 z=-1,y=1 =7 x=5y=1
25 2
= 2(1)(—1))‘7 . (5)*()z | =21+75=54

W=-54q=-108 u]

Prob.

The dipole is oriented along y —axis.

y=-L2T_.  per=0Qda,ea = Qdsin8sing
dre,r
QdsinGsin g
V= —"—7—
dre,r
E=-wy=-2Y, 10V, L 27,

- —————a
ar roeé rsing o¢
_ Qd {25in9}sin¢ a _cosgfin¢&9 _ CO§¢&, }

4rs, r r r
= Qd N .- -
E = 7(2sin@singa,~cosfsingas —cospay)
4reyr
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Prob.

E= —VV——(—O‘,—Ka,, +lﬂa¢+ ov a:)

op " pap | oz

E = —(2pzsinga, + pzcosgas + p*singa:)

w=1
2
W, j *d j zdz”]}sm ¢d¢+j *d j 2a'zﬂfcos ¢d¢
£ zap P p-z

2 x/3

+ Ipsdp Idz J‘sm pdg

n/3 !l
1 7 1 2r
But |cos®ddg =— |[1+cos2¢ldp=—+— sm——07401
oj  gdg J[ pldg="+_sin=]
/3 zr/J
b1

jsm ¢d¢_— j(1 0032¢)d¢———%sm§=03071

Z.2 i |(°3O71) —I |(07401)+—|(4)(03o71)

255(—)(0 3071) + 2(16)(0 7041) +ﬁ§(o 3071)

Il

417.67+239.394 +838.59 = 1507.67

1507.67 107 )

2 (367r

= 6.665 nJ

W=

127
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Chapter —Practice Examples

P.E.
dS = pdodza,

2 5 2
/= IJ-dS: J' IIOzsin2¢pdzd¢|p=2 = 10(2)"‘7
$=0z=1/

2n
5 E(/ —cos2)d = 240
I o0

[=754A

P.E.
[=pwu=05x10"°x0.ix10=05p A

V=1IR=10"x0.5x10"° = 50 MV

P.E.
6=58x10" S/m
J 10°
J=oE —> E=>- 58;;10, - 0.138 V/m
J  8xI0°
J=pu —> u=‘—)-=787;07=4.42x10'4 m/s
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P.E.

The composite bar can be modeled as a paraliel combination of resistors as

Ishown below.

Ry
For the lead, R, = ! , S, =d’-u? —0_" ocm?
oS
Ry=0.974 mQ
_ ! el T 2

For copper, R, = - S, =mr ; °m

4

R, = - = 0.8781 mQ
5.8x107xzx10"

__RR__0974x08781 _ .\ 0 o)
R,+R. 0974+08781 ——

F= p_\'zS o 2 _ ZSOF
2, : S
But p,=g,E=¢,-%. Hence
2 2e,F gV} y 2 2Fd’
p.\' S dz Ld d eoS
ie.
2Fd’
V,=V, -V, =
d 1 2 EOS
as required.
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P.E.

(a) Since a,=a,,

D, =12a,, D, =-10a, +4a,, Dy, =Dy, =12a,

€,0y,

I
E?f =E“ —_—> D)l = =—2—5(-—100y+4az)=—-4ay+].6az

g

D, =D,, + D, =12a, - 4a, +1.6a, nC/m’.

D, C-#9'+(s6) 0359

o Da — 0,=1975°
tand, = o, 12 A alkldbl

(b) E, =E, =E,sin®, = 125in60° = 10.392
E;

/
o]
N
\ 4

X
E2n
E, =2 E, = 12c0s60° = 24
£, 25
E, = JE, .E,’ = 1067
8rI 25 o o
tanf, = —tanb, = Ttan60 =433 —> 0,=77

r2

Note that 6,>9,.

P.E.
1 -9
D=¢,E= 60 (60,20,-30)x107 = 0.531a, + 0.177a,- 0.265a, pC/m’
10°”° iy 5
p,=D,=|Dl= (1036 +4+9(107)= 0619 pC/m
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CHAPTER —Problems

Prob.
dQ 4 -3t
|=-—==3x10""e
dt
I(t=0) = 0.3 mA, I(t=2.5)=0.3 ¢’ = 166 nA
Prob.

I= J-J- dS,  dS =rsinOdjdra,

2 2x . . r4 2
I=- [ [r*sin*6dgar |, ., =—{sin30°) 7lot# =27 =_6.283 A

r=0¢=0

Prob.

_(a) VW¥=—p,le
vV = %(nyzz)+§(2x2yz) =6xyz
p, = -8xyz(2e )= -16xyze,

(b)  J=pu=-16xy"z,(10%)a,

2
2
0.3
4

905 05
I-= IJ-dS: _16010%) 1 dex 2dz = - 16(367)(10°%)| =
36m ; H 2

I=-4(36n)(J07°)0.5)° = -113] mA

Prob.
Let a=1.6 mm be the radius of cross-section. dS = pdgdpa,

a 2=n

500
1= [Jeds = [ [=pdhdp = 500(2na) = 1000nx16x107 = 16x = 5026 A

p=0 ¢=0
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Prob.

. k= 12
\
N = (O S e P]'GX\bc‘ lechrons
e T g

Prob.

/ 8x107* 8
@ R=—g= o5

, -2 3395m0
oS 3x10°xux25x10"°  75n ===

757
(b) I=V/R=9x—8—=2 5.1 A

(c) P=1IV=2.386 kW

Prob.
Rty gl 20T sre107 Sim
oS RS 10°xm(4x107)?
Prob.
(I _ L _ S‘ —
R (
FBW (w«: = M \\‘MU”

Ls 7 -G
, b 0-\157’(0 </
?:T9M~ (o%xlogn

O 39y >y o
-1-26W

5 S=nr’ =nd*/4,d=0.4mm, |=N2zR, whereR;is the radius of the
o
turn.

R 2x150x7(6.5)x107

=0.84Q
2 Y.0%2¢
5.8x107" xx —(O':) x107
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Prob.

(@ S =nr’=n(1.57x10 =7.068x10™
S, =7} —r’)=n(4-225)x10" = 5.498x10™
ol 11.8x10%x10
R’ = —=

=S omxor = 6x10”
i .

-8
R, = 2o LLT7XI0 X0 5 919,10+
S, 5.498X10

)
R=R /R, = RR, _16.69x3219x10
R +R, 16.69+3.219

(b) V=1,'R,'=IDRD _— __;=_=
I +1, = 119291, =60 A
I,=503A  (copper)  I=97A (steel)

© 17sneio - L322me
Prob.
%
, |k
Lo
; b= 4o
he Lewe 605 S= Lhb = 4 b s60
P\ L l\- _ OERS 2"
> e T T T o .
(S S \9 S\:\Lb \Oﬁlg\/\lb 1(0 Lf_smk

2
= 4.3% w0 A
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Prob.
/ | 2

R=—= = =13.26 mQ
oS = onlb?—o?]  3x10% 25 o0~ =28 ma
Prob.
Q _ |\ - \owCls.
@ Q- 1= lop |—L
“;D s = __——\" = \Dy \D _ 32 C\ h‘\"—‘
o = 2/
25 %05
|Prob.
_ol _ poyy . d041d° s
(a) R-S —— p=RS/l= 07 4 =2.855x10
6=1/p=35x10" S/m (Aluminum)
(b) J=I/S=4—0=5.66x106A/m2
T -6
—x9x10
4
or
J=0FE=35x01616x10" = 566x10°A / m*
Prob.
R “z _ _—%OOaX .‘_C)OE\J ) E—\h: —’IDQQ
_(/&M: /\\D\n'\_) &_l/ EZ(\ = C-( EM
. ~ . -\ _ 1S G
'\—C — _g‘_‘ Tt = :,):.—-g ('—IOQZ\_ 493_[ t
2n - q_
- — — . ‘Sﬂ .
L - —20% +5%% + 431508 N
- . G -6, 43715
o &2 € —L"\L} <N%b/b)
'5).?— ©otE T 36

| oblE, +t 11eE, A 1SHT % nClm
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O F . e%, E= 390

Qv (PBO/ };D/ 43'7;3
2,61

A"
09575 103265y + [l -
©) E\'a‘z - L‘C@&én.

b Bn = e

_ o0.77633

\[\%ox + 60" 470"
Gn= 39.779°

Prob.

! (a) Ez, = E“ = —3000'\, +5oay,

EI" = 700_.
D, =D, —> ¢,E,, =¢,E,

2
B, = 2L, =22 (70a.) = 4375a,
g, 4

E, =-30a, +50a, +4375a,

-9

i
D, =t E, = 4x5—(~30,50,4375) = - 106la, + 1768a, + 1547a, nC/m’

-9

10
(0) P, =5 ,1.,E, = 3x5 —(-30,504375) = 079584, + 1.326a, + 1161a, nC/m’

(c) E ,ea.=E,cos0,

70
cosb , = > > =07683 —>
V307 + 507 + 70?

0, = 3979°
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Prob.

(b)

1(a)

D, 4 1 10
D,|=¢,|1 4 1|10
D, 11 4|0

D, =50¢,, D,=50e,,  D,=20,

D= 0442a,+0.442a,+ 0.1768a, nC/m’

4 1 I 10
=g, |1 4 1| 20
. 1 1 4|-30

D, =30¢,, D,=60¢,, D,=90k,

RS

D= 0.2653a, + 0.5305a, + 0.7958a, nC/m’
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Prob.

(@
Pos O<r<a
Py = 0, r>a
2 41'.'"3 P
For r<a, eE,(4nr’)=p, — E, ="%
3 3e
P+’
V=—j'E-d1=-g e,
£
3 3
For r>a’ 8()E’.(47U‘2)=p0 4Tta —> Er = poaz
3 3e,r
Poa’
V=—JE-dl= A e,
3g,r
As r—— o, V=0and c,=0
At r=a, V(@)= V(@)
2 2
-%’-a—+61=f;"a > =2 (2, +1)
€,€, €,

€,a
p0(28, + 1)
V(r—_()) = ¢ = _8—

2

) V(r=a)= p;:

Prob.

Pw=-VeP=0, p,=Peqa,=>5sinoy
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Prob.

1Y 9,0
F = 22’ F, = =122 .
4ne,r 4ne €, r

B e —45/22225
F,

g, =225, polystrene

Prob.

For O <r«< a.

D= Qza, — E= Q a, P=0
4nr

lFor a<r<b.

D= Qar — E-= Y a, P=y.,e,E=

4nr?

l'orr > b,

D=Qa, — E= 0 a, P=0
Inr? r

Thus.

a<r<b

54,, otherwise
4ne r
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g -1

r

—_— a, a<r<b
P=< ¢ 4nr* "

r

0, otherwise

Prob.
= E‘wst
\o‘\ ?-"K &ug @*'\x% (G
— l—r - Q‘
P~ £ = = P — 7
. c—<» PR
\b> Q(-V\JT/XQ:%L\,
-5 &
c - P 3PP X® g xl©
Qae( ’%q
= 9q.919 M|
?—\ (:'\’XQ_E = é—“xe_z = ’—k b
— e € &
:.ji(BDD\ = 2.3 P(_\W(L
34 '
Prob.
(@) ves=2Z(H--27
pop P p
0 1
- p"=v.J=_—039— — ap”—@C/m .5
ot p ot p’

(®) 1= [Jeds= Hloopd;édl _100% jd¢jdz_1oo7z 31416 A A
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CHERE
B W —T= 2
oF 2/ 5
© 1. STdS.—,S SOQTS
4;;\) Fv?dCec‘{F
_ oG et e O?D?
+1,
C\%\'lr,\{*
Prob.
\G\ l- &—j’_d:’* :g’b?\ 3 Q/"'LDBJF
J _ pddde
=9 o E ()
—_ \ -
(am) (e - 413 B
\D ad— __\7_:}'2 \3){ 3&
- —e \o
>t e 4 QQZ :
¢ A
_ 23 —\ot f’ ﬁ 3
O = \o 2 C
()3 + C(‘\’\
L oo, cH)=o

e ek V"—; D =
[0’% —] o

2

Qv (?>7—/ k",\u“’\SS = 7
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Prob.

' (a)
~10%t . X 2n .
I= j JedS = ” e sin8dBdd),_, = (2)(5)e™""" jsinede jd¢ = 40me10"t
0 0

At t=0.1ms, [I=40ne’'=4623 A

O

1 0 , 3 10"
VeJ=——(rt)=—¢
r? ar( 2 r?

5 _10% S %
y=—|—>e dt=——e
P I r? 10°r?

At =0.1 msand r=2m,

5 1
=————e’' =459 /m’
pv 104(2)28 8P’C m

Prob.
~9 g e 25 [
. £ ~ S = £ = %7\(0 \0
| = *é_“ - T ggx;ng\
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Prob.

-9
¢ 3.1x§06n
e Q201 4
@ = gpts = 2741x10" s
107’
e 6x36
(b) ;=T_,5n=5.305x104s
-9
| . 80x13?5
‘(c) —=— =707 ps
Prob.
| * —_
- c e o] s
& T S & _ 255 MM 5956 wUTs
AN A6 b
lo " %
= 264 Liowas = 1(3\ a\o‘\ﬁf'
-9
\ oGV 20*‘0
—4 —lq
© T=1°_ - 553X 5
: |- & V1o %36
Prob.
Since a;“ =0, VeJ=0 musthold.
(a) VeJ=6x"y+0-6x’y=0 — This is possible.
(b) Ve =y+(z+D)#0 —> This is not possible.
(c) VoJ=—:;5%(z2)+cos¢¢0 — This is not possible.
@ v.J=-’;a£(sine)=o —»  Thisis possible.
| rer
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Prob.

-t 1 —t,11
Q= Qoe n — EQo = Qae it E—

£,&, ol

_ 107x18.2x107¢

a) But T ===, &=—r =205.8
( ) r p £ 80 ]0_9 205.8
367
4 20ps
(b) T = 13- In3 = 18.2us
g_ -t /T, _ _-30/183 _ .
(c) 0 "¢ e =0.1923 ie. 19.23%
Prob.
-9
T = £ = —2.5x10 =442 ps
6 5x10%x36n
1
P, ='Q'=—=29.84 kC/m’
vo V 47[ - S ——— ——
TXIO_G)CS

o, =p,.e" =29.84e** =18.98 kC/m’

Prob.

E, =8a,, E, =6a,-12a =E,

In z

D, =D, —> &E, =¢E,

£, =3E, =28=20
g, 2
Hence,

E,=E, +E, =6a, —12a,+20a, V/m
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Prob.

----------

O

2 2
0= [DdS=5F, 4%+ &E, 4%: 277 (g, +&,)E,

e .,
E, ={2n(g +&)r
0, r<a

Prob.

-9

1
(@ P=g,x,E =2x

36n (10,-6,12)= 0.1768a,- 0.1061a,+ 0.2122a, nC/ m’

(b) Eln = '-6ax, Ez, = Ell =1004t +1202

D;, = Dy, — €65, =€1E),
or E, =%LE, =3% (6a)=—4a
n £, in 4.580 z y

E,=10a,-4a,+12a,V/m

E, 107+12
Lo S3905 — 8,= 7564
E, 4 I el

tanf, =

1 1 2
C) wp=—DeE=—¢|FE
(c) wp 3 3 [E]

107

Xx—(10% +62 +122)=3.7136 nJ/m®
36rm

1 ]
We = 25 |E, |2=§X3

107

as__(] 0%+ 42 +12%)=5.1725 nJ/m®
- 2. 1/40 NI/

1 ]
Wer = 58 |E, P= §x4.5x
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Prob.

(@ D,,=12a,=D,, D,; =-6a, +9q,

D D
Ey = Ey B —l=—2
€ €;
€ 3.5¢
D, ==L D, ==—"%(-6a, +9a,) =-14a, + 21
It e 2t 1.580( 3 2) a, a,

D, = I2a,~ 14a, + 21a, nC/m’

12,-14,2D)x10”
E=D,/e,=" X

= 387.8a,-4524a,+678.6a, V/m

107
S5
| X 360
D, 0.5¢,
(b) P,=¢,x,.,E,=0S5¢, o K(IZ,—6,9)= 4a, - 2a, + 3a, nC/m’
Py =VeF=0
° 2 2 2 -18
© WE|=1D1'EI=1D‘ D, _1(12°+14 +21_9)x10 212,62 ulfre?
2 2 g6, 2 35107 _
T 367
2 2 2 -18
sz=%D2.D2 _102°+6 +9_)9x10 ~9.839 ul/m?
e 2 gl07
36
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Prob.

f(x,y)=4x +3y -10=0
. = vf _ 4a, +3a,
"IV 5
D, =(D,-a,)a, =(1.6-2.4)a, =-0.64a -0.48a,
D, =D, D, =2.64a, -3.52a, +6.5a,
D,, =D, =-0.64a,—0.48a,
D, D

= — y 2 T
Ez: "Elr -
£, &

Vf=4a,+3a, —> =0.8a, +0.6a,

D, = _? D, = 2—15—(2.64, ~3.52,6.5) = (1.056,~1.408,2.6)

2

D,=D,, +D, =0.416a, -1.888a, +2.6a, nC/m’

D,ea, =D ,|cos§, ——> cos6,= Dy, 08 _ 0.2469
: D 324
8, =75.71°
Prob.
-9
D, =p, = Q 12x10 _ 1200 1C/ m?

4na’ B 4nx25x1077 b

|D|= 38197 nC/m?

Using Gauss’s law,
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o

Dw?=Q — Do=-Z
12 0.955
D= 478-2 a, = Fa,nC/m'==5=a nC/m’
1 2 Qz 1 . Q2 "’dr
© W= g [t g gl smoadar = 5 o [
2 144x107"
) Sﬁ _ 103 = 12.96 pJ
o _— -2 -
8nx 367 x5x10
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Chapter —Practice Examples

P.E.
VZV:-"-—E > dZV _—_—pox
& dx? ga
3
v=-22 | 4x+ B
6ea
2
E=-Y 4 _[P5 _4la
dx 2ga

If E=0at x =0, then
0=0-4 — A=0

If V=0 at x =a, then

3
0=-L4 p ___, p=Pd
6ca 6e
Thus
2
v=Lo (2_x), E=LF a,
6ea 2ga
P.E.

Vi=Ax+B;,, V,=A,x+B,
Vix=d)=V,=A,d+B, ——> B =V,-Ad
Vi(x=0)=0=0+B, ——> B,=0
Vilx=a)=V,[x=a) —— aA+B,=Aa

£
DIII=D2n _ S,A, =82A2 —_— A2=8—AI
2

A,a+Vo—A,d=£’—aA, — V,,=A,[—a+d+e—la]

82 82
or
V € 4
A= py=-lg—Lo
d-a+egale, €, €,d-g,a+ga
Hence
-V.a -V.a
E =-Agqa, = ex .  E,=-Aq, = —
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P.E.

E=-Yeq, D=gf
PP, ,
ps=Dn(¢=0)=_ of
Pb,

The charge on the plate ¢=0 is

L b
V,e 1 V,e
0= |pds=-2= Zdzdp = -2 LIn(b/ a)
J % I,,pjp "7,
C=!g=iln2
o 9o @
a 4mm
45°
a
. ° 2
asin =2 a=— ~ =3.226 mm
sin22.5
107
1.5x—
C=—36m 51, 1000 _ 4 oF
z 26
4

Q=CV, =444x107"2x 50 C=22.2nC

P.E.

V, =50, =45, 6,=90°, r=+32+42+22=29, @=tan'L=
V4
ton"g — 5 9=682°
v  50In(tan34.1° /tan22.5°)
In{tan45° /tan22.5°)
E= -50a,
J295in68.2° In(tan 45° / tan 22.5°)

N

7.87

<

=-11.35a, V/m
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P.E.

ax * oy’
W, 1

=bz

neoty Sinh nr

— [ cos(nzx/b)sinh (n7y/b) a, +sin(nzx/b)cosh(nry/b)a, |

(2) At (x,y) =(a, 3/2),

, _ 400

T

<

(0.3775-0.0313 +0.003%4 - 0.000585 +...) = 44.51

E=0a, +(-115.12+19.127 -3.9411+0.8192-0.1703 + 0.035-0.0074 +...]Ja,
=-99.25q, V/m

(b) At (x,y) =(3a/2, a/4),

V= @(O. 1238 +0.006226 - 0.00383 +0.0000264 +...)=16.50 V
pu ==

E =(24.757 - 3.7358 -0.3834 + 0.0369 + 0.00351-0.00033 +...)a,
+~66.25-4.518 +0.3988 +0.03722 - 0.00352 - 0.000333 +...)a,
=20.68a,-70.34a, V/m

P.E.

V(y=a)=V,sin(7mx/b) = ) _c, sin(mx/b)sinh(mma/ b)

n=1

By equating coefficients, we notice that ¢, =0 for n#7. For n=7,

. . . v,
V,sin(7rx/ b) = ¢; sin(7nx / b)sinh(7na/b) —— ¢, = W
Hence

V(x,y)= msm(?nx /b)sinh(7ny /b)
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P.E.
Let V(r,0.9)= ROVFOIOO).

Substituting this in Laplace’s equation gives

(DFd(;dR] RD d(. dFJ RF d’o
——r + sinb— | + =0

2 dr\ ar. rzsin9;§ do mdcbj_

Dividing by RF® /r’sin’0 gives

sin’0d,, \ sin0d . 1d'o
R dr(r R)+TE§(SH19F)=—Ed¢Z = A

OO = 0

ii 2 pt i . N _ 42 2

Rdr(r )+ FsianB(smeF)_l /sin’0
Id,, ~ M 1 d, .
Rar " B)= 575~ Famp ap InOF) =

2rR'+r’R" = 4°R
or
2

2, n
R'+=R-5R=0
r r

ind d
SI%E(sineﬁ")n A+ u’sin’8=0

or

F"+cosOF '+ (u’sin@—A*csch)F =0
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P.E.
(a) This is similar to Example 5.8a except that here | , $ < 21 instead of

0<¢<n/2. Hence

In

Qo

_ 2nt¥,o
" In(b/a)

d R
an - -

(b) This to similar to Example 6.8(b) except that here 0 < ¢ < 2n . Hence

Vo 5 Von’-a’)
I= TIdepd«b ==
a0

b
In— In—
Pna Pna

L x 2n Vl
I=[Jeds= j[ [ Jpds+ J.szdd)}dz: —2-[r0, + 10,
$=x

z=0| ¢=0 ln—
a
| b
n—
R= Vo = a

152



4ne . .
(@ C-= IBE C, and C, arein series.
a b
107 2.5 107 3.5
C, =4nx =5/3pF, C,=4nx =7/9 pF
B BT 7= o Tl
2 3 1 2
GG, (G719
=G i io L22BE
2ne
(b) C= IBE C, and C, arein parallel.
a b
C =2 107 =5/24pF, C,=2 107 3.5 =7/24 pF
1=y 103 103 P = 6| 10° 10° | TP
1 3

C=C#+C,=05 pF

P.E.
AsinExample  assuming ‘(p=a)=0, Vip=b)=V,
A LA J A
Inb/a plnb/a ®

L 2x
v V,2nel
Q= |eEedS = o II—dzI pdp = -2 i
Inb/a _“_Op Inb/a

Q0 el
v, Inb/a
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P.E.

(a) Let C; and C; be capacitances per unit length of each section and Cr be the total
capacitance of 10m length. C, and C,; are in series.

2756, 27x2.5107
'"“Inb/c  In3/2 3éx
_ 2zg,6,  27x3.5107

2" Inc/a  In2 3éx

=342.54 pF/m,

=280.52 pF/m

CC, 342.54x280.52
c=SC2 —154.22 pF
C+C,  342.54+280.52 P

(b) C; and C; are in parallel.

_br 107
C=C +C, = o , Mnfs _7lentenle,

Inb/a Inb/a Inb/a  In336x
Cr= Cl=£ nF

=151.7 pF/m

P.E.
Instead of Eq. ( we now have
er T odr
V=- = = Inb/
; 4ner? l;[ 48 10g, r2 401ts ¢
40n 107
c-2_ 20 10,55

" V| In4/15 36n =—

154



CHAPTER —Problems

Prob.
(@
EZ_VV:‘(QKaﬁg/—a +6—Va,]

Oox Oz y Oz

=—(15x"y’za, +10x’yza, +5x’y’a )

At P, x=-3, y=1, z=2,
E =-15(9)(1)(2)a, +10(=27)(1)(2)a, —5(-27)(Da, = ~270a, +540a, +135a, V/m

(b) P, = VeD or p, = -—gVZV

vy = ?;I: gj: aa;V (15xyZ)+ay(10xyz)+ (5x3y2)
=307z +10x’z
AtP,
P ==E0Y =-2.25% L [30(-3)(D(2) +10(-27))] = 14324 nCl’
Prob.
T
Ve V= 4+
X
L F(*B dx + C
\ = g“ g) ]
) ) ﬁ/b\\c\}«c\k T
Vixso)=\, = ¢ —> &= =V

Vig=) = Va = SLS Q(/bc\)«o\/\ + b & s
TR g FO \C\“C\Q

TL\A /
S; }LQ\/L -V, SL »g: Q(A A 4\

[

e g

TV
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Prob.

2 ) 4 5 5
E=-vw=-20,-Z0 -0 =6 ~ 12xyza, - 6xp’a,
P el y’za, - 12xyza, -6xy°a,

AtP(1,2,-5),

E=120a,+120a,- 12a, V/m

2 2 2
viy =2 ’2/+a 12/+a ’2/=0+12xz+0
ox° oy Oz
p, =—€,VV = -12xz¢,
AtP,
107° 3
p, =60g, =60x =5305 pC/m
36m
Prob.
. i
(2 = - = 22
-~ ——— g
ad Y Vs \ € Ly
¢ Q a? ()7( 36w

2 (4= e

& __p VA

D'%Vp— \x\vﬂxqarl 6
\/':~\\%\Q + Ang + B

L‘/ V=0 CN\‘ (:\ O = "\‘2\4’2 —> B=\l?>\

LL V= (00 ofF ?}4, loo = —||’)3\)k4‘ "\‘P(\v\*‘*—\\z’

— P=7]457

_-13lp AT 53 luo 113
\/(Q:’)\: \ (OI\ -

B &= -V %%Jae S (\-1%\—_%§§€

Yente
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Prob.

(a)

v +an o 2

VY = + =2
ox? 6y2 0z  Ox

(—5e'5x cos/3ysinh 12z)+...= 25V — 169V + 144V =0

(b) V- ii(_ zcoscb] _zcos 0= zc0s¢ _zcosd _ 0

pop\ P p p’ o

(c) ¥ =30r7cosé,

. ;17-5?’_(_6&—, O e = (~sin030rsin6) = f—gcose - r"iione (25inBcos8) =0
Prob.
. ; 0 — O
N )\ O\\I + o .
, + ) \ _() é + > . >
ORASEE S A & s
- ,%j_ (.,g.o&“s ,\-.L‘_ (,.c/s\‘—\
TR T ¢\ T
- 4 B & % ‘} _ o "
- ¢ 3 L_
() ? 3 @’a\/S .\"_L:— \56{1
~ ’L o <’LB\/ __K",—\\ “:;9(5)»: Z"Gt \’L_S\\(s
&C‘\ V VZ (.\,“Z)ﬁr Y \vs_\—w& | X
\Qg B sin (& 3 (/ Q—\ \Dg\nd :a\ CS\V\e &QSB
— | gmeks(nd
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Prob.

v _ (- Ansinnx + Bncosnx)(Ce™ + De™™)

2
Z—Z = (- An? cosnx — n’ Bsinnx)(Ce™ + De™™) = —n’V
X .

& _ (Acosnx + Bsinnx)(nCe™ —nDe™™)
2
gy—l;:nzl/
Thus
2 o’V W 5 ;
! \% V=ax_2+(9y_2-—nV+nV=Q
Prob.
(a)
v v
e T
v s . v
5=2x1.—3yz, ——5="0)z
14 , 3 &
Z=2x?y -y, =0
Oz ry-y 22

VWV =4yz—6yz+0=-2yz
Vv %0, V does not satisfy Laplace’s equation.

(b)

vr=Pr_ 2y 5 o =2y
€

111 PR
Y 12 1
0= Ip‘,dv= JJJ(Zyze)dxdydz=28(1)7|0 Sl =s12=28,12=5,

Q =8.854 pC
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Y Ae pY .
\/(wo%:o —_—> O:’;\—ﬁ%% %;\UR
\(v—l\*\DU H]OU\—%,{#%: \1%

Y - :;'Ci‘u — 1DDU
\4 15
y. — 195> 4 (053 Vv
»
. B Y .
b= NV = ;\U A= A\O? O \/)’“
r B——
PERE Rm ar Clm
Y’L
Prob.
T V-0 — \/:“%)rB
Moveos, V=52 — _go=-f 48
oS
o ~go= -2h+% —(

M’ Y:\/ \/sgo LN BO: _A+B /(1_\

fom W) QN:\QL\/ A =\o0 %clgo - Hew e
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Prob.

V2V=iai(p%‘ij=0 ——> V=Alnp+8
p op P

Let p beincm.
Vip=2)=60 ——> 60=AIn2+B
Vip=6)=-20 ——> -20=AWn6+B

Thus, A=-72.82, B=110.47, and

V=11047-7282Inp

At p=4, V =952V, E=182] a,_V/m

-9
p=¢,£=1Y x182la, =0.161a, nC/ m’
36m

(@

V2V=iaﬂ(pg—”]=o — > V=Alnp+B
pop\ dp

Vip=b)=0 ——> O0=Alnb+B —— B=-Alnb

Vip=a)=V, ——> V,=Alnalb —— Ad=-

v, y_ Volnb/p

nb/a P " Inbla

In2
= =70——=124V
V{p = 15mm) 70lr150 124
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(b) As the electron decelerates, potential energy gained = K E. loss

e[70—12.4]=%m[(107)2—u2] — 10"‘—u2=‘—7‘fx57.6
m

2x1.6x107"

uZ :1014 _
9.1x107"

x 57.6 =10'2(100 —20.25)

u=8.93%x10° m/s

Prob.
(a) X(x) = Asin(nmx /b)
For Y,

Y(y) = ¢, cosh(nmy / b) +c, sinh(rmy / b)

Ya@)=0 —— 0=c,cosh(mna/b)+c,sinh(mmalb) —— ¢, =—c,tanh(nna/b)

V= Z a, sin(mtx/b)[sinh(mty/b) - tanh(nma / b) cosh(nry /b)]

n={

V{x,y =0)=V, = -3 a, tanh(nza/bjsin{nzx/ b}

n=1

b M e
-a, tanh(nza/b) = % jVo sin(nzx/bldx =3 nr n=odd
0 0, n=even
Hence,
4v & . sinh(nzy /b) cosh{nzy/Db)
V=-—20 n b -
- 2, sinfnax/ )[ntonh(nna/b] n

__ 4, i sin(nzx /b)

7 Siynsinh{nza/b) [sinh(nzy / b)cosh(nza/ b) - cosh(nzy / b)sinh(nza/b) |

_4Y, <& sinfnzx/b)sinhinz{a - y)/b]
T nZodd nSinh(nﬂ'G/b)
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Alternatively, for Y

Y(y) =¢;sinhnn(y-c;)/b

Y(@=0 ——> 0=¢sinh[m(a-c,)/b} — c¢;=a

V= i b, sin{nmx / b)sinh[rm(y - a) / b]

n=]

where
v,
b= msinh(masp)’ "%
0, n=even
(b) This is the same as. Ex. » except that we exchange y and x. Hence
4v, & sin(nzy /a)sinh(nzx /a

T ol nsinh(nzb /q)

(c) This is the same as part (a) except that we must exchange x and y. Hence

4V, & sin(ney /a)sinh[nz(b - x)/ ]
ViX,y)=—2
bey)==2 2, nsinh(nzb/al
Prob.
(a) X(x) is the same as in Example Hence

V(x,y) =), sin(nmx/b)[a, sinh(nmy / b) +b, cosh(nmy / b))

n=1
At y=0, V=V1
iV—’, n=odd
2 nn
Vi= bysin(mx/b) —> b=
n=1 0, n=even

At y=a, V=V,

v, = Z sin(mx / b)[a, sinh(nma / b) + b, cosh(nma / b)|

n=l
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ﬁ, n=odd
nr

a, sinh(nna/ b) + b, cosh(nma/ b) =
0, n=even

or

¥
nmsinh(nma/ b)

a, =

(¥, -V, cosh(mma/b)), n=odd

0, n=even
Alternatively, we may apply superposition principle.

y Y, Y, 0

VAR S t / ,
y v L”_,\‘ Va + Va L

A
v
v

e V=V, +V
Va is exactly the same as  Example 5.5with p -y, while Vg is exactly the same as

Prob.5.13 (a). Hence
V- 4 i sin(nnx / b)

% & psinh(unal b)[V' sinh[nn(a- y)/b)+ V, sinh(nny/ b)]
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(b)

V(x,y)=(a,e”™ +a,e”™ ) a; sinay +a, cosay)

lim V(x,»)=0 —> a,=0
X—>®

Vix,y=0)=0 —— a;=0

Vix,y=a)=0 —— oa=nnl/a, n=123,..
Hence,
Vix,y)= Z a,e”"™" sin(nmy / a)
n=1
@ 4v, dd
V(x=0,y)=V,= Y a,sin(my/a) —- a,={ m " °
n=1 0, n= even

¥, > sin(my/a)
V(x,y)= = Z -

n=odd

exp(-nnx/a)

(c) The problem is easily solved using superposition theorem, as illustrated below.

A
_I_
l
+C
;
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Therefore,

V=V +V,+Vy +Vy
sin(nzx /b)
4 & 1 |sinh(nmal/b)
;,,=‘,dd; N sin(nzx/ a)
sinh(nzb/ a)

[Vl sinh(nz(a—y)/b)+V,sinh(nzy/ b)]

[V, sinh(nzy / @) +V, sinh(nz (b - x)/ a)]

where

v, = 4% i sin(nmx / b)sinh[nm(a - y) / b]

n=odd nsinh(nna/ b)

4V, ~= sin(nnx/a)sinh(nny/a
V”= nz Z ( ) ( 4 )

apyr? nsinh(nnb / a)

v Z”: sin(rnx / b) sinh(nny / b)
m nsinh(nma/ b)

v W o sin(nmy / @) sinh[nn(b —x)/ a]
w= z :

(s nsinh(nnb/ a)
Prob.

The resistance is calculated horizontally, as shown.

R, R, Ry
YA VAN VA VAN AN

R=2R +R, =L|of — 4 J+( dem
(o 0.15¢cmx3cm 0.15¢cmxlem

1 42 1 1 4
= + = 100[1+ 24 ]=76.6
ao.15[3cm lcm:l 58x10" 015 L %] /2
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Prob.

( %v'{’CB
= Cy Er o
- €:\5—a a9 Cy —
WWQ. C-( T’ (1V d_(S-’ s 3 Z—;—
o, \&8 (poee-adpe
| = //:n ] _ 3.51PF‘
’ 5 %16
-5
“ = \/Opq Axte 0-04})?,
Jem oy l§”
'S
Q — \DFC\ 4’5 %q \/*\D o l,lz P.F
> S
2 Pl
\’\emu

-9 -6
_ Cd =2x10-9XIO m? = 0.5655 cm’
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Prob.

Fdc=dW, ——> F=s
dx
Wy = .[éq Efdv= ésoe,szad+ésaE2da(1 -x)
where E=V,/d.
2 2
dw, ___180 v, (¢, - I)da Fe g, (e, - DV, a
a2 ° 4d? 2d
Alternatively, W, =§CV02, where
C=C,+C, = €8, X €,€,(/-x)
d d
aw, 1 Vja
—==—£ g, —1
& gt &)
PRy ) A
2d
Prob.
C- 4we
AR
a b -
S b — o C = 4na & ©r -
2
= A orBWO X =on
Prob.
E)’ 3 -
C_ Ante& L An 35 KO A0 gy
~ — =2
\n% Bom ey 1312

135S af \ ke -
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_ Ane 45 xS 59
Q - %\ i - \ g(j W X =
- -
G_ — lg | o
= 1135{?
Prob.
(a)
1 -9
4dnx2.25x
4ne 36T
C=i 7= ] 7 = 25 pF

a b 5x107 10x107
(b) Q=C Vs=25x80 pC

. Q  25x80
T qnr? 4mx25x10°

Ps

168
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Prob.

11 1.1
cC C C
4ne 4ns 4
where C,=1n}, C =7 ;, C3=1n8;,
c d b ¢ a b

4n 1/c—1/d+ 1/b—1/c+ 1/a-1/b

C g, £, €,
4n
C= £ £ €
! 2 3
IITT 1tTd
c d b ¢ a b
Prob.
(a) R
dre 4rx2.25% 10
C=-"% - 362 _ 25 pF

1 1 1 1 —

a b 5x107 10x107

(b) Q=C V,=25x80pC

Q _ 25x 80
4zr? 4z x25x107*

P =

169

pC/m? =63.66 nC/m?

| |
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Prob.

(@)
5 A
V¥V=0 —> V=—7+B
When r=20cm, V=0 » 0=-A/02 +B or B=5A

When r=30cm, V=50 > 50=-A/03 +5A or A=30, B=150

30
V=-—+150V
r
E=-VV =——é—ar =——370a, V/m
r _r
-9
D=£OE,E=—3OXZ3'IXIO ar=_0.8%23ar 0C/m>
r 367 v

(b) p,=D,=Doeaq,
On r=30cm, a,=-a,

08223
ps - 0.32

nC/m?=9.137 nC/m?*

On r=20cm, a,=+ a,

08223

Pe= =0 nC/m? =-20.56 nC/m?

(©)
1 1 1 1

R=9 b_02 03 _136G0
dro  4nx10 -
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Prob.

C:_ 4‘WC’QG = 4“*_\__?'_‘1* (';3-] X{O(a: 9'7\MF
S6ry 4
:_0‘,0‘]3\'“{:
Prob.
\a)
G L N E - '1
T ane L (63, D) ](H 95\
O‘
_ lexyo 1 1 4.231V -
Ty &1 {4
%"f‘ _
_E: \01\(0 (é 2’/7’3 (6/3/%52
\\\ A
4 ¥ Son 129

Vs, 40558 - 0-10%T Viw-
&L\ _F = Q‘Q\,_a‘ - 01‘0 5(\0-\3{(0‘0'—'3\)" (01013\‘1

Apve, v

%
4~n ‘MO \(o o)_b_.(o/o)ﬂ\
3611 ’

= ~Qoo (G (s 0,-8) _ 255, N

I AU

(o"s
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Prob.
47 4nxx5.9x] 07 /36

= =2. F
T e
a b 2 5
Prob.
-9
e 1 22x 9 4 100x10°
= 2L 367 =1.633x10° F
In(b/ a) In(600/20)
-15
V=Q/C=—£x—l—0——_—ls—=30.62 \%
1.633x10
Prob.

V=Ve"", where T,=RC=10X10°X 100X 10°=1000s
50=100e""" —o 2=¢'""

t=1000In2=693.1s

Prob.

RC=C/G=¢/60 —> G=—

10
G- cosh™/(d/ 2a)
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Prob.

=

(&) E:G oo
20 ‘#\0
”;LOK (°"”\
i:o-
Prob. .
| \,q
- 0
= ""“ = T A
t ﬁwq yats)
o) }Bri

€o

0
- 13\#\5 {(\z;\ U,',>\ U’Ls\ (H-i?
___Tf———d

(9,1, :33
65

\D Sven E ébx\«u b e below ?bme =0

g, _clx

VT
t\ "‘4“«»’6\,—}‘3’%’36%'
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| (b) P=lg —llg,E=-

|

Prob.
» (a) Method 1: E =&(—ax) , where p, isto be determined.
£

- “1 d yo, d
V, =~ [Eedl=- [Zdx = p, [———dx=2dIn(x+d
° I '[a ps(;[go d+x £ b+ )O
2d Ve,
Vompudlng T2 P72
E=-Fs v

a=—2—a
g *  (x+d)in2 "

Method 2: We solve Laplace’s equation

dv av
)=0 —o t—=4

d
V.(SVV)=E(8E i

Q,

_V__,i_ Ad G
dc ¢ e (x+d) x+d

V=cIn(x+d)+c,

Vix=0)=0 —> 0O=c¢/Ind+c, —> ©¢,=-¢/Ind
Vix=d)=V, —- V,=c¢In2d-c,Ind=c,In2

_%

% 2

av V.

. — o

T Tax T T xrd)in2

x+d eV e XV
-1 0’0o a or¥o

d Jx+din2 ™~ dix+d)in2 >
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(©)

Pps h-0= Pe(-a,}|,,=0

£,V,
Pps |x=d= Pe a, |x=d= —2—5'@

Prob.
(2)
0 / ! 10x107® |1 1
= - = ~- =4237V
Ime, [I(6,3,2)I |(6,3,8)I] 4nx107 /367 [7 \/109}
10x107°  [(6,3,2) (6,3,8)]

= 7210~/ 36n [ 2 1097 |” lla, +0.J55a,-0.108a, V/m

(b)
-10x10x107"%[(0,0,-3) - (0,0,3 0,0,~6
F= 4$ISQ;2 ar: X x_9 [( ) ( )]= _900x10—9(7_)_= _25azN

41x ——|(0,0,-3)- (0,0,3)}

36n
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Prob.

Method 1: Using Gauss’s law,

A Q £,k
Q= [DedS=4mr’D, —— D=70a,. =3
Q
E=D/s=——q
/e Angk '

Method 2: Using the inhomogeneous Laplace’s equation,

1 d(sok de)
Ve(zVV)=0 —> gl Gl =0
av dv
b — ! —_ —=A4 V=
£°kdr A - a0 or Ar+ B
Vir=a)=0 —> 0=4a+B —-> B=-A4a
v
Vir=b)=V, —> V,=Ab+B=A(b-a) —> A=b"
-a
av V.
E=x——a =-Aa,=—-—2—a
ar " b-a '
vV, e,k
ps"Dn:—b_a rZ |r=a_b
Ve k ¢pl Ve k
0= [p.ds=- =~ [ sino iy = -~ n
Q9 4me k
=V =%
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Prob.
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Prob.

C—= < S whsae Co—
Q( —-{—CI
_ ¢,
C< .S % dn
~ =
S A\
D Toa-n
= %(dQD
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Prob.

Id[ dV)
VeVV=0=———|pe—|=0
p dp P dp

d[ a,,de}
p —|=0

dp\" p dp
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A or V=Ap+B

M
=
|
il
N
J
sa.|!b~
It

Vp=a)=0 —-> 0=Aa+B —-> B=-Aa

V
Vip=b)=V, ——> V,=Ab+B=Ab-a) —> A=bja
av V,
dp ”* 7 b-a”’
pj = Dll = SEH

Method 2: We use Gauss’s law. Assume Q is on the inner conductor and —Q on the

outer conductor.

-9 4
27pl *
E=D/e=
/€= ek "
b
V, == [Eedl=-—2_[qp--SP=0)
2me kL 4 2me KL
O 2me kL
=V b-a
C 2ne k
Cl=__= [
L b-a
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Prob.

Method 1
We can use
b &
R= ﬂ:]’kdp __1 J'd _b-a
oS i X mpl 27kl ; 2rkL
P

Method 2: Assume current I, and find the corresponding V.

J=—2—a
2rnpl
E=i= ]"kapz LA a,
o 2oL % 2rkL
o)
[
1 I (b-a)
V=—|Eedl=-|—-dp=—"2"—"
JE- JZﬂkL P kL
R=|L|___b—a
I 2xkL

o

Prob.
The images are shown with proper sign at proper locations. Figure does not show the

actual direction of forces but they are expressed a follows:
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210 0.a)

2 —
[ . 0 [
4re, | a
E - Q? | aa, +2aa,
, =
dre, | Wa? +4112)3
)
—-a
=2 |22
7 4ze, | 4a®
o’ 1 1

2
Fow = ———|| —=-1|a, +| —==-=1a
total dre,a’ |\ 545 * \sJs 4)°

Q2
= Z”507[-0.*?1% ~0.071a, | N
Prob.
1 1
v 9 11
472'80 B n
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where 7 = I:(x—a)z +(y—a)’ +zz]”2

e« P(xy2)
y /’//’/’/////
T
- 7y /
0) _ ~ //:/ //
Q(a aq - .
- 9+Q a0
7
// //
7 s /
// 7 X
/// I/
1
+Q-a,-a ) -Qa,-a 0)
2 2, 27V2
1 =[(x+a) +(y—a) +z ]
n =|:(x+a)2 +(y+a)’ +22:|”2
, =|:(x—a)2 +(y+a) +22:|“2
Prob.
4nC 3nC | 3nC -4nC
e -1 0 1 2
4 3 P2 1

(@) Q;=-(3nC-4nC) = InC

(b) The force of attraction between the charges and the plates is
F=F;+F +Fy+Fy,

-18
IFI=1—O—[%—2(122)+1—§ =5.25 0N
22 3 4

47 %107 /367
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Prob.
Ql ('3’2s4) Q2 (15095)

3

i !
> | I

-Qu(-3,2,0) -Q: (1,0,-1)

Q1 =50nC, Q2=-20nC

For 222, .
Q| (xvy.z)-(-3.2.4) (x,v.z)-(-3.2,0)
Dix.y,z} —- -
by 2k 4n[|(x,y,z1—(-3,2,4)|3 |(x.y.2)-(-3,2,0)F
L Q| (xy.2)-(10.5) _ (x.y.z)-(10,-)
4z | |x.y.2)-00,5F |(x.y.z)-(0.-P
_350 (x+3,y-2,z—-4) N (x+3,y-2,2)
CAm| x4+ 3 + (-2 + (- 9P? |(x+3)P +(y-2)? +22P"
20 (x-1y,z-5) (x=1y,z+1) 2
= - C
47r[|(x—1)2+y2+(z—5)2|3’2 Py ez F | M

(a) At (X,)’,Z) = (7"212)3

50 2—-4 2
Ps=Dyl, = —[ ]

dn (10 +47 4272 (107 +47 +27)"
20 -3 3
—E[(éz +22+37P17 (42427 4 3213/2] nC/m?

_% ‘4].5]+ 120 e/m?
17\120% )" 4(343)

p, =15.73 pC/m?

(b) At (3,4,8)

p0|__ 6249 (6298
Az (6°+2° +47)F (67 +2'+87)"
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nC/m?

o[ @4 @a9
41 (22+42+32)3/2 (22+42+92)3/2

D=17.2la, - 23a, -8.486a, pC/m’

(¢) Since (1,1,1) is below the ground plane, D =0

Prob.
We have 7 images as follows: -Q at (-1,1,1), -Q at (1,-1,1), -Q at (1,1,-1),
-Qat (-1,-1,-1), Qat (1,-1,-1), Qat (-1,-1,1), and Q at (-1,1,-1). Hence,

2 2 2 (2a, +2a, +2a,) (2a,+2a,)
Q? —-2—30,(—?-0),—?—02— 123/2 + 8372

F=
4ne,| (2a,+2a,) (2a, +2a,)
8372 + g3/7
=0.9(a, +a, +a )(—l———]——+—]—J——O 1092(a, +a, +a,) N
* X y 4 4 ]2J§ 4‘/'5 * X y z
Prob.
360°
N = -1 =
11
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Prob.

(2)
P apl ap2 16x1 0—9 (2, —23 3) - (3’ _2a 4) (23 _2, 3) - (3, '—2’ _4)
Bl = e o o = 100 2.3) -G, 2,HF 2
o \ P %) 2R —— |(29— ’3) (a 3 )I |(23_2’3)-(39_2,_4)|
36z
=18x1 6[(_]'2'_]) - (—]5%7)] - _138.2a, ~184.3a, V/m
(b) o =D,

a, _GP2J=16XIO'9[ (5-6.0-(3.-6.4) _ (5.-6.0)-(3.~6.-4) ]

D=D,+D =2
e ( A 2 27 ||(5.-6.0)-(3-6,4)F |(5.-6,0)—(3,~6,~4)F

27

_8 [(2,0,—4) @ 0,4)] nC/m? = —1.018a, nC/m’
T 20 20

p,=-1018 nC/m’

Prob.

<_
—» —» —>
— o
y=2 y=4 y=8 y=-4 y=0 ~ y=2 y=4 y=8
At P(0,0,0), E=0 since E does not exist for y<2.
At Q(-4,6,2), y=6 and

E='Z Ps a, =L(—300 +20a, -20a, - 30a,)=18x(—60)a
2¢, 2x107° /367x Y Y Y Y Y

=-3.4a, kV/m
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Chapter —Practice Examples

P.E.
A
7.
al_ a,

=35, cosg, =0, cosa, = i
p ’ 1 > 2 27
a, =a xa = %4 xa !
b J2 NG

—a_+
Hy=—o | |2 0| Z=1% | = 30634,+30.63a, mA/n
4r(5)\ V27 2

P.E.
@) H=—2 (1+i]a ~0.1458a, A/m
4z 13) 7 = z
12
®) p=\/32+42=5,a2=0,cosa,=—7§,
A —-a x(3ax—4azj_4ax+3az
¢ 5 5
H=—2 (1+2](4a*+3a’]= L_(4a,+3a,)
4r(5) 13 5 267

=48.97a, + 3673a, mA/m
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P.E.

(@)
Ia*
= 2(a2 T 22)3/2 a,
At (0,0,-lcm), z=2cm,
50x107°x25x 10"

ST+ 2y w107 ¢

z

=400.2a, mA/m
(b) At(0,0,10cm), z=9cm,

_50x107x25x10™ 2
2(5* +9%)?x10¢
= 57.3a;, _mA/m

A/m
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P.E.

= —(cosez - cose,)az =

2% 10° x 50x 107 (cos8 , - cosh , )a,

2L 2x 075
100
= F(cosez - cosG,)aZ
075
(@) At(0,0,0), 6 =90°, cosb, =
2 V0757 + 005

=0.9978

H= 11—039(0.9978-0)412

=66.52 a, A/m
(b) At (0,0,0.75), 6, = 90°,cosb, = -0.9978

100
= '1—5(0 + 0.9978)az

= 66.5221_Z A/m

-0.5

¢) At(0,0,0.5), cost, = —==-0.995
() At ) " V0524005
0.25

€08, = ——=————1=0.9806
V0.25% + 0,05
100
= 75—(0.9806 +0.995)a,

=131.7a, A/m

P.E.
H=lK><an
2

i
(@ H(000)=50a,x(-a,)= 25a, mA/m

1
(b)) HU)S5,-3)= 550az xa,=-25a, mA/m
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P.E.

NI
—,p—a<p<p+a, 9<p<ll
|H|— 270 p—a<p<p P

0, otherwise

(@) At (3,-4,0),p=/3? +47 =Scm < 9cm
|H=0
(b) At (6,9,0),p=V62+9% =J117 <11
10° x 100x 10
= = 117 % 10°

= 147.

—
N

A/m

P.E.

(@) B=VxA=(-4xz-0)a, +(0+4yz)a, +(y2 —xz)az
B(-1.2,5)= 20a, + 40a, + 3a, Wb/m’

b)) w= IB&S- I I(y -x*)Fx8y = Iyzo"y SI 29x

y=-1x=0

5
= —(64+ -

—=20Wb
3 =

Alternatively,
1
g = IA ol = _[xz( Nox+ jy (1)ay+J' (4)9x +0
0
65

+ 5= 20 Wh

I
wlu.
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CHAPTER —Problems

Prob.
L Ginen l/\’\\e. e v a SO s s R
?:'\o\'"—svww\‘ \aw, .
Tz W xF
Aw@”

Lo\d=, N
5\“7\2 = | ° i \: 2 445 =3 b Rz
2, —b - 7
- - a3 O
E\ \o \o ('LOsx“—%QA 2 Pfl

Prob.

0
/
v

»”
hd
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H = ——(cosa, —cosa,)a,
4rp

p=+x*+)",cosq, =

a b
————, 05, = ————
Jai +p? N + p?

a,=ag,xa, =d,xd, =d,. Hence,

o= I b

a
47r\/,1:2+y2 \/xz+y2+b2 \/x2+y2+a2 }'é

Prob.
H——I—a¢
27p
3a, +4a, 3 4
p=3, a,=a,xa,=ax — s =—5—az——5—ay
-3
=100 4 3, =—0.2546a, +0.19099a, mA/m

2zx5\ 57 5 4
Prob.
L ~ -

L‘A’ H = H\- + \/\y
R T I E A S

20
L Gy Jr%m\
o0y = 4r Rt
\o
- Al (’0-%51 +0 6w
P, = 20— (- PO,
A (A0
- . :{
20¢
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- \ . )
N \ .q" I,lq%\
Wy = 20 (63, +%3q\:}(0 Byt

2 (0o

I " _0- 3%, +1'6 % +\-'l‘64\
H-: Hy"r"\z:%“( 0 + 3

02558, 4+ 04715 T, +0 > DT Al
Prob.
h
1
a
a
o
I

»
<
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H = L(cos @, —cosa,)a,
4o

2, 2 a
p=4x*+y,cosq = =—=,0030), = ———=
a+p b*+p

a,=a,xd, =a,xa, =d,. Hence,

I b a
H = — y
47z'\/x2+y2 \/x2+y2+b2 \/x2+y2+a2

Prob.
YA
- = — — 1
(@) Let H=H, +H =2H, 1
— I ~
H, = -4—(005(1.2 —cosa,)a¢ o
P L) ulD
0 ‘ > X
where a, = —Exxc—zy = -a, a = 180°, a, = 45°
= 5
H, = cos 45° —cos 180°) (-a
* 47r(2)( ) (-2.)
= -0.6792 a, A/m
b)) H = 1~—1x+f_1y
= 5
where H, = ——(1-0)a,, a, = -a,x-a, = a,
x 4”(2)( ) (4 (4 y
= 198.9a, mA/m
H = 0 since @, = @, =0

H = 0.1989a, A/m

194



= > _(1-0) (-a,xa,) = 1989, mA/m

- 5 _ _
A, = 4”(2)(1-0) (a,xa,) = 198.94, mA/m

0.1989a, + 0.1989a, A/m.

o]
I

Prob.

(L% Y
he 1 go\_g
Coan ) T Loy w1t
b ¢ o Poms <b He porelesia o7
ax AW A phetor=d, 9 o, e
O? Mo °'~)T‘P/

Y((-t-web:;*d'

5 \ - .@

He 2 g (1t e 1 (o-sh
T 2y 2.9 3

i > . 220 Alm-

—_— -
e

44, ol

-—
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Prob.

\/51 _ \/EXIOaz

H= a,= -~
ma 7(1.5x107%)

=300.1a, A/m

Prob.
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\3;\\ s s\u\'dﬂ"—d\ Lda

Prob.
\ (0 5)
Le¢ H = H,+H,+H,+H,
H = ——I—a—z = +1—0—_-2—52 = 62513,
4a 4x4x10
— — I
H, = = —— (cos @, —cos 90°)3,, @ = tan’
2 7 4rx4x107 ( : )%
= 19.883,
B, = chosﬂa;, B = tan™ 10 _ g7
47 (1)
10 o= _
= — 2 cos 87.7°a, = 0.06361 a,
4z
H = (62.5+2x19.88+0.06361) a,

= 102323, A/m.
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Prob.

. H due to circular loop is

— Ip° -
H = —/———=
1 2(pz+zz) 3,
_ 522 5x2?
(a) H (0’ 0’ O) = —_— 51 + — 52
2 (22+02)% 2 (22+42)%
— 5x2?
® H(0,02) = 2———=-7,
2(22+22)%
Prob.
— — 1 NI
B — H - 9o
M, L
-3 -2
_ Bl _5x107x3x107 o0,
p-l 4tx10 " x400%x10
N =~ 300 turns.
Prob. J
. — \\"
@ T= JxH= ~u(xtUa (y “‘\ >
- - e "
(\/0)—3\: ﬂq, M"“
o - . \ 1 ™
O ST.dS - E g (H{'\dxdt:(\\ (?*EB
zd A —y >
l: \'9233A

198
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Prob.

9 9 o
(@) J=VxH-=| & dy oz
yz(x2 +y2) -yixz —4x%y?

= (8x2y+ xyz)c—z.,r + [y(x2 + yz)—4xy2]c7y
+ [—yzz—z(x2 +y2)]Ez
At (5,2,-3), x=5,y=2,z=-3
J =420a, -22a, +99a, A/m’

VA S—

B 1= IJ-dS = ”(8x2y+xy2)dydz .

= [dz | (z;y—yz)ciz=2[4y2 —l;-J

2

0

B , V-H=0
V-H = E-Hx +—H +£Hz = 2xy —2yxz = 0
ox oy ' oz
Hence V-B=0
Prob.

o ghit < pl [Q Remtpasas
- - d- - Q

) )
:‘?ﬁﬁojmk)(" jbdtg/:,ox{wl&: o-“rn(zy‘\
Y= 2:513 Wh-
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Prob.

(@ B ”°[5¢. At (-3,4,5), p=5

Y
§=ME = 80a, nWb/m?
2z(5) * ¢
= I ¢edpdz
) ¢=[Bds = ‘2‘—”” /’p
= ‘“’%‘::’an > z|, =16x107In3
= 1.756 uWhb.

Prob.
(a) See text.

(b)

J

For p<a, <jﬁ-dl=lenc =0 > H=0

Inlp® ~a?
For 0<p<b, H, 2np =
P ] p an_a2
I (p>-a’
H, = 2.2
2np{b° —a
I

For p<b, H,-2np=1 — ﬁ¢=_2__
np
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Thus,

0, p<a
I (p*-a’
H =|— , a<px<l
¢ 27tp(b2—a2} P
L, p>b
2mp
Prob
s\
i . L"* (v o &
S deye  oF Lighbrng v et
M
- T SN F\\"\W\\q
o> 9 saAwT Y By | o h [ O
Lo b = AU SR
4 fre (100D
g™
- 50 pubd
Prob.
(a) Applying Ampere's law,
2 2
o P
H,-2 = 1 H, =1
s 70 na* - ¢ 2ra
. — Ip _
i.e H = Py a,
- _ OH, _ —
J = VxH = —g"ap + (pH¢) a,

&

L]
L)
)
Y
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(b) From Eq. (

Ip
oma? P
H, =
e >a
27p r
At (0,1 cm, 0),
H = Ix1x10™

¢ 2w x4x10™
H = 11943, A/m
At (0,4 cm, 0),
_ 3
¢ 2w x4x107?
H = 11.94a, A/m

Prob.
o 06 9o
(@ IT=V-H=|x & oz
y -—X 0
2

202

300
8z

300
87

N

Y

v



) JHd = I,
loe = [Td5 = [ L_l(— 2)drdy = (-2)3)5) = -30A
CIﬁ.dI = fy a'y|y=~l + L_l(— x)a’y|x=3 + fy afxly=4
[ DB, = (00 + C3H6) + (@)-9)
| = -30A
Thus, 4ﬁ.di = I, = -30A

en

Prob.
) 92 2
—— - —
@V k= o, VXP«:‘M > b%\’c
DX Y ©

- -t

(LSRN SN \—‘\-—&W‘Aa

———

—_—

S TC = @ (=sinx #S‘“*\T’g
N - 0
< g (—ear¥ o+ A X

NrC= PO
te T ow Eofd e o Somp-b2 T
. 2% | o
D vHeo TrD=-\Op *
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Prob.

(a) B= “—01%
2mp
At (-3,4,5), p=5.
4z x107" x2

27(5)

P = IBOdS='u01 J-J-d,’oodz _ 47r><10_7x21np

a;, = 80a¢, nW/m?

z
27 27

=16x1071n3=1.756 £ Wb

2 10

(b)

Prob.
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8- k2 8 PURRZCY
A
VB- —peol g Q go\\‘ xV(l,zﬂ
A
C"““u“ Sd/\‘ 0\9-49\)(*43

{
, N -
Crrg, 20, Y Ao o o
e yanay S\ ow A, U ’1
— \ —_ \
Q"E: '}"L g v ('OU X \/<"|a\
" )
— -\ 3 vx(.
Bk g (’Pm(i\—— (V%f_\}\ P‘._x(\

—(o.kz\w\ ‘{t\.—_l\‘ oed <= V(‘Q) /
\ L"‘\ T (vx V(JA’]
e e[ (s (px AD T T T
e an ViE J o V- =0

- .

Comet Vo 4‘”“\()‘,5,t\o-n\M”’f’°"s\lﬁ'0

(x'\a"‘rw q X X\‘_,a Moa , 2™ V X -V,

VX \7(-\@ <0 - Tha
G-bzo
Prob.
9 Kl E
(a) §=VXK= ox ay

2x’y+yz xy'-xz’ -6xy+2z’y’

oz

B = (—6xz+4z’y +2x2%)a, + (

y+4y2fa, + [y’ -2’ - 2x’ — 2, Woim'’
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®) w=[B-dS, dS=dydzdx
v = Lo {:O ¢ 6xz+4zy—2xy)dy dz | ..,
_[ _[(—6z)dydz + 4J L Z’ydydz + 2I I} ydydz

—sf zdzfdy + 4f 22dz [ ydy

i

y2[ 64
z = =32+
0 2 0 3
w = —10.67 Wb
E can be a magnetost atic field.
- - OA, 0A
(¢ VA= L = 4xy+2xy—6xy =0
Xz
VB =-6z+32"+1+62z-32-1 = 0

Prob.

01 6
Yy = IBds = U, f —sm2¢pd¢dz

50°
w = 4rx107 xlOG(O.Z)(— COZMJ

0

= 0.047 (1-cos100°)
= 0.1475Wb

Prob.

2
(@) J=VxH =l_d_(p1-1¢)az =—1——d—(ko E—)az _ 2k, a,
pdp pdp a
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(b)For p>a,

CfH.dlzlencz ,[JdS: ] ij 2k"

p=0¢=0

a

k,a

H2mp=2rk,a ——> H;=-"
Jo,

a

]aw p>a
yo,

H:@[

Prob.

B=VxA = laAza _O0A,

p oy " op

15 -
= —ecosda, +15e¢ "’ sinda,

—
—_
Il

(143, +423,)-10* A/m
Y = Jﬁ-dE = nge”"cosd)pdd)dz

=15z (~sing)? e = -150e =

207

pdpdg =

2
a

y = —~1.011 Wb

2
b amy 2

2

a
0



Prob.

Le¢ H = H +H,
where H, and H, are due to the wires centered at x =0 and x = 10cm respectively.
(@ ForH,p=50cm, a, = a,xa, = a,xa, = a

y
= s _ 50

1 =

27(5%107) O

ForH,,p=5cm, 8, = -3,x-a, = a, H,=H

X y? 1
H = 2H, = way
n
= 31.83a, A/m
®) Forfl (25,+5yj 2a,-a,
orH,, = a,X =
‘ V5 V5
i > a2, 3.183 3, +6.366
= = —=J. a a
' 2755107 J5
Forﬁ2,§p= -a,xa, = a,
H,= > a, = 1591513,
27(5)
H = H, +8H,

= 1233, + 63663, A/m

Prob
B= g
27p
y = [B.dS = jj Ozﬂp
+
_ uolblnd a

217 d
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Prob.

W= [Beds=| [4cos(zy/ 4)e > dydz = 4°]e'3’dz ljcos(zz y/4)dy
e—3z 0 0
-3

osin(ry/4)|1 4

4 16
=—(0-1D—=(sin(7/4)-0) = —sin(7r/4) =1.2004 Wb
0 x/4 |0 3( )n(sm(ﬂ )=0) 37rsm(” )=L2004 Wb

Prob.

B
(a) VoB=aB"+ay+aB’
dc dy dz

showing that B satisfies Maxwell’s equation.

=0

(b) dS=dydza,

! 1 |4
VY= |BedS= 2dydz =Z—| (2)| =1
[ J:yfoy fy KON
B
(c)VxH=d — J=Vx—
H,
o 06 9
VxB=|0x 08y Oz|=-2za,—2xa,-2ya,
y2 22 x2

J= —i(zax +xa,+ya,) A/m
Ho
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Prob.

. L—E& d\
BRI R
"ﬁ: (*I\’IP\_(_U’OI%%) @:\] x‘-t'\.f1+(£—'% Mo At
o dvtewt @Oiw}f} 77 ®ose
— o =Y

BENINIIC AR

) Ao ;‘*
2.1 x+\t+ N ‘% %\
— - s ax
B= Vrh= /A—Lﬁ o © '-‘\’
™\
53(,(%(:\%/ aéx(—l(: ;;
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?rob.
On the slant side of the ring, z = % ( p—a)

where H, and H, are due to the wires centered at x = 0 and x = 10cm respectively|

v = Iﬁ.dE = j“"l dp dz

J: rpa)dzdp _ 27rb J: [1___]

( aln ———J as required.
27rb

If a=30cm, b=10cm, h=5cm, [ = 10A,

-
v = 27x107" x10x0.05 (0.1_0.3“1 %J

27(5%107)
= 1.37 x 10 Wb
Prgb.
AT S SF
. 20¢
/h A oA
— i T |z
e ﬁ._laq__(‘au 7{"%
UT() \,,f'o
Ly S W I PV
t 'LnY 0
R INS
= fe ,'\F O¢
2w

211



Prob.

(@) V-A = —yasinax # 0
9 o 9
VxH = ox oy 0z

y €Os ax 0 y+e
= a, +e’'a, — cosaxa, # 0

A is neither electrostatic nor magnetostatic field

— 1 0 1 0
® VB = =-Z(pB,) = ——(20) =0
p Op pop
VxB = 0
B can be E-field in a charge-free region.
(¢) V-C = 1 i(rzsim) =0
rsin@ o¢
VxC = _1 9 (r2 sin’ 9)—12(r3sin9) 0
rsind 06 ror
C is possibly H field.
Prob.
Ll 9 9
(@) B = VxA = ox dy oz
2X’y+yz xy’—-xz' —6xy+2z%y
B = (-6xz+4x’y+3xz")a, + (y+6yz—4xy2)c—zy+ (yz—z3—2x2—z)Ez Wb/m?

b yp = jﬁ-ds, dS = dydzdx

-s
Il

x=1

f=o f=0(—6xz +4x*y +3x2° ) dy dz

= J'L(—ze) dy dz + 4_[ I) xX’ydydz + 3_[ L xz? dy dz
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2. @ 2 2 z 2
= —6LdzLdy + 4Ldz L ydy+3_[dyjzzdz
0 0

2|2 32
= -62)(2) + 4@ | L] |3 L] | = -24+16+16

2 0 3 0 ‘

v = 8Wb

_ oA
(¢c) VA = A, + Y+ %A, = 4xy+2xy—-6xy =
ox dy oz
V-B = —6z+32°+14+62z~32°-1 = 0

As a matter of mathematical necessity,
VeB=Ve(VxA)=0

Prob.
- i .04
fo ~lpe GerpdEe= Tl T
‘?‘rm”l _ 4o
i: V\f\ﬁ = —i&g:;q =
. PA e - N
¢ .F\.\, —Lﬂ—\_a‘? = lu——x *:’ a"?
2T 2T H
Bj P(V\XQ( L\> \-Q\N, §.;‘ d\ = ‘ZA’I-—‘/
= L. £
N PRI ~
o o lef ag
2na”
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Prob.

(@9 V-D =0

o} 0 0
VxH = x 5 oz
ulz 2(x+1)yz -(x+1)Z°

= 2(x+lya, + ... # 0

D is possibly a magnetostatic field.

() V-E = %—((z+l)cos¢)+—( J

VxE = chosHZip+ "
Yo,

E could be a magnetostatic field.

= 0 ( siné
V-F 2cos@ 0
© ( ) rsing 66’( ]
VxF = l[_a_(r"'sine)+ 281?9]50 = 0
r | or r

F can be neither electrostatic nor magnetostatic field.

Prob.
0 0 0

(a) B=VxA=| ox oy 5=—e“"cosyazT
e*siny l+cosy 0

(b) B=VxA=_Q£a¢=_(,021“1)(‘21)—4210(210)‘10s 4(p* _1)a
% (0" +D ("

(c)
BevVxA=l [ (sin 51nc9]a¢=sm0a¢
r

r3
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Prob.

R -\ U N VAT, c
2n?a¢‘ vy ”’é-{‘
k&\l(' Vm:c"ﬂ"g?"’ — C=7
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Prob..
i ] /

Applying Ampere's law gives
2
H,2mp = J,-7p

J,
H(p = ?p
J
B, =/am,=M,f
But Bq, = VxA = —a—AZ—E‘D + .
op
04, i
-—t = —uJ
ap 2/1 oP
J p
A = - 0
Z /uo 4
or A = ‘%:uo‘]opz az

Prob.
A has the same direction as K, i.e. A=A ay. From eq. (6.23).
1 L nka, y>0

B=upH=2pKxa,=

2 1 :
~—puka,, y<0

2

04,

But B=VxA=- a

4

Integrating with respect to y and assuming A(0) =0,
[

—?lz-pok,,yaz, y>0

A=< i
Eﬂokoyaz’ y<0
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Prob.
0 0 0

x o oz
xy? x’z -y’z
At (2,-1,3), x=2, y=-1, z=3.

J =2a_+16a, A/m’

(@) J=VxH-= =(2yz-x")a, +(2xz-2xy)a,

(b) —%=VOJ=O—2x+2x=O

At(2-1,3),
' %, _ 0 C/m’s
ot
Prob.
i ~2 (45
SYYVFE = [y 3, (4 3 (

(3 v -3 (D3
(3 (Y - 3 (R

-y (2 2B, 4y (5 - 2k,
(a aL,\~ (& DV_S; _)t\o,(

s (b -+ (3 - k%‘%ﬂ

=V uxft W v}

[e)
B gwvxho | X SN = |
3[\; bh’)\ ahx N\%\ (aM ?’AXB
™ 39

a\h
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l . C
aq, y bLA% > My _BAxB G

] (%TN“L axot o AW
{Pu, e ULA'q _ a&k\v _ 2 Ax\ dy
B ( >t ox- @2yt ax Y
,<a\'h‘t +_:°:_f‘_}’_a’LA‘J - BA’G\E%
K? x> ALY 2%
> T dhx | s u*)
V(VP\(\: (%1(0; +~.—°-\5m\, fﬁ?ih(_a_:‘ +—5§+ﬁ

- - ~ “ hy
JERN-The /Zh, A _ 2P _ Z’A*\a,
2 I3 2 2 LR

—\-(i”z .»ri:’\_*_i_"_ﬂ..g \a?

243y > 3 2™

= YV X VV(—A'
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ot \ox Ak v, g
Dein o) - BT
TvTrh =V "
- Q'I'A .
_ g (v N -
Prob.
H= -VW, > V, = -[A-dl=-mmf
— Ia?
H = a
2(zz+a2)% -
2
V., = o (zz+a2)—%dz = 2_122% +c
2(z +a)
Asz > o, V, = 0, ie
0 = —%+c - c=%
Hence,
I z
vV, = = |1 -
2[ zz+a2}
Prob.

For an infinite current sheet,
= lSan x d, = 250,
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At the origin, x=0, V_ =0, c=0, i.e.
V. = —-25x

m

(@ At (=2, 0,5), V, =50A
(b) At (10,3,1), V, =-250A.

Prob.

[
= (“%] (_2) (x_x')ax I:(X‘"x')2 +(Y‘Y')2 +(Z—Z')2]_%+ayand a, terms
R
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Chapter —Practice Examples

P.E.
ou

= —0OE=6a,N
P

(@ F=m

u ~ 0
(b)—67=6az=5(ux,uy,u,) =

au"=0—>u,‘=A
ot
ou
—~=0->u, =B
Ot Y
au’=6—>uz=6t+C
ot

Since u(t=0)=0, A=B=C=0
u=0=uy u,=6t

Ox

u=—=0->x=4

X

y

z
u,=—=6t>z=3t"+C,

at
oy
u =—=0->y=~H8
ot Y
oz
Lot
At t= 0, (X,y,Z) = (0,0,0) > A =0=B;= C]
Hence , (x,y,z) = (0,0,3t2),
u = 6ta_ at any time. AtP(0,0,12), z=12=3t" — t=2s

t=2

n

(c) u=6ta, =12a,m/s.

_U _gam
a= a —6‘1:Az

(d) K.E-= %m|(7|2 - %(1)(144): 72J

P.E.
(a) ma = euXB = (eB,uy, -eByux, 0)

Ix_cBody  dy
dt*  m dt dt
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2
dt m dt dt
d’z dz
flog==C
a T g (3)
From (1) and (2),

d’x  d’y ,dx
T SO =m0
dt dt dt

(D? + w? D)x =0 — Dx = (0, Hjw)x
X = ¢y + C3cos®t +cysinmt

dy 1d° .
—— === —C;WCOS W —C,WSIN V!
dt o dt

At t=0, u=(a,0,0). Hence,

a
¢, =p,¢;=0,c,=—
@
d . dz
—= acosa)t,—y =—qasinot,—=f
dt dt dt

(b) Solving these yields

a . a
x=—sinwt,y =—coswt,z = ft
@ )

The starting point of the particle is (0, 2 ,0)
@

(© x2+yz= Ex—z,z=|3t
1)

showing that the particles move along a helix of radius %) placed along the z-axis.

P.E.
(a) From Example , QuB = QE regardless of the sign of the charge.
E=uB=8x10%x0.5x 107 =4kV/m

(b) Yes, since QuB = QE holds for any Q and m.
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P.E.

By Newton’s 3" law, £, = F, , the force on the infinitely long wire is:
u,LLb (_1__ 1 )
27 P, P, ta

4rx107 x50x3(1 1
_ 1 1a osa un
2 [2 3) o =24 £

P

Fi=-F=

P. E.
(2,69_3)

m=1Sa, :10><10“‘x50T

=17.143x 107 (2, 6, -3)

=(1.4294, +42864, ~2.1434,) x 102 A-m’

P.E.
@) T_’th_IOxIO“'xSOZ 6 -3
7x10 6 4 5

= 0.033, -0.024, —0.023,N-m

*®

=SB

max

()  |f|=1IsBsin6—> |T

-3
30x10 |6a, +4a, +5a, |= 0.04387 Nm

| T o=
P.E.
_  3a +4a, 6a,+8a,
a = =
" 5 10
~ ~ 6 +32)(6a, +8a
Bln=(Bl.an)5n=( ¥ )( ax+ a)’)
1000

=0.2284, +0.3044, = B,,

1

B, - B, =-0.128G, +0.096d, +0.2d,

1t
= %E,, =105, =-1.28d, +0.964, + 2G,
1

=B,, +B,, =-1.052d, +1.264d, +2d, Wb/m’

i

[>T

2
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P.E.
\4) Dyy =B2n - :ulHln =z /LZHZn

or Mﬁl °a, = /‘zﬁz °a,)

(60+2-36) _, (6H,, ~10-12)
o =2, ;
35=6H,,

H, =5.833 A/m

(b) E=(gl“ﬁz)xanlz=an21x(ﬁ1_ﬁz)

= G, x|10,112)- (% ~5.4)
6 2 -3
2% 6 8

K =4.864, —8.64d,+3.954, A/m

=1
7

(c)  Since B=uH, B, and H, are parallel, i.e. they make the same angle with the
normal to the interface.

—

H ea,, 26

cosf, = —— = =0.2373
H|  74100+1+144

8, =76.27°

cosd, = H220m _ 13 =0.2144
Hy|  7)(5.833)* +25+16

8, =71.62°
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P.E.

(2)

(b)

P.E.

L'= pun’S =47 x107 x1000x16x10° x 4x10™

=8.042 H/m

W,'= 1o L'T* = 1 (8.042)(0.5%) =1.005 J/m

b
=2_#%.2,,,JF_ 1 ]dp
4r e (A+p)
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P.E.
(@ Ln=%te="""" =005 ul/m

Let=L"-L’»n=12-0.05=115 yH/m

®) L= i[lund"“]

2z 4 a
' -6
lnd a_ 2L ~0.25= 27z'x1.2x_170 025
a M, 47x10
=6-0.25=5.75
d-a_ 15 _31419
a
-3
d—a=314.19a = 314.19x% = 406.6mm

d = 407.9mm = 40.79cm

P.E.

In this case. however. h-0 so that
u,1,a’b
4p°

a
ul,a* ua
ok ) P o ik
#a =" 2b
_ ¢y, pma’ 4rx107 xzx4
I 2 2x3

=2.632 uH

my,
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CHAPTER —Problems

Prob.

F = q(E +uxB)
If F=0, E = —uxB = Bxu
10 20 30
B /3 12 -4
E = -44a, +13a, +6a, kV/m

x10° x107

Prob.

(& T.= % = |05, —3T%y +30% N

\b\ T’m: QC\*E: \© X~

oS ol O

O QF = _in. Fhe = 148, - 423 A BLE

N .

Prob.

?:. @U\ﬁé
dwe Bz o & L 3).dleo

227
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Prob.

(@) F=md=Q(E+ixB)

y (u,,u ,uz)=2[—4c'iy+ “r u6]=—8&y+10u25y—10uy52
ie. d;‘; —0>u, =4 1)
duy

= -8+10u, @)
d;‘; = —10u, 3)
du

&~ 0+10%% — 1004,
dt dt

4, +100u, =0 —> u, = B, cosl0¢ + B, sin10¢

From (2),

10u, =8+u, =8-10B,sin10¢ +10B, cos10¢

u,=0.8-B;sin10t +B,cos10t
Att=0, u=0—> 4, =0,B,=0,B, =-0.8

Hence,

dx
u,=—=0->x=¢
dt
dy :
u, = m = —0.8sin10¢r —» y =0.08cos10z + ¢,

u, = %z_ =0.8-0.8cosl0 — z =0.8¢ +¢; —0.08sin10¢
4

z

Att=0,(x,y,2)=(2,3,-4) > C1=2, ¢;=2.92, c3=-4
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Hence (x, v, z) = (2, 2.92 + 0.08cos10t, 0.8t — 0.08sin10t — 4)

Att=1,
(x,y, z) = (2, 2.853, -3.156)

(b) From (4), at t=1, 7 = (0,0.435,1.471) m/s

KE. = —mli = %(1)(0.4352 +1.471%) = L177]

@ G= 9F _ 3 (s +1ow) = (35 50 v

ar / av s 3y Z 7
O\U\x ,;,\Q —_ UK:\%% _!F 'P\

o 3 (d, Ay 93«6\_ R 4 5

o S (I o
ar <
C%E‘ = U\’ftj) ft_ﬁb{_i )(\ R
P(—\— Lo, C%’ql‘e\: (l,“Q/o
— O
p\___./\/ P,\ —"2,/ C'\“ ’__Ig*",_,_’)_/’%k,\
“ \ ’
_ (9 v ar Tl
(X,\%‘t\” ( 55, 3)\
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md U, u, u . -
-——(ux’uy,uz) : 4 ; =uyBaax_Bouxay
e dt 0 0 B,
du
L=0—>u,=c=0
dt
du Be Be
L=y, ——=-uw, where w = —2
dt m m
du
_y_uxw
dt
Hence,
e . . - 2
U, =-wi, =-wu,

or i, + w'u, =0 — u, = Acoswt + Bsinwt

u ]
u,=——+= Asin wt — Bcos wt
w
u, .
u, == =—Asinwt + Bcoswt

Yy

At t=0, ux = u,, uy =0 > A =u,, B=0

Hence,
dx u, .
U, =u,Coswlt=— — x=-2sinwt +¢
dt w
dy

. u
U, =u,SmMwt=—— y=——=Coswl +c¢,
dt w

u
Att=0,x=0=y —> ¢;=0, c,=—=2 . Hence,
w

u, . u
x=-2sinwt, y =—2(1—coswt)
w w
u2 u 2 u
—(cos’ wt +sin*wr) =| 2 | =x* +(y-—2)
w w w
showing that the electron would move in a circle centered at (0, Yo ). But since the field
w

does not exist throughout the circular region, the electron passes through a semi-circle
and leaves the field horizontally.

(b)  d=twice the radius of the semi-circle
_2u, _2um

w B e

o
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Prob.

= I, _
B, = 2"7;0%, p=5
_ _ —3a, —4a, —-3a, +4a,
a, = a x|——| = ———
5 5
= 7 _ 107 _
B, = 47 x107" x15 (iﬁx—iay] _ 6x (4a,—3ay)
27(5) 5 5 5
-7
E = dF = IdIxB = 2x10?x12x107* Exx6x10 (4ax—35y‘
= -86.4a, pN
Prob.
mi = Qii x B
107G = -2x107x %
06 6 0
i(u u, u)=(12u,0,-12u,)
dt x? y’ z zZ» X
du
ire. —~=12u 1
> : (1)
du
T;':O—)uy:A, (2)
du
2 =-12 3
S =2, ©)
From (1) and (3),
U, =12u, =—-144u_
or

U, +144u, =0 —>u, =c, cosl2t+c,sinl2t

From (1), u,= - ¢;sinl2t + ccos12t

At t=0,
ux=5, uy=O, uz=0 —> A|=0=Cz, Cl=5
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. Hence,
i u ={5co0s12¢,0,—5sin12¢)

#(t =10s) = (5c0s120,0,-5sin120) = 4.071a, —2.903a, m/s

dx
A g =5/ qi
u, = i —5cosl2t—>x--Azs1n12t+Bl

X

dy
uy=E=0—-)y=B2

dz
dt

z

=-5sinl2t >z = %ZcoleHB3

Att=0, (%, ,2) = (0, 1, 2) - B,=0, Bo=1, Bg=g

5 5 19]
(x,y,2)= (12 su112t,1,12 cosl2t+ Iz “4)
At t=10s,
( ) sin /20,1 ) 120+ 19] (0.2419, 1, 1.923)
sJo =154 'Y PR, P s 0
(%.y,2) = | 7810120,1, 7705120+ 75
By eliminating t from (4),

X +(z- 1912)2 =( %2)2, y =1 which is a circle in the y=1 plane with center at
(0,1,19/12). The particle gyrates.

Prob.
— — — - o - 11 -
I=ILxB—> s=£=1,a,x32 = Hoila® %Gy
L 27mp
a, x(—a, )amx107" (-100)(200
(a) F‘Zl -2 ( y) ( )( ) =a, mN/m (repulsive)

27

(b) F, =-F, =—a, mN/m (repulsive)

. o~ . 4_ 3. 3. 4.
c axa,=a x(-——d, +—a)=——a,—-—a,p=35
() 1 X dg 2 % ( 5x7 s y) 55 s P

P _47tx10'7(—3x104)[_§_5 -fa]
3 27(5) 5% 57

=0.72a, +0.96a, mN/m (attractive)
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d F = an + ng
-7 4

F, = Az x107 x6x107) (Eiz xa )= —4a, mN/m(attractive)
27(3) d

F, =~3.284, +0.96d, mN/m

(attractive due to L, and repulsive due to L)

Prob.
From Prob.
Ll .
f = :uo 142 ap
2mp
j = jAC + fac
= - 4 %107 x75%x150 -
| fac 19 foc 1= =1.125x10"
27 x2
f =2x1.125¢c0s30°d, mN/m
=1.949a, mN/m
Prob.

The field due to the current sheet is

B= ﬁKxa,, =&10ax x(-a,)=5u ,a
2 2 y
L
F=1,[dl,xB=25 [dxa, x(5u,a,)=25Lx5u,(a,)
0

T 12.5x47x107(a,) =15.71a, uN/m

L
Prob.
L J
T: W\% syn S —_—> T\’Y\‘\?“ = mg
o~ R _ T\'VW - 50 }\0’— »
lSN lo HO—) ;30010'&7“0

= \Oq— 2 W\W\O‘ Y\L'
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Prob.
F= ILdix§= devxjé
! -

]

J=

e B
F= ”(bzl_ ~ Iazdvaoap = - lsz?az) J- ”
= ”(b—zlfoaz)ﬂ(az ~b%)l
f =—f—= IB,G,
Prob
L@T‘h‘ =l§ &n =\ (wﬁ(w\yaa _ o-03l428, An
O b= " (2eed&k + 508 25

foi? Y

hG:. =-_1:.
NV (:‘4"“‘\-#‘-{*:1[3){.9\ /%
“Q' Sw & = \[_};\ y} O = \(?) HQN\U‘
= g
— NN ‘
H= —S—f/\E’_B <——\T—;Q.— <
ey (ﬁ—‘\ﬁ
= Qo\'[’rﬂta\« -\-

S B2 pom (nom6E, + SO %)
jo

( \{ + - \—“ = — = . )

2 4«*\0:‘7«0'0\\‘ (-fi 5%
= ———/
Aw (1000 \FL\ \N\o] "
-5\ & o0 1352 % [
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i A (S w 1o (25 = 2 ae\
_ Awpe

> 27D . S \
—= G o1
Atﬁz — 4&_({@@&»——&%95\;\:4(@ \(‘} o’
O = = '

~" -_— ~ e W __,‘, -
Tz WX B = AR x4wplo | O 5\)5} ag
~ 33 Ve
2. [ ©

~ -9 _ _\D
=’\E‘;' %'\0 A = —|-425 WO Ty N'm

-

Prob.

T=mB=NISB=1000x2x 10> x300x 10°x 0.4
= 240uNm

Prob.

f(x,y,2)=x+2y-5z-12=0 —— Vf=a,+2a -5a,

Vf a,+2a,-5a,
an = =
| Vf | V30

+2a, -5
m = NISa, = 2x60x8x10 = J?(S %) _17.53a, +35.05a, ~87.64a, mAm

Prob.

B =£3(200565, +sinéa,)
r
At(10,0,0),r=10; 0= ”2,5,

~0.5x107d, =~ (0-d,) > k=0.5
et

235



 Thus,

= 0.5 :

B = —-(2coséa, +sinéh,)
r

a)  At(0,3,0),1=3,0=7/G =a,a,=—-d
2 y>%

B= 92?(0 —d,)=-18.52d, mWb/m’

(b)  At(3,4,0),r=5, 6 =7y ,d, =—a,
05
125

©  At(L1,-D,=V3, 0=/ =¥/ e

sind = %,cose = -—/\B
B =§"%(_yﬁa,+%aa)=—11la,+78.6a‘0 mWh/m?

F4

B=—=(0-d,)=—-4d, mWb/m*

Prob.

@ #,=X.+1=32
(b) p=ppu =52x47rx107 =6.534x10° H/m
(c) M=y,H=4202xa,)=084xa, A/m

(d) B=p,uH=4rx107(52)(0.2xa,) =1.307xa, 1 Wb/m?

6 98 3
() J=VxH=|x & 0z|=0.2a, A/m’
0 02x O

&) J,=yx,J=42x02a,=0.84a, A/m’
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Prob.

(@@ M= xH = x, B
Mot
4999 1.5
= = 1.193x10° A/m
5000  4zx107 10 A
N
_
o) M =
Av
If we assume that all m, align with the applied B field,
Nm Nm 1.193x10°
M = K > m = —% = =T =
N 28

m, = 1.404x10™® A-m?

Prob.
Forcasel,
_B __2
~ H, 1200
y7i 1 1
= — = = 1326.3
A = T 600 4mx107
V. = 4, —-1=13253
M, = v.H, = 1,590,366
For case 2,
_B, _14
H, 400
po= 14 L _ 97852

2, 400 4zx107
w. = u 1= 27842
M =y H = 1,113,630
AM = M, - M, = 476,680
= 476.7kA/m

237



Prob.
Let H, =(Hx,Hy,Hz)
(H -H,)xa,,=K —— H,xa,,=Hxa,,-K

But a,, =a

(H,,H, H,)xa,=(24,-30,40)xa, —6a, —> (H,,~H,,0)=(-30,-24,0)-6a,

Equating components,
H, =-30-6=-36

~H, =24 ——> H =24

Bln =BZn — :ulHln =luZH2n

H, =t g - —5—0—“&(40112) = 20a,
y7x 100

H,=H, =20
Hence,
H, =(24,-36,20) kA/m
B, =1004,(24,-36,20)x10* =10’ x47x1077 (24,-36,20)

=3.016a, —4.524a, +2.513a, Wb/m’

Prob.
(@ B, = B, = 153,
ﬁn = ﬁz: - ﬂ = &
H H,
= = 2 _ — _ —
B, = B, = Z (108, -20%,) = 43, - 83,
t 3
Hence,
B, = 4a, +15a, - 83, mWb/m’
~ = 2 4 +15* + 8% )x107
® w, = lBl'Hl = 2 = ( ) ]
2 24, 2x2x47x10
w,, = 60.68 J/m’
2 10° +15% +20%)x107°
W, = B ( )_7 = 577 J/m’
2u, 2x5%x47rx10 -
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Prob.

P~rl=5 P-r2=10
a2
*

Let H, = (H,,H,,H,)
(FII _H2)xan|2 = E

where f(x, z)= 5z —-4x =0 and

W __Vf _4a,-sa,
nl2 lvfl J4_1

1 |25-H, -30-H, 45-H,
Jai| 4 0 -5

(1:11 —ﬁZ)xanIZ =

_ C e
= ﬁ[150+ SH,180-4H,,120+4H | =k =354,
Equating components,

d: 150+5H,=0- H,=-30

@,: 300-4H_ -S5H_ =35->4H,+SH, =270

,: 120+4H,=0-H, =-30

AISO, Eln = EZn - /ull:}ln = #21_?2n
(4,0,5) (4,0,5)
54,(2,-30,45) 222 < 10u,(H,, H,, H,)~——=>
# T e T
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100 — 225 = 68Hy — 10H,

or 125 = 10H, — 8Hy
= 10H, — 8(54-0.8H,) — H;=33.96

and Hy = 54 — 0.8 H, =26.83

Thus,

-

H, =26.83d, —30a, +33.964, A/m

Prob.

ls = 1 — =

@ w, = EB,--II = E,uo,ur,H,-H, s Moo= 1
1 .

= 5x47zx10'7><1 (16+9+1)

ml

= 1634 ul/m’

N
(b)

flx,y) = 2x+y-8 =0
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Wy — 1 - =
=—H, =—-23_ -
HZ tn 10( ay)
= —-02a -0.1a,
Hy=H, + H,, =-22a,+39a,-a,

M,=y,,H,=9H,=-198a_+ 35.1a,-9a, A/m

B, = H, =10y, H, =47x(-2.2,3.9,~1) 1/Wb/m>

==-2775a,+49a,- 1256a, pWb/m’

(c) Hyea, = H, cosb,
Hea (-8+3])/V5 o
0 =2 _ =-04385 —— 6,=116
O = T T 6941 1
H,ea (-44+39)/5 P
9 =222°% =-0.0487 —— 6,=9238
cost, H, 4.588 —
Prob.
Let f(x,y,z) = x+y+z-2, Vf=a, +a, +a,
Vf a.+a, +ta,
an = =
|Vf] V3
B, =(B,a)a, = (—591330—”@2(1,1,1) =(20,20,20)

B, = B,~ B, =(30,10,—40)
B, =B, =(20,20,20)
By, _B,

Hy Ay
B, =B - @ (30,10,-40) = (12000, 4000, ~16000)

B, = B,, + B,, =12020a, +4020a, —15980a, Wb/m’

Hz: =H,

H, =2 (120209020, 15980) _ 53 913, +7.9984, -31.79, MA/Mm

J7A 400x47x107
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Prob.

(@  B=70+(210) = 44.17Wb/m?

B 44.17x10°

== < ~167.4
M= H  arx107 <210 ==

H, H,
b W, = j HdB = J’H(%+2H)dH
0 0

2
= Hs +3H,,3 = 7350+ 6174000

=6181.35 kJ/m3

w

Prob.

a,=a,

B2n =Bln =22,uoap
B B

H2r =Hu ) A=l
;7"

B,=t2p =Y

2t

45u.a,)=0.05625ua
‘lll 800/10( :uo ¢) Illo ]

B, = u1,(22a, +0.05625a,) Wb/m’

Prob.
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—
—

H,=-3@,  H,=103,+153,

n z

H, =H, =104, +154,

\ =L (-3d,) = -0.015G,
200

H, =10, +15d,-0.0154,

ﬁZn = /—ll—ﬁl
H

B, = i, H, = 200x 47 x107(10,15,-0.015)

B, =2.51a, +3.77d, - 0.0037d, mWb/m’

tang = B
2t
or &= tan- 29037 — 0.047°
J2.512+3.772
Prob.

@ vy, =x4-1=135

— B 4ya x107
® H===_""2" = 707.3ya, A/m
M 4rx107" x4.5
() M=y, H =2476ya,kA/m
o & 9 d
d 7,=VxM=|x & 0z | = E’Izax
y

0 0 M.,(y)
= 24763, kA/m’
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Prob.

@ Yo =p-1=355
() B = pguH =47x107 x6.5(10,25,-40)
= 81.68a, +204.2a, —326.7a, uWb/m’

A
e
<l

= y,H =553, +137.5a, -220a, A/m

m

@ W = % uH-H = %(6.5)47rx10" x 6.5(100 + 625 +1600)

= 9.5 mJ/m?

Prob.

p, =y _+1=20

W, = lE ‘H, -1 uH-H
2 !
1 4_2_2 2 2_2 4
= —2-p(25x y?z? +100xy*z? +225xy?z*)
W, = IWde

= %p[zsfx“dxf yzdyf] z’dz + 100_[xzdx£z y"dyfl z’dz

+ 225_[x2dxf yzdyfl zdz]

_ 25p x5|ly3 z
2[5, 3, 3

0

x3
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W, =25.13m]

m

Prob.

L=/‘N_2S_)N2=_LL=%

! AR TNTINY
2.5x2mrx0.5 25 4
= =7 = = *10
47 x107" x200%x12x10 96
N = 5103 turns
Prob.

—

(2) H=y2“xa” =%(30—40)Eixx(—2i,)=—5§y A/m

B=p,H=4rx107(-5d,) = =6.28d pWb/m’

b) H-= %(-30-40)@ = -35d, A/m

B=puH=4rx 10‘7(2.5)(—35ay) =-110a, LWb/m’

() H-= A (-30+40)d, =5d,

B =y, H =6.283G 1 Wb/m’
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Prob.

Ford >>a,

d 4rx107 . d
DL/ =Hon@ X0 0% _25%10°°
by ==

a w a
or ln—d— =6.25— q._ 5% =518.01
a a
a= L =5.78mm
518.01

D=2a=11.58 mm

Prob.

From Problem

2 -7 2 -2y2
[ - on;l S _ 4zx10 x(4(;5?) x7z(107°) — 800,H

Prob.

(@) The square cross-section of the toroid is shown below. Let (u,v) be the local
coordinates and p, =mean radius. Using Ampere’s law around a circle passing

through P, we get
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©,0,) !

HQ2rx)p,+v)=NI —— M
27(p, +V)

The flux per turn is

al2 al2
W= I IBdudv=’u°NIaln p,+al2
27 p,—al2

u=-al2v=-al2

2
L=N‘P _HN Ialn 2p,+a
1 2z 2p,—-a

(b) The circular cross-section of the toroid is shown below. Let (r,0) be the local
coordinates. Consider a point P(7cos@, p, +rsin@) and apply Ampere’s law

around a circle that passes through P.

HQ2rz)p,+rsin@)=NI —— H= NI M (1_"5‘“‘9]

27(p, +rsinb) - 27p, P,

a 2r . 2
Flux perturn ¥ = _[ J"UNI [l— rsme}drde el 2 @)
20 8 27D, Po 27p, 2

o
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_NY¥Y _uN’a’

Prob.
From Problem

2
L=ﬂNaln[2po+a] w2 o2l 1

2 2p,—a Ha lnr 2p,+a 7
2p,—a

a’=40cm? —— a=6.324cm
p,=50/2=25cm

N? = 27x2 1 o 10°
47x107 x2000x6.324x1072 In 50+6.324 3.2172
50-6.324
N =558
Prob.
We may approximate the longer solenoid as infinite so that B, = ﬂ"l—N‘I' . The flux linking

1
the second solenoid is:

¥, =N,BS, =£‘°TNIIL°”"12°N2
1
M =ﬁ=—#aNlN2 .7[7',2
' I,
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Prob.

H = Ia
270 *
wo=tulHP=Lu L
== H e p2

W = [w dv = Hj— = pd¢dpdz—4—,ullen(b/a)

= 4—1—x4x47zx10_7 (625x107)3In(18/12) = 304.1 pJ
. T —

Prob.

NI =Hl =—

_ Bl 1.5x0.67
wpl 4rx107 x600x12
=313 turns

Prob.

Total F = NI =2000 x 10 = 20,000 A.t

! ~0.6)x107
Ro=—re - A¥0-0xI0" o415, 1074 0m
i, S 4rx107" x1500x2x10
-2
la _  06x10 =2.387x 10’ A.Yym

R, = 7 y
w S Arx107()x2x10
R=R,+R;=2.502x 10" A.t/m

3 20,000 4 2
= —= = = =8 1 Wb/
V=R Ve TV T s | 2x 1l b

R .
g = o 2387x20000 6501 A4
R, +R 2.502
R
5 R 0115x20000 o o

R, +R, 2.502 —
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Prob.

I 2.56x107x2.5x107

NI=WYR=¥Y —= - ;
uS  4rx107" x40x60x10

=2122.1 At
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Chapter —Practice Examples

P.E.
(@) Vi = [luxB)-0l =uBl =8(0.540.1)=04 V
Vv
(b) 1=_ﬂ=o;4=2o mA
R 0 =

(©) F,=IIxB=002(-0.la,x0.5a,)=~a, mN

(d) P=FU=I’R=8 mW

Vg _(04) _
R 20

or P=

mw

Il 6o

P.E.
@ Vo = [luxB)dl

em,

where B = Boa_y =B, (sin¢a+cos¢a) , B, =0.05Wb/m®

(;x E) odl = —paB, singdz =027 sin(a)t + %)dz

Vs = OI(u X E)- dl = —67 cos(100/) mV

0

At t=1ms,
Vemg =—06mcos0.17 =-17.93 mV

4
i= ;’f = 607 cos(10072) mA

At t=3ms, i=-607rcos0.37r=-110.8 mA A
(b) Method 1:

¥=[B-dS= IBot(cos ¢Z; —sin ¢c7;) . dpdza = —pjszot singd pdz =-B,p,z,tsing
00

where B, =0.02, p, =0.04, z, =0.03

¢=a)t+%

Y =-B p,ztcoswt

o¥ .
Ve = Ny =B, p,z,coswt—B,p, z twsinwt
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=(0.02)(0.04)(0.03)| cos @t — wt sin wt |

=24[cos ot ~ wtsin wt | uV
Method 2:
Vs = —ji—f ods + [(@xB)dl
B=B,a, = B t(cospa,—singa,),p = wt + %

% = B,(cosga, —singa,)

Note that only explicit dependence of B on time is accounted for, i.c. we make ¢

= constant because it is transformer (stationary) emf. Thus,

Po %y Y
Vs ==B, [ [(cosgd,~singd,dpdzd, + [~p,0B,t cos gdz
00

Zo

= 0 — = /4
=B, p,z, (sing —wtcosg),¢ = wt + A

=B p,z, (coswt —wtsinwr) as obtained earlier.
At t=1ms,

Y,y = 24[c0s18° 1007 x 107 sin18°Ju¥

=20.5uV
At t=3ms,
i =240[cos54° —.037sin54° 1mA
=-41.93 mA
P.E.
dy dy
V =—N -, :—N JE S
1 AL 2
Vo Ny, Ny, 30x120
V., N, N, 500 _—
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P.E.

(2)

(b)

(©)

P.E.

(2)

(b)

J, = aa—? = —20ws, sin(ot —50x)a, 4/ m’
VxH=J,—» - a;i’ a, =-20we, sin(@t - 50x)a,

or =225 cos(wt - 50x)a,
50

=0.4w¢, cos(wt —50x)a, A/m

. 7 Ok
VxE=-pu oH — —2a_=0.4u s, sin(wt-50x)a
o at ax z (] o

z

2

1000 = 0.41,6,0° = 0.4“C’—2

or =15 x10'rad/s

145 Y N Y20
sl 1rs ) __f_Y2£45 =_-(2/414313°
j(Z—jJ 1[64—26.5&} Vs )

=0.24 +10.32

6£30° + j5—3+e’* =5.196+ j3+ j5-3+0.7071(1 + j)

=2.903 +{8.707
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al_*l . 1 0 . 10
ey —YxE=—" Z (E. sin®d ———(rE.)a
Hoar == na ae B e~ 5 )
= 2% cos(at - pr)i, ~sinGsin(at - )G,
e 2cos ;9 sin(at — fr)d, — _'ff’_sinecOS(wt - pra,
Hor Haor
o 6x10
== = =0.2 rad/m
P c 3x10* —
H= —~cos@sin(6x10” —0.2r)a, - L_sing cos(6x10" ~0.2)d,
127r 1207r
P.E.

3¢ 9x10°
J_ " Jwe, 10

E= 1 IVx Hdt = —icos(a)l -3y)a,
£ wE

=2.846x10° rad/s

-6 ~
9><108 109 cos(wt —-3y)a,
5

Jv10 36 36

E =-151.8c0s(2.846x10%t -3y)a, V/m
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CHAPTER —Problems

Prob.
}\7\ ’Nigé-c\q;"\}%g%ﬁ\;
\jm‘r‘: "—B\\' = oY
o has - _C)oH(O'Q(“ KO 2 % o4
~ -5 A N
Prob.
=_a_‘/i=——a— BOdS——a—B‘S
ot ot t

= 3770 sin377t x 7(0.2)* x 10

=0.4738 sin377t V
Prob.
Y= J'B .dS = BS
d¥ dB

oy =———=———8 = 0.6x10x10™* =0.6 mV
dt dt

The emf is divided in the ratio of the resistances

v = rx0.6 =04 mV
5

v, = 1—§x0.6 =

O
<

2 m
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uxB = pwa, xBa, = Bpod,
-
Vg = p=0Bopap dpa, = Boa)70 = EB"w
V., = 1B
emf 5 0(0
Prob.
pta
vV, B = J.3azx‘u"la(»Odpap=--3ﬁ1—ln—’[—)i(i

em;

27p 2r P

p

-7
_ArxX107 53 - o 8s8,p
27 20

Thus the induced emf = 9.888uV, point A at higher potential.

Prob.
L L y
Al = UB
\/Q-M\"; SQ)\‘ B\ -6 \‘D‘«Q
= e
= 23\ N

—————
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Prob.

u
A
B
B
>y 0
Vewg = | (ux B)-dl = uBlcos6
3
| 12010 (4.3x107°)(1.6) cos65°
3600

=2.293¢c0565° = (ﬁ mV

Prob.

OB o a
Vwg = 5-d5+]’(ux3)-dl

[/

where B = B, coswta,,u =u,coswta,,dl =dza,

Vs = IJ' yj' B,wsin atdydz —]‘Bouo cos’ wtdz

2=0 y=—a 0
= B,ol(y+a)sinwt — Bou,lcos’mt
Alternatively,

!

y
v = IE ods = I _[ B, coswta, e dydza, = B(y+a)lcoswt

z=0Q y=—a
oy . dy
V =—"" =B (y+a)losinwt—-B_—Icoswt
enf ot (y+a) ° dt
But d—y=u =u,coswt —> y=u—°sina)t
dt @

Vems = Bowl(y+a)sinot — Boulcos’at
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= Bou,lsin“wt + Bymalsinot — Bouolcos’ot
= -Bouolcos2wt + Bywalsinmt
=6x 102 x 5[10 x 10sin10t —~ 2co0s20t]
Vems = 3sinl0t — 0.06c0s20t V

Prob.

V = [GixB)edl , where ii = pai,, B = B,

& B
V= Ipradp = T”(pzz -p%)

A

=991 10100~ 4) 010 =432 mV
Prob.
1
’7\’ '} P(\”“

e
s
\!
)
{
o
{
w
o«
A

J. oE o©
J; weE o

o 2x]073 P
(@ —-= 5 =0.444x10

®e 21 10° x81x 10
36m
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b) TP 5555
[} 9 10 a—
2nx10° x81x
36mn
-4
) S 210 - =7.2x10"*
0E g . 1077 =——
2nx10° x5x
36w
Prob
— I -
B=5"(-a,)
2ny
S w0 I
l//=J.B-dS=#L I J‘dZd}’___/‘o alnp+a
27 oyep ¥ 27 Yo,

oy oy Op M,la
Vewg == = ———0——=——2—
ot op Ot 2z

_,ualau 1 1| pa’l,
27 ° 2np(p + a)

4, “{In(p+a)~In o]
dp

pta p
where p=p +ut

Prob.

dy =0.64 -0.45=0.19,dt=0.02

me—Nd—”’=10(w =95V
dr 02

v,
I= ""f=(§]=633 A

R 15

Prob.
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=——=2 —_— = =
@ Oe o / 20me 107?
20mx ——
6™
f=36 GHz
Prob.
Jo=te_op gL
S oS
J, = jocE - |J,| = weE = o,
oS
109x6x10_9 - x0.2x107
= /a6 Al'm=42nA/m’

2.5x10°x10x10™*

Prob.

@ VeE =P/ Vel =0

VXEs =jw:uﬁs’vxl:.15 =(O-_jw€)E

b V.D = =
(®) P> — > o o
- B
VeB=0 aB”+ y+aB’=0
x oz
sz?::-a—B aEz_aEy=_an
ot o oz ot
OE, B OE, _8By
oz Ox Ot
OE, OE, dB,
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5 _ 7, 0D oH
vl =+ 2 5P Ty D (6)
ot oy Oz ot

oD
aZ ax y at
oH
y_aH,r:Jz_*_aDz o

Ox dy o
Prob.
L;l N

—)

pry

P= " S grE At

%NST V\i\—é :’"%D\f*$\.\q9‘7( U\s’\(
+ 6O LA K S (-

TI;\—“- "?LCZ\E— Crm LN Saw (‘gt~\N\’\0~>~
S Nz Alm
)ﬂ\\/‘i
/
V¥\ = O — \1\
:’g“": rc-,,_b:% = —30ves S\‘nl%cpa(\ci———w\’\ B P(\_i\
b R— e
Vi J- a\‘\x a«H} -
o DR S ST SR
_ ~ 3% Gin XK gex(\;—é_—w\’ ( R foe3

<

DG T 9

= —%0e\ Sim A X v (kv

R - ﬁe = Thws e tovw
€ A 3
f g Jiskied by €

\\9~(\ W&_,\‘\\9 Q—%/W*;M G~ S

£ SRS S T
\'“’""‘\”\9) Nek v oa o)&vxwr\t £
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Prob.

VxE:—éE

ot
aJ 8’E

74 V74
VxVxE=——VxB=—u—VGxH=—-u—-—uc
ot 'uﬁt H ot # or’

But
VxVxE=V(VeE)-V’E
oI _ O

V(VeE)-VE=-pu——puc

, J=0oF
o”t'uat2 o

In a source-free region, VeE=p,/e=0. Thus,

OE  O°F
V2E = uo— + ue
Mo o THE

Prob.

VeJ=(0+0+3z")sinl0"t =—%

) 322
=~ |VeJdt=—|32"sin10*dt = —=-cos10*t +C
A O T
If p,|,.,=0, then C,=0 and

p, =0.3z% cos10*t mC/m’
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Prob.

VxH=J,
9 0 0
J,=VxH=|0x 0y oz |=- a’ay
0 0 H(xi) o
J, =20cos(10°t - 2x)a, A/m’
OF 1 120 .,
But Jy=s—- — E—;IJddt—;Wsm(IOt—Zx)ay
Also,
oH
VXE=—u——0
* # ot
oo 9|
VxE=|0x 0Oy 0z|= a’az=—lg§) cos(10*s —2x)a,
0 Ex of & g
- —ag =—104,x10° cos(10°¢ — 2x)a,
OH 40
VxE =- > - =~10ux10°
r” 10°¢ #
e £, = 410_9 =36
Ho&+o 47107 x> x10'¢
367
20 . .
= > sin(10°¢t - 2x)a = 628.32sin(10°¢ —2x)a, V/m
10 . y y
36x x10

367
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Prob.

s L vxb=lm o o =_6;1,5y
f 0 0 H x
= 0.6Fsin fAxcoswra,
E= /.[V Hat————smﬂxsmwta
- |6 0 0
- _ = = OE
VxE=—,ugI-= ox oy Oz =-——y-c'1._.
at 0 Ey 0 ox
0.63 _—
= cos fAxsin wta,
we

2
H=-— _[V x Eor = 0. 26’6 cos fxcoswra.
w’ue :

10%(2.25)
Thus 8= \/ =W =
B=wine = [me, 3x10°

=(.8333 rad/m

E =2 Gﬂ 0. 6"’\/"_5 =0. 6\/— 0.6(377) /

E =100.5sin fxsin wtd, V/m
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Prob.

oH
VXE =—pu—
o’
2 2 8
VxE=| ox Oy Oz|=——ra, =10xsin(wt+7y)a,
E(»tH 0 0
- Q—I{= 'uwsin(a)t+7ry)az
ot
VxE=—p% —> 10”___1_0;1_0) — T =ue
n
VxH:a—D
ot
LA 9 oH 10
VxH =|0x Oy 0z |= ‘ax=———”sin((ot+7ry)ax
0 o Huuo ¥
%It?_ =-10swsin(wt + wy)a,
VxH=a—D — 10—”=10.9a) — £=ga)
ot n, 7,
Multiplying (1) and (2) gives
2 2
7= gt  —— == il = =x°10"
HE 4 x107 x9x
367
@ =3.142x10° rad/s
From (1),
-7 8
_po _ArxA0 X107 hor ~125.66 Q

4 /4
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Prob.
C\ +)3 — 3 Lob
Yo £)2 \olﬂili%iéﬁ

\» jﬁ_@;‘z_‘-:bo ﬁgj;_g__ A 44 (_:4_.1&0

563" _ 0364 —20233°

L) +) i (457
= 3)a [-49:28
O OHDEIYY  _ owye L2722
(l*U’»\Jr(“r")?«S . + ) 4

KCD (\(\5 )’\BCZ-‘cﬂb (|6 ggg\_';_g Q2 3.fob L—3‘$4:?

(4"\')“’\ (‘% Ljo 721 (-S54 - 310 3 L’[ 0

(l 75’%1;‘1_2__5* 2776 [7:2-+

- (.325 (V2S5
Prob
(@) Ved=0
o 4 I
ox Oy oz 2B
Vx A= - ;(x’t)ay;to
0 0 E(x0) ¥

Yes, A is a possible EM field.

(b) VeB=0

VxB-———[lOcos(a)t 2p)]a, =0
PP
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Yes, B is a possible EM field.

sin ¢ sin wt
2

(c) VeC= ii(3p3 cot¢sin(ot)—
p P p

#0

12 . o .
VxC =——(cosgsinmt)a, —3p° —(cotgsinmt)a, #0
pé’p( ) 3
No, C cannot be an EM field.

(d) VeD-= e sin(w¢ —5r)%(sin2 0)=0
vxp=-220, +l§(ng)a¢ = Lsin6(-5)sin(ar - 5r)a, # 0
¥y or 4

No, D cannot be an EM field.

Prob.

VxH=J+ J,

J=0cFE =0 infree space.

| J0H. 0H 0H, aH.| 1[0 oH
Jd=VxH={———'° ——ilap+[ : _}a’+;{$(pH’)— p}a__

p 30 0z 9z dp )

Il o .
=0+ ;[%(sz cos)-p cos¢}cos4x106ta__ = C;—'(4cos¢ - pcosd)cos4x10°t

J, = 3cos cos4x10°1a,

D dE {
el
3 3
E=— cos¢6 sin4x10%ta, = —————=-cos¢ sin4x10%ta.
£, 4x10 i 6 )
@ 4x10°x
36n

E = 8482cos¢ sin4x10°ta. kV/m
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Prob.

Using Maxwell’s equations,

VxH =cE+e2E (=00 — E=ledet
ot £
But

1 6H, 10 12sin6 . .
a, +———(rH,)a, = sin(2zx10°t - Br)a
rsin@ 8p ' ~ =y Ho)a, =——psin( pria,

VXH:—

E= 12s1n9ﬂJ‘ sin(27zx108t—,3r)dta¢

o

_12sin6’
WE ¥

o

pcos(wt _ﬂr)a¢, o =27rx10°

Prob.

-2 = 3k . _ BE
—~ =zU%Ep= ¢=2 C— 2
? o8 T Tow M

= lOL‘s S\'v\(\(—x)‘\ w(k«) \4\ oA V'Jk a)o
'16"«(/0’1“.);)‘\ Ciw (\'—\,\‘D W“A 2y
@ ~e S\V*Eé\'
- ~20 K/\(- " (\Lx% w(kq‘s\ S
.’YT |

I o A T T i

AT G

]
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Prob.
VxE=+2 (pE)E, =L 2 (e,
p op p Op

=(2- p)te™a,

ob
ot

Integrating by parts yields

Pide
az
du

=VXE—)E=_IVXEdt= I(PI—/Z)[ e

B=[-(p-2te”" + I(p ~2)edra,

=2~ p)1+t)e”"d, Wb/m?

j=VxFI=Vx£=—LaB’
H, M, Op

1 petn
=——(1+1)(-1-2+ p)e™G,

(]

ay

- — _p-’
o (1+t3'(3 : (,)o_)7e 3, At
X
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Prob.
(a) sin® = cos(8 - 90°)

E=4cos(wt~3x-10%)a,- Scos(ot+ 3x~70)a,
= RC [4ej(-3x-lo°)ejmay _ 5ej(3x-70°)ejmraz] = Re[Esej“"]

E_‘. = 4e—j(3x+10°)ay - 561’(3.:—70")a:

sinf

by H-= Re[ ef‘”‘e’f"ae] = Re[H,e/""]

r

sinf _.
H = e ’5’a9
r

© J= Re{6e”‘e"”‘e'f90°e"°‘ay+...]= Re[J' se"“”]

— ae (3422 -(I+j5)x
J, =~ jbe a,+10e a,

Prob.

VxE:—a—B-

ot
But B=VxA

VxE =—2(Vx A)=Vx(—a—A]
ot ot

Hence,

E=-4
o
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Prob.

‘ wt
foC ev::;j)

/)L() JV‘)‘_

(a) P\ Q«Q(,A Q)N\—B !lQ[\loQ,
G K= e A= 63137
5 . Cem (o 4 70VE = B e (b 1531395,

) —)kr - R A

lo wes (wh k) B + 5o (W Jrk%—\-\)zz*%\ﬂ%

S 1o (wh = k) 3 —Gsie(wb b 94 ™y -

Prob.
o8B oH
VxE=-——= -y, —
* ot Ho 5t
o 2 3
& & %\ g BE , o
VxE = =-—=a,+—=a, =40x8cos({0 t—8x)ay+.>0x85m(10 t-8x)a.

ox 7 ox
0 E}’(x) E:(x)

g=-L j x t-8x)a, - 50x8cos(10’ t - 8x)a,
o

271



10-2 . 9 9
=- [320 sin(/0° ¢ - 8x)a,, - 400cos(10° ¢ - ax)a,]
T

4

H = ~025465in(10°t - 8x)a,, +0.3184cos(10° t -8x)a, A/m

Prob.
From Maxwell’s equations,
0B
o
VxH=J+ a—D
ot

xE =

<

Dotting both sides of (2) with E gives:
Be(Vxi)=EeT+Ee22

But for any arbitrary vectors 4 and B,

Ve(AxB)=Be(Vx A)— Ae(VxB)
Applying this on the left-hand side of (3) by letting A=H and B=E ,we get

5

D
2

ﬁO(VxE)+V0(ﬁxE)=on+%%(ﬁ05)

From (1),

- - - ( 0B 3 = =
He(VxE)=He|——|=1 = (Be
< iis(-2)- 2@
Substituting this in (4) gives:
9, = = S Y. I
Vs - = I/ Z
Aat(B.H) V.(ExH)_J-E+Aat(D.E)

Be
®

3

)

8x3x10°

10°

Rearranging terms and then taking the volume integral of both sides

jv-(Exﬁ)du-%% [(EeD+H eB)dv- [J e Edv

Using the divergence theorem, we get

cj(ExI?)OdS=—aa—V:,—.[.70Edv

s

ow ~ ~ =
or —=—Q(ExH)edS — |E e Jdv as required.
5 (Sj( ) I q
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Prob.

(a)
z2=4/30° —10/50° =3.464 +2j —6.427 — j7.66 = —2.963 — j5.66
=6.389/ -117.64°
2 =2.5277/-58.82°
(b)
I+j2  2236/6343°  2.236/6343°
6-j8-7L15° 6- j8-7761- j1812 9.841/26557°
= 0.22724 - 202.I°
_(545343°)  25/106.26°
© 2= 7 6 10" 180287 - 7056°
= 1.387/176.8°
(d)
1897/ - 100°
= 0.0349/ - 68°
(576£90°)(9.4344 - 122°) 4
Prob.

@ (4-j3)= 567

‘/1s — 5e—j(ﬂx+36.87 )ay

A= Re[Asej”"] =5cos(wt - fx—36.87)a,

273



(b)

B = Rel:Bsej‘”'] = Re[ge"“""“)ap]
P

= 20 cos(wt—2z)a,

(c) I+ j2=223e"5%

10 .
C. =7(2.236) e’®*e/ sinba,

22.36
r?

C= Re[C e’””] R|: (“’"¢+63'430)sin9a¢]

36 o~ s
—cos(wt ~ ¢ +63.43%)sinba,

Prob.
(a) V-E =0

2 2 9
V % Es = ox ay Oz =__sxaz :j4Oe_j4yaz
E. () 0 0
. 40 _.,
But VxE =—juoH, —— H =——¢’"a,
0
V-H =0
22 2 O0H 1160
VxH, =\ox &y & |=Ztmg =L""¢/",
0 0 H,(» @
, 160 _,, i
But VxH, = jog,E, ——> E =—73e¢’"a =10e7’"a,
HE,0
ot =10 - 16 - =16x9x10"
,uago 4ﬂ.x10-7x
67
@ =12x10° rad/s
40 —j4y —j4y
(b) H, =~ e’"a,=-26.53¢’a, mA/m

47x107" x12x10°

274



Prob.
A = 4cos(wt-90°)a, +3coswta, = Re[4ej @-"g + 3e’“”ay] = Rel:Asej‘”’:I
A =4¢""a, +3a, =~j4a +3a,

j90° _j
B, =10z¢’™ e ”a,

B= Re[Bsej”":I =10z cos(wt — z+90°)a, = ~10zsin(wr — z)a,

Prob.

We begin with Maxwell’s equations:

VeD=p,/e6=0, VeB=0
oB oD

VXE =———, VxH=J+—
ot ot

We write thesc in phasor form and in terms of E; and H; only.

VeE =0 ¢))

VeH, =0 )

VxE, =—jouH, (3)

VxH, =(c+ jws)E, (4)
Taking the curl of (3),

VXVXE, =-jouvVxH_

V(VeE)-V'E =—jou(c+ joe)E,
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V’E, +(0’ue — jouc)E, =0 —— VE +y’'E =0

Similarly, by taking the curl of (4),

VxVxH =(o+ jog)VxE,
V(VeH )-VH =~jou(c+ jos)H,

VH, +(0’pe — jouo)H, =0 —— V*H +y’H_ =0

276



Chapter  Practice Examples

P.E.
Let x,=+/1+(c/0¢)’, then
16
o= (o\/p";" p,e,(x,-1)= %1/7,/%— 1

ac  1/3x3x10° 1
or ./x ~-1= = = —» x =9/8
° o8 1088 J8 °

81 c
2:—_—_ 2 - =
X, =g 1+ (c /oe) o 0.5154
tan20 =05154 — > 6, =1363°

+1
bt g7
a x,—1
17

(a) B=a\/ﬁ=g= 1.374 rad/m

c
b) —=0.5154
b) =
©) Il Jule 120n42/8 17772
C = = = .

Wk T Jeis

n1=17772£1363°12

8
@ u=2=29 _7278x10" ms
g 1374 ———

(e) a,=a,xa, —> a,xa,=a, ——> a,=a,

H="r ?,;SR ¢ sin(10°1 ~ fz~13.63°)a, = 2.817¢" sin(10°¢ ~ fz~13.63°)a, mA/m

P.E.

(a) Along -z direction
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27
(b) X=’E—=21r/2= 3.142 m
o 10°
=—=—= 1592 MHz
2n T -

B=a.fue =01, JuE, = m;xf(f)er

8
Or\/;’?:ﬂC/w=3xigg.x2 =6 _— £, =136
' 120
(C) 9q=0’in|=\/p/8='\/P'0/80-\/1/8’_= =201
’ak=aExaH > -—azzayXaH —_— a,=a,

H = %sin(wt + fz)a, =795.8sin(10°¢ +2z)a, mA/m
7

P.E.

-2
o 009
P& 10 mx4x

2] 9
,uer 1( o @ o 107
azo,|[—|1+—-| —| -1 =—,/ g, —=——(2)(0.09) =0.9425
\/ ( J 20 Ve e = aaxior 009

[ 2] 9
f= w\[ﬁ 1+1[1J 41| = 3101;’8 J2[2+0.5(0.09)*] = 20.965
X

E =30e*" cos(10° 7t ~20.96y + 7 / 4)a,
Att=2ns, y=1m,

E =30e**% cos(27 -20.96 + 7/ 4)a, =2.844a, V/m
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10%

(b) By=]0 =—‘M7rad
or
r 1 T

=——=——""=28325m
g 18 8 18x20.965 Seoc0 TN
(c) 30(0.6) = 30 ¢

- Linc1706)- - sa2
Y= M00)= G005 Mg T 240
(d)

= wle _O0% e
Il T 1002 T

[+ §(0.09)2]

20,=tan009 ______, 0 =257I
ay =a,xa;=a,xa, =a,

30

H= me-osm,’ cos(10° 7t —20.96y + 7/ 4-2.571°)a,

Aty=2m, t=2ns,

H =(0.1595)(0.1518) cos(~34.8963rad)a, =—22.83a, mA/m

P.E.

I = J'JJ,,dydz =J,.(0) .[dy Je—z(lu')/s dz = M
00 R 1+
Ju(0)wd

| 1|=

J2
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-3
Ree =%=%\/ﬂf,u0' =$\/nxlo7x4ﬂx10'7x35x107 = 24.16

R, 13x107
R, 2

Jrx2x10° x 47 x107 x3.5%107 =341.7

P.E.

1 2
%.=—nH a
ave 277 o X

(a) Let fixz)=x+y—1=0

a +a
a,= Vf == y’ dS-‘—“dSan
IVfl 2
1 2 a +a
P = |PdS=PSa, = —nH a.—=>
¢ J. n 27] o x \/’2'

__L 2001V =
=0 (120m)(0.2)*(0.1)* = 53.31 mW

1
(b) dS =dydza,, P = [9.dS = SNH,’S

P = =(1207)(0.2)’n(0.05)’ = 59.22 mW

o |~
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E =—¥em"ax V/m

rs

where f,=a /c=100n/3.

20
E =1E = —
o T io 3
E =—22e’j"’"ax V/m

s

where B2=m£/c=2B,=200n/3.

P.E.

2, =0, B =%,/y,g, =ZTw=5——>a)=5c/2=7.5x108

o, 0.1

=127

10°°
367

o, = %\/g[\/n 1447 - 1| = 6.021

DE2 7.5%10° x4x

B, = —‘Z—\/;[\/n L44x7 + 1] = 7.826
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60n

s ———— = 054451, = 120n.Js, = 754
ATy i !

tan20, =121 ——§, =37.57°

N,=95445£37.57°

(@)
o Mamn,_ 95445£3757° - 754
T+, 95445/37.57°+754

=0.8186/17108°

1=1+1 =02295/£33.56°

I+ 1408186 1002
T 1- 08186 T —=

n

(b) E,=50sin(wt -5x)a, =Im(E,e’), where E, = 50e*a

y .

E,=TE,=08186¢"7 (50)= 40.93¢'"7"%

Er_,‘. =40.93e15x+1171.03 a

y

E, =Im(E, &™) =40.93sin(wt +5x+171.1°)a, V/m

ay =a,xa;=-a,xa,=-a

F4

== 4;)5'33 sin(wt +5x+171.1°)a, = -0.0543sin(wt + 5x+171.1°)a, A/m

()
E,=1E, = 0.229¢/356° (50) = 114756156

E,_ =11.475¢ /P+/3356 graryy
s * y

E, =Im(E,,e™)=11.475¢""" sin(wt - 7.826x +33.56°)a, V/m

a, =a,xa,=a,xa,=a,
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H _ 11495 e—6.021x

= sin(wt — 7.826x +33.56° —37.57%)a,
95.445

=0.1202e " sin(wt — 7.826x—4.01°)a, A/m

(d)
E’ E
gl)ave =2 a, +L(—a,\:) =- [502ax ““40-932ax] = 05469ax W/m2
2n, 2n, 2(2407) —_—
2 2
P.= Lo g o 6,a, = LAY o 37.57°¢72¢% g, =0.5469¢7**a, W/m’
2|n, | 2 2(95.445)
P.E.

k=-2a,+4a,—>k=y2*+4" =20

o = ke= 3x10°y20 = 1.342x10° rad /s,

A=27/k=1405m

a,xE (2a,+4a,)

b)H = = x(10a, + 5a,) cos(wt — k.r)
( m,  ~20(1207) ’
=-29.66cos(1.342x10°t + 2y — 4z)a, mA/m
2 —2a, +4
) 2, = B[, _ 125 (24, +4a,) =-74.15a,+148.9a, mW/m’

== op T 21207) 20

/]
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P.E.

y A
0, ki
————— 5.2
9"
/ VA
k,
t B—ﬁy-—Z 0,=2656=06
an,—k‘z—4——> ,=2656=0,
. L, &8, | 1 .
sinf, = sinf, = =sin26.56° —— 6, = 12.92°
p’282 2 —

() n,=1,.1,=1,/2  Eisparallel to the plane of incidence. Since p,=p,=p,,
we may use the result of Prob. 10.42, i.e.

tan(0,-0,) tan(-13.64°
= 00,23 G307 204

tan(0,+8,)  tan(3948°)  —==
_ 2¢0826.56° sin12.92°
N7 $in39.48° cos(- 13.64°)

= 0.6474

() k., =-psinba,—pfcosba,. Once k isknown, Eischosen such that

k.E =0or V.E,=0. Let
E, =tE, (—cosb.a, +sinfa,)cos(wt+ f sinb,y + f cos6,z)
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Only the positive sign will satisfy the boundary conditions. It is evident that
E,=F ,(cos 49,.ay +sinba,)cos(wt+ 2y —4z)

Since 0,=0,,

E, cosb,=1,FE, cosb,=10I,=-2946

E, sinb,=1I,E sin, =5, =~-1473

B,sinf, = 2,B,cos8, = 4

i.e.
E, = -(2.946a,- 1473a,)cos(ot + 2y + 4z)

E =E,+E, =(10a,+5a,)cos(wt +2y~4z) +(-2.946a, +1.473a,) cos(awt + 2y +4z)

V/m
(d) k,=-p,sinba,+ f,cosBa,. Since k, o E, =0, let

E,=E, (cosba, +sinba,)cos(wt + f,ysinb, — f,zcosb,)

Bo=0yuse, = Bl\/g;= 2420

. I . )i 5 J9
sinb, = —sinb, = —=, cosf, = ——
NG ¥ =20

19
B,cosb, = 2420,/ = 8718
20
19
E_ cosb,=1,E, cost, = 06474v125 20" 7055

1
E, sind, = 1,E, sind, = 06474125 20 16185

Hence

E, = E, =(7.055a, +1.6185a,) cos(wt + 2y —8.718z) V/m

4
(d) tanb,, = L—Z =2—>0,, =6343
l = —
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CHAPTER —Problems

Prob.

\'Q\\,w\'—EI> Lo stw(ut — rn( ‘%%at

- _|Som — ™= OO0 wm
P = \}0 70 _,\\ " i ulﬂ
20 wege= 2043 $0 7 2m !
60

Y 1q
K)’t A 200
R

u E(X‘:QJV‘:O\: o.) /H\&*’\ (k:,ﬁ~ *-‘\'Q’“h

. b _ F\XSJ \/]yh
B o oo-olsin (ke DR |

\!a\ H x= [00m, L= Q/MS/

T - o-olsin (40 — 100655} _ _66T, M\/}\m :
JSso

Prob.
If v°=jop(o+joe)=-0’pe+ jopo andy = o+ jB, then

Iy 2= J@? =B+ 4a?p? = J(@?+P2) = a2+ P2

1.e.

0?40 - apfloTra ) o

Re(y’)=a’-p*=-0’ps

B’-a’=0’pe @

Subtracting and adding (1) and (2) lead respectively to
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(b) From Eq.(9.25), E.(z)=E,e"a,.

VxE:_ja)luH: - H“_:LVxEs:L(_}/Eoe_”ay)
wu )7

But H (z)=H,e""a,, hence H,=—>=- iEo

n o
T
Y
(c) From (b),
) Jjou _[jer __Jule
L ijp(0+jma) o+ joE o
1—]&

' / -1
RIE ,tan 20 _(me) -2

[fl= ————,tan20, =
4/“(1]
0e

Prob.
&0‘\ Flovsy Ae pesthive X Ay L oW

5 20 54772 m -

3 - \° 66T x(® (s
=10 - W lo
e w=l / 63 (D/ W = g - |
Prob
9 _ 8x1072 .
we 6 10°
27x50x10° x3.6x
367

2 6
a=a ] (2] -1 | - 2S00 BIO6 sy s
wE 3x10 2
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g

B=o i‘zf{ 1+(—"—j +1} =6.129

y=a+ jB=541+ j6.129 /m

2T 2%
b) A=—= = 1.025
®) B 6.129 L02m
6
(c) u=2=w=5.125x107 m/s
B 6.129 =
2.1
~8”— 120n1/§
d) |n|= = = = 1014
(d) [n] JT 753
e
weE
g
tan20, = —=8—- 0, = 41.44°
(VR

M= 10141/ 4144°0

E 6 _ 6 _
() H ,=aqx—=ax—e"a,=——e"a, =

7 7

Prob.

c
(a) Let u=— =loss tangent
0

[5=0)\/PZ—8[W+1]

289
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6
10:2\/5;2[m+1]=2nx5x10 \/g
c

3x10®

which leads to

o
u=— =1823
we

(b) 6 =weu =2wx5x10°x2x1823x 2 x

107

107

367

1.023

=1.01

() & =& je"=e—j 2 =2x
w
o - Vitd -1 [1822
RN AR I
a =0.9995 Np/m

® 2
Fonf

€ = = =
© Inl S1+42  Y1+1823°

tan20, = u= 1823 —-> 0, = 44.98°

“n

N =13.96£44.98°Q

Prob.

(a |E=Ee™

Ee*D=U-0I8)E,—-> e =082

)
=l - = .
o n0.82 0.1984

8, = 24— tan20, = —= 1111

DE

13.96

367 7 2rx5x10°

290
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S/m

=1.768x107"" — j3.224x10™® F/m




2
(o}
I —
(hE> 2.233-1
= =2247, B = 04458

Wee(e) o

Y=o+ jB=01984+ j0.4458 /m

Ll
p

2n

® h=

=2n/0.4458 = 14.09 m

(c) 8=1/a =304 m

(d) Since

2
a=m\/ﬁ{ 1+(i) —]}=% %40.494, p,=1

oc _ 0.1984x3x10° 1348 ¢ - 3633
00494 2nx10~N0A494 =

Since S = 1111
0¢

Er
2

-9

36m

6 =o0e,g,xI111=2nx10"x x3.633x1.111=2.24x107° S/m
Prob.

(@ ——=tan20, = tan60° = 1732
(134 =

120n

JE, 1207 n?
b) |n|= 240 = = — g =—= 1234
( ) |r]| (/}+3 ,28,, 8r 8 el

107°
367

© & =s(-j—2)=1234x——(1-j1.732) = (1.091- j1.89)x10™"" F/m
e
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(@

2 6
o2 |HE IJ{LJ 1 27”‘“3 \/l [\/1+3 1]:0.0164 Np/m
c 2 e 3x10 2 8 —

Prob.
P =0.5 rad/m
0.8E, = Eae“"l — = —1— =1.25
0.8
a =0.2231 Np/m
1
O0=—=44823m
a
6
w=@  27x20x107 5 <13,10° mvs
5}
Prob.

1%

\an 28, = Jon 1 x35:26°= 2 %27 =
L0$> X—‘me_ss:.»)\’ 2321

0-‘51°
o$> QN‘)\’L =b= l@n

~ W lfq

I e
B=Afy = olvz , s _1?":2-:4_4.*4;_@

aO']Jl
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Prob.
(@)

2
Let x= 1+(i), a=1,8=5
we

gm(x_lJlIZ _l
B \x+1 5

Solving for x gives

& _c_ 3x10® N 8_24x9_547
\J24 o 27x10° T T gt ==

13 [GJZ c 5
— = 1+ — —_—> — =
12 DE we 12

5

5 3 10”°
o=—we=—x2rx10°x5.471x
12 12 367

(b) Let E=Ee” cos(wt-2y+0,)a,

P 1207

£ - NATL 15485

|77 |=
2
dl.}.(ij E
wE 12

E,=H,|7]=30.97

tan26, =—=5/12 —> 6, =1131°
g

a.xa, =a, —> a;xa,=a, — a;=-a

E =-30.97¢” cos(2r x10°t =5y +11.31°)a,V/m

293
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(a) 7—a+JB 005+]2 /m

(b) h=2n/p=n=3J42m

2x108

C)u=w/B= —Q m/s
1
@ 8=1/a=7"-=20m
Prob.
— . N". AR R
@ Mlorsy A
I
' AN 20:94 ws
-~ N = -
= 3\,7 ?,*Md%

U=¢ = ERSS = \
QA koo, Fx 5an
M b=

Th T=5sie(Wron 4y )T = B

Ay .\—._’ T/—;_ E S Sua (\-’*_\N ’L\\\ol ::"g S\\n‘?) Q’l—

Ter wow® v sheldhad  Ldow

R

AN /
_/ \/I \A%;O
24 P

N
SAVARVARN

\& Lok -\-:\: Mo s (\N\-’Nb

fac)

.. 5
o= q) ~ 3N

|

—
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F‘\: —\3.Lbswm (g%xoge-+ ﬂ} Gy ™ Am

Prob.

2ux10°
(@ f=w/c= =

3x10®

= 002094 rad/m,

A=2n/B =300 m

(b) When z=0, E, =10cosot

=A/4 E, = 10cos(ot ﬁl)—lO' t
z= , , = 10cos(o Wik sinw
z=A/2, Ey=10cos((nt—n)=—10cosmt

Thus E is sketched below.

. .
002 0.04 0.06 0.08 0.1 0.12

10 v —— v yusec T
/

€

NI 1

" \ . . .
om 004 006 008 | coc0! 0.12

0.02 0.04 0.06 0.08 psec "1—> Q.12

(c)
H 0 cos(27zx10%t —272/300)a, =26.53cos(27 x10°¢ —0.02094z)a, mA/m

T
Prob.

c _3x10°

=8.66x10" m/s 10" m/s
T Jen Vxa
7
—3 8.66x10° _} 443 m
60x10

’ 377\/‘ 435.32 Q
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Prob.

o a3 0
— = OH,
J,=VxH=| ox 0y 2| = —a—a
H(z) 0 0 z

J, = -40cos(ot~ 42)x107a, = ~40cos(o ! - 4z)a, mA/m’

Prob.

(a) Along -x direction.
(b) B=6, w=2x10°,

p=ohe = —ie,

_ 6x3x10f
J& =pelo ’2‘;‘08 =9 — g =8l
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-9
E=¢,8 = 10 81=7.162x10"° F/m
367 —_—

) n=+Jule=Ju,leJule, =1—2—90—’5—41 89 Q

E,=H,;=25x10"x41.88=1.047
agXay =a,——a;xa,=—a,——>a; =a,

E =1.047sin(2x10°s + 6x)a, V/m

Prob.
Aoy O _ 40 - o042 il

.20 =2 = 777 300

O N e

G, = O '

e T = \ 2 6n

E’ V\l(\ Q_Oﬂ(og

TN =S Q=

*QE:*Q\LKQH *-q%\f\< \

_ lcz\ —> -ﬁ\ = 2@:“‘35-

£ _(enty) s (4nilot

Prob.

Op—_

g 107
2nx10’
ixl0 x5x 36

Thus, the material is lossless at this frequency.

222107
(b) B=0.uc = 3’;"1 o7 3750 = 1283 rad/m

=36x107" << 1
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2%
1283

o

=049 m

S

s
p

(c) Phase difference = p/= 25.66 rad

(d) n=qp/e _1201:‘/——1201{,/——46170

Prab.
()
'\wm \/QU\Q\( Ow\<)~ CSF
XI( {-\ Mo~ o
CLW\W XA
0% (4R = v<¥m+<\(‘7 *\\ e
2 B (kx‘&“f‘\’*j\i '{‘kt
qwﬁ:(—yxax \5Q3+ a *E
) - o
:BQ\L,‘G,-{-\SA)Qs'\-\QtQ\_Q X B
feo '——%E -;‘\wr\'\- Her Ux% =“—§~E b < conny
Fi—é = Wj\h_\:\

By -
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Prob.
(@)
8
ﬂ-:ﬁ)'\/:; \/E;’___&_SXB»XIO __15
c

1) B 27 %108 —g

g, = 56993
(b) A=2n/B=2n/5=12566 m

8
w=—C 30 05710° ms
‘Jﬂrgr E -
27
_ B, 1207 _
@)1 =10y o =75~ = 157912
2n

d) a;xay=a,—a;xa,=a,—a;=a,

(&) E=30x107(157.91)sin(wt — Bx)a, = 4.737sin(2zx10°t — 5x)a, V/m

0 J, =%Itz=VxH=O.15c0s(27r><103t—5x)ay A/m

Prob.

a a f(kyx+ky,y+k,z—0 i
VeE-= (aax + aay + ggaz)o Eoe’(k' forka-ol) Jka, +ka,+ ka)e’t e E,
=jkeEel )=jkeE=0 ——> keE=0

Similarly,

VeH=jke H=0 —> ke H=0

0B

VaE=-— ———> bE=opH
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Similarly,

0D
VxH = o ——» kxH=—c0F
From ixE=o0pH, a,xa, = a, and

From kxH =-ewE, a,xa,=-a,

Prob.
) f=owfus =2 = 40’003 =1.333x10™* rad/m
C
2
(b) ,1=—”-=42” =4.712x10* m
ﬂ 5)(10—4

(€) u=c=3x10* m/s
(d) Let E =E, cos(fz+40,000f)a,

E, =25x120m =9.425x10°
axay, =@, —> agxa,=-a, ——> a;=-a,
E =-9.425cos(fz+40,000¢)a, kV/m

Praob.
4 — oY®)
R ST
A R0® 10 X
Z6w
W) -§k_ = |3b00 % (5 0225
W =5
>
© Se = 13o00 118 =13

{a

_s
) %e = \‘3“’0*\0/% =
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Prob.

(a) along + ay

(b) u=%=-:1;><10B m/s

(c) /1=2—”=2—7£=2.O944m
g 3 —

Prob.
L
- L % J\T'F‘/\rg
SLW}«QQ 4\“5'(’5( n—an\u‘)’—]%b'lxtb
= \-B?)? LH%
{\:5@3\ =26d = 4n = |2:566 mm
W 2 R
= 7 - < = _ .
Y § 5/«a§ 11\0/7%%“07%6'[“0
= \2-04 ”‘\g'

Prob.

2 7
B =\ ue = 9—,//1,8, = 37”1:)(: (10) =2.0943 rad/m
c X -
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Hz—iijEw

7 17 o
-— - JE
VxE=|0x Oy 0z |=- i’E’ a,+ > La, = ~-108sin(wt - fx)}a, ~a,)
0 E( E 7 ¥
108 10x27/3
H = —Ecos(a)t - pBx)a,—a,)=~ 7107 < 50x 4mx 107 cos(wt - fx)(a, —a,)
H =5.305cos(27rx10"¢-2.0943x)(-a, +a,) mA/m
Prob.
c o
For a good conductor, —>> 1, say —> 100
o€ e
107
(a) 2. =15 ——-> lossy
°x15
2nx8x10° x15x 36
No, not conducting.
0.025
b) —-= - =3515 ——o5  lossy
2 10°x16
wx8x10° x16x 367
No, not conducting.
o 25 .
(c) —= 5 =606944 ———  conducting
2nx8x10° x81x
36n

Yes, conducting.
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Prob.

b T,
! Ho = %(;Loﬁ)(o-\) - | 385 w]h\
WWJ\: 7;3 = 1.Y\D

Prob.
2 6
e o 27rf\/,ug 2rx6x10 ’4 3
a=o == 1+ —| -1|=" 220 J1.0049 -1 | = 22— [—x2.447 %10
JZ [ [a)gj } c 2 |: :| 3x10° 2x 8
a =8791x107°

0=1/a=113.75m

2
n [7
Bw\/%l 1+((§—8) +1}= 00 ,f;[J1.0049+1]=0.2515

_ 27 x6x10°
0.2515

u=w/pf =1.5x10° m/s

Prob.

prohe=—y5 Vi, =1

c 8x3x10°
Jo e 80, ————— 52
(0] 10 -

Let E = E;+E;,
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E, = 50cos(10°t- 8x)a,,  E,=40sin(I10°t- 8x)a,

9
H, = H, cos(10°t- 8x)a,,, H, =
g XAy, =4, —> axdy, =4, —-> ady, = a,

1
H, = ;cos(]O9t - 8x)a,,

H,= H,sin(10°t- 8x)a,,, H,,= — = —

08
H, = - —sin(10°¢ - 8x)a,,

H = Hi+H, =-02546sin(J0°t- 8x)a, + 0.3183cos(10°t - 8x)a, A/m

Prob.

(@)

Rdc=i= 12= - 600 ——— =2.287
oS orma® 58x10'xmx(1.2)"x10

e

(b) R, = At100MHz, & =6.6x10" mm for copper (See Table9.2).

o2nad
R, = _ 600 —=02079 Q
5.8x10" x 27 x (1.2x107)x6.6x10° ——
-3
©) Re_a_ 5y 86:1x10
Rdc 25 \/—f_

66.1x2x107  66.1x2
\/7= -
a 1.2

> f=12.137 kHz
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Prob.

o=10t=2nf —> f=05xI0°
i 1
5 = - . 7 — = 0.1203 mm
Jifop  ux05x10°x35x10 x4nx107 T
!
R =
ac 66

since O isvery small, w=2np_,..

! 40
) ) = 0.
= G 2mp b - 35%107 x01203x2nxl 22107 - AL

Prob.

- -
@ t s QJO_(E Q's'“fxc 40@(\/#-3\54-103%

\Lo\v\aeﬂfé: 21228 = 5655 A .

Q. X a
W=

= G, > ayRoy= Gy P x

H
40

uw(w¥a93+~zw§
5655

:;o.CWOYuSa(wF——%\5+20°>3> Riw-
y>%>2ﬁ:_2;:;07%5¢m) qz_gevsuk.

~>

\d\ @aqx: _E/;:_cig—* & —0{\5 = Idrlg’g\j \’\"/W‘L
2 2(565L)
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Prob.

(a) tan@=-2
PE o rx150x10° x

3.5x10’ 3.5x18x10’

- = >>1
10 15
367z

a=pf= “’_‘2‘5 = 7 f 1o =\1507x10° x 47 x107" x3.5x107 =143,965.86

y=a+ jB=144(1+ j)x10° /m

b)) 6=1/ax=6.946x10"°m
® 150x 27 x10°

) u=—= — =6547 m/s
yii 1.44x10 —_—
Prob.
a=0=1/%
A=2n/B=206=6.2838 —-> 8=0.159]\

showing that & is shorter than A.
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Prob.

o=10zr=2rf ——> f=0.5x10°

5= 1 ~0.1203 mm
Nrfou  Nmx05x10°x3.5x10" x4z x107
P
50w
since § isverysmall, w=2np_,..
! 40 0.126Q

R = — =
“ o2mp,,., S 3.5%x107x27rx12x107°x0.1203

Prob.

(a)
E = Re[Ee™ )= (5a, + 1 2ay)e'0'22 cos(wf - 3.4z)

2
At z=4m, t="T/8, o)t=?1t

S

_r
T4
E = (5a,+12a,)e™’ cos(n /4~ 13.6)

|E|= 13¢ %®|cos(n / 4- 13.6)|= 5.662
(b) loss =adz=0.2(3)=06 Np. Since 1 Np=_8.686dB,

loss =0.6 x 8.686 = 5.212 dB

307



2
c
Let = 4|/ (—J
(c) Let x + .
a x_ljl/z 1
B_(x+1 =02/34= It
x-1
—=1/289 ——- x=100694
x+1

@ =0.Jpe/2Vx~1= %,/s, /2+4x~1

ac 02x3x10°

£
-~ = = = 2.4 —
2 o+x-1" 10000694

g, = 1152

B, 1
e V2o e, 120n
‘r = =
=" J1152x100694

=325

tn20, = —=Vx'-1=01I18 —> 0,=3365

n=325/3365°

E . - (Ba,+12a
H = akx—n—’= %x(5ax +12a )" = (—|Tl|—y)e

—j3.365°e—yz
H=(-369.2a,+ 153.8ay)e‘0‘22 cos(ws- 3.4z- 3.365°) mA

12 0
x107° ™% cos(wt - 3.4z)cos(o t - 3.4z~ 3.365°)

P= Exi = ‘—369.2 1538 0

P=52e""cos(ot- 34z)cos(ot - 3.4z~ 3.365°)a,
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At z=4, t=T/4,

P=52e"%cos(n/4-13.6)cos(n/4-13.6-0.0587)a, = 0.9702a,W / m’

Prob.

5o [ 2 . 2

> @
oUC

=/10‘§2
2 6
= - - —— = 2.744x10
47 x107" x5.8x10" x(10™)

where the value of o for copper is obtained from Table C.1 in Appendix C.
F=2 -436.7 xHz
2r —————

Prob

P S R > ~2.94x10" m
Jrfuoc  Jrx12x10°x4zx107 x6.1x100 —

Prob.

(a) This is a lossless medium,

M
pooyis, -yt
2nx10% -7
=a)[§10= nx0);41tx10 - 13160

(b) E, =nH, =1316x30x107 = 3.948

agxa, = a,—> a,xa,=a,—-a,=-a

P= ExH=nH’cos’(2nx10%t - 6x)a_ = 0.1184cos’(2rx10°t - 6x)a, W/m’

1
) 2,.= EnHa" = 0.0592a, W/m’

P 9,08 =00592x3x2= 03535 W
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\J\h\
\E -t W BT (Ig,‘(\(?{——-‘c b%gg\o@
c

. Y3 2% - d
o vv:g@w.&s,g* g (oS Aol

Y

(b PeExn= 3N 50 ® onr (1ot —@Qof

o \23°5 sin_ = \N‘m

1

Y

Prob.
@ P=ExH=—"" __cost(or-poa,
2mp* In(b/ a)
T
() B =L [ExHdt=—Fs —a
T, 4mp* In(bla)
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Prob.

Let E =E +jE, and H =H, + jH,
E =Re(E.e’”)=E, coswt— E,sinwt
Similarly,
H =H, coswt— H,sin wt
P=ExH=E, xH cos’ ot + E,x H,sin’ a)t—-;—(E,xH, +E,x H )sin 20t
i T 17 17 17
P, == [Pt = [oos’ ar(E, xH)+ [sin® axi(E; xH)— Jsin2axt(E,x H,+ E;xH)
0 0 0

=TS T ;

=%(E, xH, +E xH,) =?12-Re[(E, + JE)x(H, - jH,)]

7

ave

- % Re(E, x H.")

as required.
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? = | B
U T
Eqé'n _ L (YK—»—“‘\L
bre A Y
{L( h!() - i( T+ - 4“),\‘{\«1,
V\«'I/ E::;n qv Cf\,(—t—qLS
- QV\V\LJ(T\H-‘%"I 1~ \
Ca +n.)"
= Qe X \@k N
@qr SN S}L‘Jﬁ - T )
Q. N
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Prob.

‘ (a) H = Msin 0e "’ a,,
12077
gwhere agxay =a, —> ayXa, =a, —> ay=a
H = IPLA G 0e P a y
Arr
2 272 g2
) P, =LRe[E xH ]__R (OB Ldlsin0 | _15F°LdE sin’ 0 .
2 4rr’ 471>

Prob.

(@)

apXay = a,—= a,xa,=a,—-a,=-a,

i.e. polarization is along the y-axis.

2 6
®) B=oyue= nf,/p, - SO0 9= 377 radim

3x10°
o 0 0
— - = dH,
) Jy=VxH=lox ox ox [=-75 "4,
0 0 H(xt) x

= -10B cos(ot+Px)a, = -37.6cos(w? + fx)a, mA/m
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4 2
(d) T|2=T|O, 111:110 —§=§.no

r=22"V_ 5 ioiyr=6/5

N2t+1,
E = 10n,sin(eot+Px)a, mV/m, a, =-a

y

E =TI10n,sin(e@t-Bx)(-a,)mV/m

apxa, =a,—- -a,xd, =a,—- ay = -4,

H = I'10sin(e¢-px)(~a,) mA/m=-2sin(o - px)a, mnA/m

E, =110n,sin(e?+Px)(-a,)mV/m
agxay = a,—-> -a,xa, = -a,—-> a, = a,

H, =1006/5)n,/n,)sin(ot+px)a, mA/m =8sin(o?+ Px)a, mA/m

E’ E? -E?
©  Po= 2 (ca)t 22 (ra)= e (- [P)a,
! 2“[ ZT]I 2T|I
ﬂﬁH7

‘ 1 1
N U Milet RN B o) - = o = -0, 2
Y (I-T")a, 3 n,100(1 > 5)ax 0.012064a, W/m

Eal = TEoi = TT] 11{i0

2 2. 2 2
._(P - 10 _ T nl I_Iio
ave2 (_ax) -

-a,)=32,(-a,)pW/m? = -0012064a, W/ m’
2, 2, (-a)=32,(-a)p
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tan@ =-2 =10
WE

9
o= w\/“z [\/1 +10~ - 1] 27 x2x10 ‘/ J0.00005 =0.3311

3x108

]
ﬂ=w\/§[\/1+104+1] 27 x2x10 ‘/ J2.00005 = 66.23

3><10B

(In this case, B = a),/ HE )

(1-02)E,=Ee* ——> 08E =Ee™

e =125 ——> z=lln1.25 =0.674 m
a

(b) Pz=180°=7 — > z=%=0.04743m

(c) P=Pe? —— 09P =Pe’™

e =1/09=1.111 — z=2—1—ln1.111=0.159 m
a
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Prob.

@ ¢ ol
K drr O Loss\as, st \-\\
'%v o) ’\rq_ﬁ’% 1= \—\—Y'?S
t= 3 T ® "o
) )\ﬂ P _T P\, ~ —\‘C ?\
%—\‘h’w p&\o lb v= N, ",
x=2
- 3
‘E“}T - Y\'L/Y\" = L’z(— = % 4 W\/&Q Ak
L4
N, +1, s _ "\
TR e B

] )

NN Y
82 s,

Since 7, = c i &, = clu,8,, n,= Cyl,E,,
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2 T -
R T S B e
1. +1 v
1 - L \(\/ I~ i
q? E{w = 115—(5X "’l ‘—33%% |
powe 7/(]» > ( 120 J'T\ 207
Prob.
Medium1 Medium 2
Ei — > —Et
> Z
EF —o—

u 1207
= |[— =——==60rn, =n,=1207r
A g (—4 =7

F_Th=m _ 120060 _1 2y, 21207 _4

» T=
n,+mn 1807 3 m+n, 180x 3
E,=10, E_=IE, =10/3, E, =tE, 6 =40/3

2

2
P=P+P = E, a, +—l—€l(—az)= 100 a, - 109 a, =0.2358a, W/m’
2n, 2n, 2x 607 92x 607
2
P =P-= E, 1600 a, =0.2358a, W/m’

—-—a -
2n, © 9x2x120x

Prob.

(a) Inair, p,=/A,=2n/B,=2n=6.283m

© =B,c=3x10° rad /s
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In the dielectric medium, o isthe same .

® = 3x10°% rad/s

By= O err = Bes = V3

LI 36276 m
= = —F—= m
2 B \/—_

E 10
©)  H,= = 5= 00265

a, = axa, = axa,=a,

H =-265cos(0t-z)a, mA/m

€) n,=n1,, T]1=r|o/\/§

- 1/v3)-1
VIl VI ( ‘/—) = ~0.268, 1=1+7=0732
M2+M, (1/‘/§)+1 -

d) E,=tE, =732, E,_=IE,=-268

ro

E =E+E =10cos(ot~z)a,~268cos(wt+z)a, V/m

E,=E, =732cos(ot-z)a, V/m

1 2 2 1 2 2
= - = A = V. /
(az)[E,o E. ] 2(1207) (a,)10°-268°)=01231a, W/m
E!oz( ) "3
2n, 2x120m

avel

ave2

(7.32)(a,) = 0.1231a, W/ m?
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Prob.

fp
TI1= ——1=T|o/2’ T|2=r|o
Y

D27 _yy3 1=14T=4/3
n,+n,

I =

E, =TE,=(1/3)5)=5/3, E,=tE, =20/3

o
p="Vke =5 103‘/_ 213

(a) E, = %cos(lost ~2y/3)a,

E,=E,+E, =5cos(10% +§y)az +§cos(108t—§y)az V/m

® 2 B (-a )+E"’2 (+a,) = 25 (1 ——)(—a ) =-0.0589a, W/m®
avel 277] y 277] y 2(60 )
2
©) Dy =2 (-a,) 209 (-a,)=-0.05892, W/m’

2n, - T 9@2)(1207)
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Prob.
(a) @=pBc=3x3x10* =9x10° rad/s

(b) A=27x/p=27/3=2.094m

©) T _27-6288
we 9x10°x80x107 /367 =
an20, = —=6.288 —- 0, =4047°
0e

Juale, 377780

In.l= T e e
\/ (0 ] 1+ 4n
1+ —%

0E,

n,=1671£4047° Q

=0.935£179.7°

@ [T 167124047377
m,+1,  16.71£40.47° +377

E, =TE, =9.35£179.7°

E, =9.35sin(wt —3z+179.7)a, V/m

2 8
o, =2 |Pefa 1+( C’ZJ -1 =2x;gs %[\/1+47z2—1}=43.94 Np/m
X

8
B, =§"138 §£2)—[\/1+4ﬂ2 +1]=51.48 radim
X

27]2 _ 2>< 16.71440.47 - 0,0857438.890

T, +m 16.7124047° +377

T
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Prob.

o = o
T '"‘_E"“’—,SQF*C
H= Hoon = —i K Gy XN
e 457 B + w2 457G

v“\HHQ— a:\‘_ = ' S
- - 4_5.) O::)( o Swva L}'b Qe
Qp X Qg = o B
P\t _S_D (*W" 46" Qx4 Swun 4'500%3 cos(wh - -
] 208

H= o 13 (~8 &) cor (W~ gxsid - g reats D ol

‘ 2
— 17\ X S _ )
' © — e,
Yhos\ S, + V\\C/O* - ", Col©
e : M%go—%’ @’bs 4‘bJ

Ced B, = Gnm A =

(-\\M . 4‘5.)
e © Siw
kisvn Ge = kg sm Ot —> N\UN(CO <on Oy

RS L g - 27N A s
B -

g\’h Bv:_

- 2

+—
V

« 9
cor T¥\LY

\'s :
L Cot 46
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Prob.
Since p, =, =p,,

sin45° o
= J——03333 —=  0,,=1947

sind,, =siné, /‘9‘ ‘/2425 =04714 —> @,=28.13°

l o

sinf,, = sin0,

Prob.

E _ 2O(ejk,x _e—jk,x) (ejkyy +e‘jky)’) 4
s 12 9 z

F4

=—j5 [ o xthyy) | ilkexhyy) _ milx—hyy) e-f(k,x+kyy)] a

which consists of four plane waves.

VXE, =—jouH, —> H = vxE =L %%, 5E2ay
wp, é’y ox

H - _ﬂ[ky sin(k,x)sin(k, y)a, + k, cos(k,x) COS(kyy)ay]
WL,
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Prob.
ok ‘%{wﬁ&a ck.\?)\(,
o C WX (gﬁ\(

’\-0\%\ )ﬁo\RS’N«‘wxim © LT AN S
Sdcs = pr =y s Qo oW
M

0= \, Nas= Jea =

S el or = 6343

9@:\\ = Q. = don ‘W\ gv—nég.qz)
F‘N\'\ Cn (‘-/\/\\3 \“V"/ Sw8¢ = %LSI'-\ & = =
N %k = 1%'59‘
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Prob.

M, T,
If = = s = s =
Ro=W,; =l Wy - LP: :
1 1
——cosf, - ——=cosb,
V8r2 1 Vsrl

Iy = 1

1
cosB, + —=cosh,
\jerz 8rl

) . €,, sind,
J€,, sin0, = \Je ,sind, —— = Sinb
£ sin
rl t
sinf,
cosf, - —*cosf, .
r * sind, " sinB, cosf, - sinb, cosh,
A sinb, sinb, cos@, + sinf, cosh,
cosf, + Sind cosf,

_sin26, —sin26, sin(6, —8,)cos(0,+6.) tan(6,-6,)
sin26, +sin26, cos(,—6.)sin(d,+6,) tan(f, +6,)

Similarly,

cos0,
€,, ! 2cosh,

ey

1 =
| ——=cosf, + -—=cosb, cosf, +
er \,‘Erl

i

sin
sinf

cosf,

2cosf, sinf,
" sin@, cos@, (sin’ @, + cos’ 0, )+ sind, cosh, (sin’ 0, + cos’ 8 ,)
2cosB, sin@,
B (sinB, cosh, + sin 8, cos 0,)(cosh, cosB, + sin 8,sin 6,)

_ 2cosb; sinf,
" sin(8, +8,)cos(8,-6,)

! cosf —Lcose cosf sind, i)
P PR R sin, ' sin(,-6,)
LT 1 1 - sinf, " sin(8, +6,)
cosB; + -—=cosB, cosb,+ ——cos8, e
€, ,/s,, sinf,
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cosf,
_ €, 20089 2cosf, sinf,

osh. " sin(8,+6,)

T

! ——==cosb, + ! ——=cosf, cosG +
N €, 9

Prob.

" u:'\(%//\ c=¥ — W= %‘
‘:-(k:ar-,{:a’ ng\ 9\"’(
foc \“/-I't.(;o, 2.+ Aley =0

_ 2 ol
Q:,\l’\f\\a v \

b3 A %\ i oed
— )

2 - O
NSO o \))“ . %*\qu“ = El\s@d\ \:: _E‘?:
[ — %au+9“+bx%+ S
Len ” - \-J\,\)ﬁ‘) L — '—% ED?—-’ )
juekns 4T o

&
2({/———9 Eb\ﬁ-:’

Prob.

(@ k =4a,+3aq,

k ea, =kcosd ——> cosf =4/5 —— 6, =3687°
(b)

V82 +6%)? (4a,+3
P =L Re(ExH’ V=L, (V846" (4a, a)—106.1ay+79.58az mW/m?
~2 2 2x1202 5

(c) 6,=0,=3687". Let

E, =(E,a +E_a)sin(wt~k or)
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From the figure, &k, =k _a,-k a,. But k =k =35
k,=k.sinb, =5(3/5)=3, Kk, =krcosb, =5(4/35)=4,

Hence, &, = —4ay +3a,

T

sinf, = i sinf sinf 373 0.3
¢ = i i- T, sV
n, CJH 8, V4

6 =17.46, cosf, =0.9539, n =n,=120x,n,=1,/2=60xr

/A _
_EA 1 cos @, -, cosb. B 7(0'9539) 17,(0.8)

E, mcosf +mcosb, T g 9539y 45 (0.8)
2 o

r,= =-0.253

E, =T,E,=-0253(10)=-253

But (E,a,+E_a)=E (sinfa, +cosba)= —2.53(—2—ay + %az)

E, =—(1.518a, +2.024a,)sin(wt + 4y —3z) V/m

Similarly, let

E, =(E,a, +E.a)sin(wt -k or)

27z

k=B, =‘°\/l‘282 =“’\/2Poeo
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But £ =8,= m,/uoeo
k
—+=2 —> k=2k=10
k
k, =k cosb, = 9539, k, =ksind, =3,
k,=9539a,+ 3a,

Note that k, =k, =k, =3

E 2 0, 08
{o TIZCOS i - rlo( ) = 06265

o Myc0s6, +1,cosb, "—2"—(0.9539)+ 1,(0.8)

 E, =1,E, =6.265

' But

(Eja,+E.a,)=E,(sinfa,—cosba,)=6.256(0.3a,-0.953%a,)

Hence,

E, =(1.87%, - 5.968a,)sin(wt —9.539y —3z) V/m

Prob.

B =V3¥+4 =5=w/c —> o=pc=15x10"rad/s

Let E, =(E,.E,,E,)sin(wt+3x+4y). In order for

VeE, =0, 3E, +4E, =0 1)
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Also, at y=0, Eian =E2an=0
E,..=0, 8a +5a,+E a +E,a, =0

Equating components, E, =-8, E _=-5

ox oz

From (1), 4E, =-3E, =24 E, =6

oy ox oy

Hence,
E, =(-8a, +6a,—5a,)sin(15x10°t +3x+4y) V/m

Prob.

(a) In terms of the S-parameters, the T-parameters are given by
T =1/521, Ti2=-522/S21, T21 =S11/821, T2a =812 - S11 52/82
®) Tu=104=25, Ti2=-0.2/04,

T21=0.2/04, T=04 - 02x0.2/04=0.3
Hence,

25 -05
T =
0.5 03
Prob.
The microwave wavelengths are of the same magnitude as the circuit
components. The wavelength in air at a microwave frequency of 300 GHz, for example,

is 1 mm. The physical dimension of the lumped element must be in this range to avoid

interference. Also, the leads connecting the lumped element probably have much more -
inductance and capacitance than is needed.

Prob.

8
o/f = 3x10 :
8.4x10

=35.71 mm
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Chapter —Practice Examples

P. E.

Since Z, is real and o # 0, this is a distortionless line.

R
Zo= E (1)
or %:% 2)
a=vRG (3)
G ol
'B—wL\[—;———Zj 4

(1) x 3) > R=aZ, =0.04x80=3.2Q/m,

3) + (1) » G=£=%=5x10“‘8/m
Z, 80 ———
BZ  15x80
o - = 38.2 nH/
o 2nx 5x 108 = T 0

IG 12 . 004 !
= . X
1 *780 © 0.04x 80

= 5.97 pF/m
P.E.

@ Z - R+ joL  [003+j2nx0.0x 107

Y L =VGr joC T\ 0+ j2ux002x 107

=7073- j1.688 =7075/ - 1.367° Q2

®) 7= (R+ joL)(G+ joC) = {J(0.03+ j0.2x)(j0.4x 107*x)

=2121x 107"+ j8888x 107 /m

27x10°

%=m = 7069)(105 m/s
. X

() u=
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P.E.

@ Z,=2->Z,=2 =30+ j60Q

Z V.
by V,=V,==_y =-£
() m o Z+Z g 2

in [

=7.5£0°V,,

Ve Ve 15£0°

Iin=10= = -
Z,+Z, 2Z, 2(30+;60)

=0.1184-63.43°4

(c) SinceZo=Z,T=0->V,"=0V,* =V,

The load voltageis V, = V.(z=1)=V,*e™

Ve 75200
M s 15 48°
7 BT TE

ee™ = 15,48°

e =15>50= i1n(1.5) = iln(1.5) =00101
! 40

P =% B=i i
! 180°

¥ =0.0101+ ;0.02094 /m

nrad = 0.02094
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P. E.

(a) Using the Smith chart, locate S at s = 1.6. Draw a circle of radius OS. Locate P
where 6, =300°. AtP,

|F| _ 211 _ 2.Icm
OQ 92cm

T =0228£300° /hs

Also at P, z; =1.15-j0.48,

=(0.228

7, =7z, =70(1.150.48) = 80.5-33.6Q

£=0.64 — 0.6 x720°=432°=360°+73°

From P, move 432°to R. AtR,z, = 0.68- j025

Y “in

Z, =27, =70(068- j0.25)= 476~ jI17.5Q

(b) The minimum voltage (the only one) occurs at 6 = 180°; its distance from the
180- 60 \ o

. A
load 1is 720 5

= 0.1667\

Values obtained using formulas are as follows:
s—1

I'=——<300° =0.2308 < 300°
s+1

Z, =80.5755-j34.018 Q
Z, =48.655— j17.63 Q
These are pretty close.
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P.E.

Z,-2, 60+J60-60 1470/ 63.43°

@ I=Z 7 =50+ j60+ 60 2+

1+ 1+0.4472
= = =261
1-|r| 1-04472 2618

Co

s

Let x = tan(pl} = ta.nz—;:l

| 2Lt tan(BI)
Zin = Z"[z,, +jZ, tan(BI)]

120-,-60:60[ 60+ 760+ j60x ]

60+ j(60+ j60)x

1+ j(1+x)

Or 2-j= -
I-x+jx

> 1-x+j(2x-2)=0

Or x=1=tan(Bl)

b4 2l
—_— = —
4 A

. A

e = ‘—9-(1+ 4n),n=0,1,23...

Z, 60+ j60
Z, =——2 =1+
(b) z, 7 60 J

[4

Locate the load point P on the Smith chart.

r|=2L - 2em _p 4457,0, = 62°
090 92cm

I =04457£62°

Locate the point S on the Smith chart. At S, r=5=2.6
Z, 120+ j60

Zp == t—=2-, which is located at R on the chart. The angle between OP
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v

and OR is 64°-(-25%) = 90° which is equivalent to 20n _ X

720 8 64°
Hence /= A +nl = &(1 +4n),n=0,2.......
§ "2 8
(z4)__ = sz, = 2618(60) = 157.080 S
\2
(Z,) = 2,/ 5= 6012618 = 22.92 0
52 -26°
1=22 % -00851\
720°
P.E.
A
L 3=37.5—25=12.5cm or A =25¢cm

[1=375-355=2cm= ﬂ
25

=008\ 576°

z, =1.184+ j0.622

R

-122.4°

=59.22+ j31.11Q

333
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P.E. See the Smith chart

z, =L()7_Sj—w=l.33—jl.067
132° - 65
l,=————L=0.093)\
- M- 0272x
B~ 720° T Ll en
91

dy;=——X\=0.126\
: 720

10.95
K=ij75 = + /1267 mS
P.E.
-1
48 28] 1217
(a) For w/h=1038, s,_,l,=7+ 7[“ 55] =275
60 8§ 08
b Z = Wl ﬁ+ 7) = 36.181n10.2 = 84.03Q2
3x 10°
A=——F7—=18.09
(© & =Tgn 775 - 1802 mm
P.E.
R = nfiL, =J1tx20x109x47tx10'7
' \/ o, 58x10
=369x107?
o = 8685 K _8686%369x102

wZ,  25x107 x50
= 2564 dB/m
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CHAPTER —Problems

Prob.

1 1
5= =
JEfpo,  rx500x10°x4zx107 x7x10

5=2.6902x10"°

2 2
wéo, 0.3x2.6902x107°x7x10’

=0.0354Q/m

W d 4nx 107 x12x107

L
w 0.3

= 50.26 nH/m

g,w 107 0.3
C: = X -7
d 36mn 12x10

= 221 pF/m

Since o =0 for air,

G=7=0
Prob J
N \\\(\C K = 0 = (']
@ bee o Less|es |
e —> = WJ\DCD =
A
W= J%, = <= Jlc
&\‘h 2’9‘—"— \}"TZ 7 e— wWyLe \
'2_3 A - 4o = T = C
oo : BPRS VUS
These Pmb{'\’ Ao wat ‘u\/M(:k:w NPV s
Nedpa of L od ¢ M \;\s\«,u Wac -
NZANE o oy
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Prob.

PYNS S ! = 7.744x107
Jr o,  Nrx80x10°x4rx107 x5.28x107

1 1
|: 3 + _3i| 3
0.8x10™ 2.6x10 _10°(1.25+0.3836) —0.6359 O/m

1 11
R=—|—4+—|= =
27r§ac[a b] 27x7.744x107° x5.28x107 2569.09
—7
L= b 47¥10 26 5 357,107 Him
27 a 27
-5
G= 2”1‘_)’ = 2’”‘21% =5.33x10" S/m
nZ <2
a 0.8
1 -9
- 27x3.5x
c="_ 367 _1 65x107™"° F/m
b 2.6
In— In—
a 0.8
Prob.
. , e
1 g\hﬁk ‘L = 0= !
~N (el — )
3T >t
) - C B
oF T ok
N\

ov= \/“s\'n(\/’(\’"ﬁk\/ feee

| e . \f - -
L 35}.\, = V'DEZ CN @%)
Lo Wb swn(ub =2
L

s \7.), |
wg\v;(lvw(w?" s ) = wlve Cen (Wit - (2&)
WL
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Prob.

Co nel . nel
"~ cosh™/(d/2a) " In(d/a)

since (d/2a)’>=11.11 >> 1.

-9

-3
. nX 36m x16x10
In(2/0.3)

= 0.2342 pF

1 1

d = = - =209x10”° m << a
Jufiio  nx107 x4nx107 x58x10°

-3
R =—b - - 16x10 - _=14x107 Q
rado, 7x03x107x2.09x107x5.8x10" ———————

Prob.

Z_\[E_/Mi_i‘/ﬁ
° c wew wVe
d

Z()=no_=78
w
' d
Zo =no_-=75
w

7 =2 5w 104w
75 0w

i.e. the width must be increased by 4%.
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Prob.

(2)

y =J(R+ joL)G+ joC) = ja)x/f\/(H _R )1+ _G )
JoL JjoC

__Jw\/—\/_ R G

oLC joL _]Ct)C
As R<< oL and G<<woC, dropping the ®® term gives

y= ,wFJ +J_+_E=,wr[1+ +G ]

={5\E*5\@”’“"@

2jol 2joC

(b)

L R G L . R . G
=, =1+ +.. | 1= +..|==1-J +J +...
C 2joL Jj20C C\ 20L 7 20C
L ( G R
=z, |=1+j| ————
C 20C 2wl
Prob.

L (oe2% %34».-’—3@00'39\; 46+3LH%-B
o

Tr =
Wb o= Y
o &+ L 4b J\/l”‘

A L0 ple

- o
L: 27 % 60 MY
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Coa \wC = S . (o-25 % ')‘f"\)_ 4001 N T

-

& Lgo-—«jg __\_')0,041

G = 001 15

c - D'Ol‘»’l— _ \U~\; ?F\W\_
2 r 6O KO
© &=o=°
g g5 pHn
C= *(E] = (o 1T MO*WB
7Y S L 2337 pHlr
\w 20410 $E° -
Q«\ Co = 30 = |£+(\w._/L
Gy e

Q,-\—‘\HL = (gu(oo<(,\ +l)V4
- 32 Jd'r“'
L= V&\;%l-: o'oy)"/:b) _/’“H‘h\'

339



Prob.
(@) R+ joL=40+ j2rx 10" x0.2x10° =41.93/17.44°

G+ joC =400x107° + j2rx10" x0.5x107° =3.142x1072 £89.27°

z,= |BHjoL 959 1430
G+ joC

¥ =\(R+ joL)(G+ joL) =0.685+ j0.921 = + j3

7
_0 _22x10° o en3n107 ws

g 0921

(b) a=0.685 Np/m=0.685x8.686 dB/m =5.95 dB/m

al=30——>l=—39—=5.042m
5.95
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Prob.

_______ | |
S~ 2 TS aafeS = w i Y

. RSN O - )
S raviry ‘0(1%* o Lo W (LGP
A @—e - ?—Cw—\ﬂlu' -
“n oL — (5 = <L(;, N QC\ — ’4)
lo(q,- = K 3 .,\ (G tw ¢ \51
T (Q’ 2 QL)((‘
\\l\ - e Lo () poen & ¥
Pﬂ)\& AN o X S " - m}]"u Vo
S NRICEN 1

e+ [(FH
K = LM

* c”“)j

|C + L><C A
VAR +\~
e

~t

\Q\I(Q \1 - —‘<V°

= LT le™ Ub\
3
.,(l\/x _ <(l +jv'(\> 15 o
e — @
4l (Gﬂ“& s (
ar 2)
NS ov\r\a‘ (\ tote ’ N &
Q“ksvtﬁﬁ'*}ﬂw (DT e )
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fquating compenents of g 4 etTT
"‘( A(Q—ﬂw\:}h LY \}‘) _ lz_(_jw\—- )
Lo '\L'
—-"&\1—; = ((l ‘]’)\ND‘]: —_— \/: - ﬁ—#)"‘L )
b \(M
g\m\\O\v\\s S\A)‘,, X(\ \'u\us \\\ Q\ \V"\Q ) —\(/%
_~E - 4% ARV ,‘(VBQ
T e _ (e _1&: e
’ccv\m’h C WwﬁYOnbw}fs <% ? cwrd R
* —~(
1 ‘ \ — \/D - -
"‘(Xb = (CA'{'B‘A('\\D ——/?: 6‘\+r)V‘JC
- NRIAVE . ~C
_ y = CGA’ Sw(v \/'e S ..,_/b- — //_f
« -GS
L
k\ \i\“ = '—2\— - ,,L To *‘(\/ZZL\Q'\@
- L\ a4 2. fan pt

By oaevy Hem v \mudp&s Ly s & gLV
Y= k TSR Chantiv
N \cow Bl

Prob.

- Zin
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Bl = %75(0.64/1) =230.4°

7 -7 Z, +jZ, tan pi ~50 75+ j50tan 230.4°
"0 Z,+ jZ, tan Bl 50+ j75tan 230.4°

_ 5p| 75:+.50x1.2088
50+ j75x1.2088

} =43.05- j17.62

v 12
Z,+Z, 43.05-,17.62+50

=0.1245+ j0.02361

P, = % |[IFR = %(0.1267)2(43.05) =0.3456 W

Prob.
R 1S3 )
L= 4552 | [gafm, Le 252 o5 uhfm,
200 30“’q
Cw @25, aoe st o priS7 gopFle
200 Zoe

A= { (LD Cahw e

~b 3~y b
N —b (’263 RO 4 1Lh Y -
- — S xaS K10 ) N
’ﬁ;‘:’\')lﬁ *61( r \‘logxqwo)((o J

, g el
- J (s eyem a2 = o L

< ool5 t ')o-!”l%' "_”‘_

~

b 3
u=% = 20 6 *1° 3. /42 (O W
- ¢ AT
¢ _ . o -
29: ,&:{'_)i[__': M’_’-ﬁ* :Sq-'lb )[gb
(G yn < V(24743010
TS 03

' —_— v 6-{_)
[ - 3-% _ jot)ee 5‘“@ 203
2ot gpqfbo ot
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- b'%q" Q\QC_;

R e | R A
o-d4
ER I
Prob.
ol
Z, —now—78
Zo=noi.=75

T ¥ —1.04w
75w
i.e. the width must be increased by 4%.

Prob.
(a) For alossless line, R=0=G.
Y = jovLC —— B=m\/LC=m,/uoco=—(z—

Uu= =C=

3-
@)

ol
p
(b) For lossless line, R = 0=G

nE

d
= Ecosh! —.C=
T 2a -
cosh™

2a

\/7 1,— — h' o 1207 c sh"-d—
/4 ms 2a
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120 d

= J—cosh' a

Yes, true for other lossless lines.

Prob.

WQ W\‘Y\\) '\\\L \o\wjt RS \A s\‘“\j }
Q‘“\f\<‘ﬁ‘(’)‘3\\ Cymhx COSY T )WS x |

(Q - }Cﬂ&xﬁ +)C€__t_— &M\j'

msv(x-&‘)g\: w\ww»\ =+ )‘MLWﬁ S 1wy }
= (Q’tif;\,} e+ J ( @,(' Q—'.—x) Sth A
2 e

5-\-@\/\\(\ (7“*")‘-3\: 5"‘"‘\f\ (X’{'B“\\B
cashh (x £ u;\
m /L A, '\L\ 004“

o |lo02

Y‘@‘ Y= 07011—)005\
Aﬂ\h\n\\’\: Q.OL{—DB% —{"3

20 - 2 %_Jr_;c:_*_“_:%‘,\

0. 04033
= (4%—')\50\ [ (300 {—3155\—{-(400 ?g‘“( + ]

Q \oo)
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4 od —")Lgb + (300 {_&LGDB (o-mpo’;ﬂ .Uo-]ouz)

~ 25+ g6 A

hyle 02533 4ol

i %D\( L;\Dm/ \L\’: 0'1*30’5—) J(‘e"h 1
[ 255
1s0) o 65259 (400-3159)° S

AN (4‘00
‘3(0-’253'%—{—‘31:'9\‘15

Aoo )50t (300 1125

= 750'4' +‘3ll§-5/l, .

Prob.

£ -4 -7 ., 032
L="—cosh™’ —= -1 032
. cos a 4x 107 cos 017

L=0655uH/m

10°°
ne X 367 x 3.5

Cosh™ 4 " Cosh™ 2667
2a

C=

_ Jogssxao”
59.4>< 10—12 _—

7, = 220 cosh 2667 = 10502
= cosh™ 2.667 =
ENEX 105Q
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a =+RG =0.06 (2)
@ 1
u=—=——==28x10° (3)
B WILC
aZ,=R=75x0.06=4.5 Qm
From (2),
—4
JRG =6x107 ——> G=36:150 =8x10™ S/m
From (1) and (3),
1 8. 107° 11
uzZ,=—="75x2.8x10 > C= =4.761x10"" F/m
C 75%2.8
=P ~=2.678x10"" H/m
u 2.8x10
Prob.

L
X Ry R

ol 2nx45x10°x24x10°
Zh=ol=p=7ms 85

o

=798.33 rad/m

Sl B 3542510 m/
u—B-—L— = J. X m/s

24x 1076
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Prob.

R+ joL=65+j2nx2x10°x34x107° =65+ j4273

G+ joC =84x107 + j2rx2x10°x21.5x107* =(8.4+ j0.27)x10

R+ joL 6.5+ j42.73
Z, = . = . -3
G+joC \(84+j0.27)x 10

Z,=7171£3975° = 5512+ j45.8542

y = J(R+ joL)(G+ joC) = (431928134 )(8.4x 107 £184°)
= 0.45 +j0.4/m

Pt
o« B

@
t=£,butu=—,
u

L BL_ 039x56

o 2rx2x10° =0—————.1783#S
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Prob.

" — 0 i (
*‘Ja“ \ pes ?‘%z > \,\E)O)

?}ﬁl :;_,iz_J —_ \/; %
! ZHD% - . Som
_ ¢ =3m0_zeom, (= 5o
R rwer
QOS 2°C :—rs%om'\'@,\ — YT5:~)4~LUO (s
&»Arxgk-:_ ~1:73% A Lot (50
aal_ B0 5 (L B2 25 ,300=125m:
E T oL 12
A
Prob.
V, z,I 27,1
T =—L = iy _ A,
(@ 7, v, %(VL+Z,,1L) Z,,+Z1,
2z,
_ZL+ZO
Z -2, 2Z,
I+, =1+ -

Z,+2Z, Z,+Z,
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® () 7= =2

nZ,+Z, T+l

.. : 2
(i) 7, =, — 2 3= =2
’ 1+Z°
ZL
i 2Z
)z, = M5y = L_=0
(ii) 7, =, 717
. 2Z
) 7, =—=2%=1
(W) 7, =

Prob.

u\l;“‘ )bb\\h“j’\%\% = () nj% - S[OO S
Prob.

¥ = JR+ joL)G + jaC) = /(3.5 + j27x400x10° x2x107°)(0 + j277x400x10° x120x10™%)
= J(3.5+ j5026.55)(j0.3016) = 0.0136+ j38.94

a =0.0136 Np/m, £ =38.94 rad/m
L2 27 x400x10°
Ji] 38.94

; _ [RtjoL _ [3.5+)5026.55
G+ jwC j0.3016

=6.452x10" m/s

=129.1-0.045 Q
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Prob.

oV _Z-2Z, _ 50e” -50
I Z, , Z,+Z, 50e” +50
~ j0.2679
From eq.(
V= l(VL +Z,,.V—L)e” = L(ZL +Z,)e"
2 Z, 27,

il (Z,-Z)e™

-2z, "

Substituting these in eq. (

- VL
* 27,7,
VL / Zo

o [e-r(z—l)_rer(z—l)]

[z, +2,)e"e™ ~(z, - 2,)e "]
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Butl—z=/1 or
8

A

z—l=——

8

(L)
=0.2£40° 4
or
gAY 10e
% 18 4 Z, 506/
I(z = %J =1,/ =02e7 e/
|

Prob.

Z,~Z7, 120-50

a) I'=
@ Z, +Z, 170

For resistive load,

120+ j50tan(60°)
50+ j120tan(60° )

o0

} =34.63£-40.65°Q
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Prob.

) 5=@‘*_“: 30 -~ 3. o
£EO
Lx3e
W) \with cantey ok © O ¢ G

\%0’ N S oa
cedins OS5, ow e SV\MJ(\A w
N

c N\rom ‘r We dvaw QA <Ay

_7'10 0" -H~= ~-90"
Choe L — =30,
2y 2%
o C WA 30 C‘/\ J_\ W _\/\AQ

e }:'\ YWY 2 “,\

: ~¢ 30 “*ONMJW |
Loord ¥~(€’w S, WD S e e 20

cav de .
T - b&)\g—«vvx\he '?:\\o o G

QR
Gn = O35 o )

2 ?o LAt (90(0 < _{.)O O';g):”)\\ﬂ—)%[%i,.

Prob.

(a) pl= —}4—x100 =25rad =1432.4° =352.4°

Z =60 j40+ j60tan352.4 - 293750
60-40tan352.4° —
V(z=0)=V, = Z, Vo= 129.375(1049
Z,+Z, & j29.375+50- j40

_293.75£90°
51.116£-12°

=5.75£102°
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() Z, =2, =j40%.

V
V= e Ii T (1is from the load)
V.(+T
s+ =12.62£0°

L (&M +Te )

(c) Bl = %x 4 =1rad =57.3°

= j3471.88Q.
60—40tan57.3° | ————

: =6O[j40+j60tan57.3 J

B Vg(ej +Te™)
T (@ +Te %)
(d) 3m from the source is the same as 97m from the load., i.e.

=22.74£0° V

I =100-3=97m, BI = i—x 97 =24.25rad = 309.42°

=—-j18.2Q

Z, =60 Jj40+ j60tan 309.42
60 —-40tan309.42°

v (ej97/4 +I-e—j97/4)
&

= , - =6.607£180°
V=t rey - SSUIL80 Y
Prob.
L’,
_ ) _ S-—‘]—_i =
o2~ _ WO’ \r)= Tl
b= s pomyYXet® N
-y 1 R
L L T
5T e~y \10 ‘
YR . oV _ i, A b
} O\\ﬁc. = \q\\ —> A= \4‘19—7-1 = WeT 2ghe
|

LS Yt 4 145

r- oSt L o 3R

o - (5
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Prob.

V=V(z=0)=V+V ¢))
V,=V(z=l)=V'e" +V ¢ (2)
vt v
I =1(z=0)=—2%--—2 3
1 :( ) Za Zo ()
v V-
I=-](z=)=-—¢" 4+ 2¢" 4
, =1 (z=1) Z Z @)

M) + @) >V, =2 (h+2.1)

-1
M-Q) »F = E(V' -Z,1)
Substituting V' and ¥, in (2) gives

V=S Gt 21 + (-2 1)e"

= %(e" +e YV, +%Zo(e"’ -1,

V, =coshylV, - Z_ sinh yll, (5)
Substituting V" and ¥V in (4),

1 _ 1
L= W+ Z )™ +—— (= Z,1)e"

14 o

=L(eﬂ __e-rl)Vl +%(erl +e—71)1l

2Z,
I, = —El—sinh ylV, —coshyll, 6)
From (5) and (6)

coshyl  -Z sinhyl

AR v
L ——Z-——sinhyl —coshyl || I

o

But
coshyl  —Z sinhyl - coshyl Z, sinhyl
L sinhyl —coshy! =L sinhy! coshyl
ZO Za
Thus

coshyl Z sinhy!

n_| v,
I, B Z—sinhyl coshyl |l -1,

o
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Prob.

Using the Smith chart, z, =20 ; 5’ 40

1=21  — 30 =sa0°
4 4

=0.8— j0.533

AtC, Z,=75(0.8654+ j0.5769) =65+ j43 Q

7 =8I _ 654 j0.43
100
g—-» 7207 _360°

AtB, Z, =65+ j43

7, =9 ; oj 3 12981+0.8654

=180°

A 720°
Z >

At A,
Z. =50(0.53- j0.35)=26.7— j17.8 Q
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Prob.

Z, 100+ /150

z, =Lt = 2+ /3

Lz 50 J

z,,,:Z""=50““0=1+j2.2
Z 50

o

6 =26 ——42° = 68°
If 72054, 68 —>d=—"" 68" =0.09441
7200 ———

Prob.
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z, =Zn 1200 I00 64 1067
(@) Z, Z 75 J
<98 _38m _ 44367, 6, =38
0OQ 8.7cm

I'=0.43674£38", s=2.6

(b) The Load is purely resistive at s.
6, =38

But 720° — A, hence 38° — % =0.0531 from the load

Prob.
D20,
Z, 100
Or I__ZL—ZO =110’

Z, +Z, 310
1+(C
s = ||=2.1
1|
V

But s=-" ) =5V

max min
min

A T720°

Since the line is —:% long, 7 — =120°

Hence the sending end will be ¥, , while the receiving end at V,
Vein =Voa /5 =80/2.1=38.09
V. =38.09 <90°

sending
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Prob.

28°
118

(a) If A —> 720°, then % - %x 720° = 450°——>90°

Z, j45 .
=2 I o6
N T
z, =0+ ja, Z, =27 Z =75(4)= j300Q
®  z,=224%_0333_ jo867
75
179°
-91°
Prob.
Method 1 : z, =300 _ 6 12
50
8
1=X_ O.8x3x810 —0.8m
f 3x10

I, = %m =2.1m — 720" x (2)—; = 5 revolutions + 90°
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Q AtG, Z,=044-j0.4
Z, =Z,Z,=50(0.44— jO.4)
=22 j20Q

G i )= 22 2237 _ 0 4604,6, = 50.5
OQ 93cm

I'=0.4624£50.5

Method 2:
R I
Ie — ’EIZL F g]ziﬁ: Zin
Zin Z;n Zin

al 2rx3x10°
tan A = tan— = tan———
u 0.8x3x10

=tan(21sz=l

4

7 7 Z, +jZ,tanfl _ 59 80-j60+j50x1

" Z, 4 jZ, tan A 50+ j80— j60x1
=29.6/-43.152 =21.6-20.2Q

r ___Z'L—Zo _ 80-60-50 _ 36
Z, +Z, 80-;60+50 13— 6

[ =|r'| =0.4685 but

2.

=0.4685£-38.66°

O, =6 +2x % =-38.66" + 90" =51.34"

I'=0.4685251.34
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Prob.
g

o

(a) If A > 720° then % — 90°

Z, =0.7+ j0.68
Z, =50(0.7 + j0.68) = 35+ j34Q
b I=2+2-03754
4 8§ =
Prob.
_Z, _100- /120 _ .
(a) Z'"—Z., o = 125-15
Z=L=Mxl6_03=20m
f 12x10
l,=22m=32—/1—=1.11—)720°+72°
20
12=28m=2580-i=1.4/1—)720°+72°+216°

To locate P(the load), we move 2 revolutions
plus 72° toward the load. At P,
OP _5.lcm
0Q 92cm
G =7T72°-47°=25°
[, =0.5543/25°
(Exact value = 0.5624<25.15°)
Z,,max =sZ,=3.7(80)=296Q
(Exact value = 285.59 Q)
Z, 80 _

o

Z,,min = =—=21.622Q
s 37 =

(Exact value =22.41 Q)
(b) Also,atP, Z, =23+ ;1.55

= 0.5543
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Z, =80(2.3+ j1.55) =184+ j124Q
(Exact value = 183.45+)128.25 Q)
At S, s=3.7
To Locate Z,

tn>

we move 216° from Z,, toward the ceneator

At Z,

z, =0.48+ j0.76

Z, =80(0.48+ j0.76) = 38.4 + j60.8Q
(Exact=37.56+j61.304 Q)

(c) BetweenZ, and Z
the movement, we pass through Z. 3 times and

1n, max

we move 2 revolutions a

in?

Zin min Z;, max

Thus there are:
327, and 2 Z,

in,min

Prob.
90"
120°

Z \ Vmax

\/J”’

-90

180°

(a) g =120cm - A =2.4m

3
u=f/1—>f=%= 3319 _ 1osmm,
(b) 40cm _404_4 R0 o
240 6 6

Z, =Z,z, =150(0.48 + j0.48

=72+ 72 Q
(Exact value = 73.308+j70.324 Q)
© [=22t=10_0.444,

s+1 3.9

I' =0.444£120°
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Prob.

$= Viaow 9:'9, = |6
= oS —
V jnvn I
N —\C\vQW —61; :"c\‘gw - >\; ﬁw
2= 2
) C> E}\:— Zpe o [6BGHE

ke T |

1 osom =52 > 1894
\6\ < .\‘_(,,\ — ——)c‘-s %)j‘/\/
P 2> go(\'qo\'k‘)o - —

\Y\,___ E:) o b _ =239, "‘: 0‘1%07 L(f]_'i: )

\

—
=

54\ 2-b

|

Prob.

gx*‘

0.34 > 720°x0.3=216°

AtP, z, =0.15-;0.32

Z,=Z,z, =15-j32Q.

(Exact value = 13.7969 -j31.9316 Q)

|F| _ oP _ 7.2 cm
0O¢Q 93cm

I'=0.7742£216°

(Exact value = 0.7778.£216°)

=0.7742
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Prob.

=, 0 O

Zg ZO1 102% ZL
. | [
Zin Zinz
ZZ
(a) From eq. ( zZ,,=—"2%
Z,
2 2 ZZ
Z. = i = Z l c. Z Z =22
Z,

=Z, ’ 30‘} =24.5Q.
L

()

(b) Also, =2 ={ ]—>z _ 22 (1)
Zol ZL ol
2
Z Z
Also, =t =|22| (z V=222 2
Za2 [ZLJ ( 02) ol ™L ( )
373
From (1) and (2), (Z,,)’ =Z2,Z; = ZOSZL

ol

or Z, =422, =4(50)’(75) = 55.33Q

From (3), Z,, =3Z,,2} =3(55.33)(75)* = 67.74Q.
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Prob.

{Vq\lraf)i \oowﬂu. dj\o\%’s(o\w,\
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\((o,-\%
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Prob.
4 —>180° z, = 74 1.48, L 0.6756
4 © 50 z,
This acts as the load to the left line. But there are two such loads in parallel due to

the two lines on the right. Thus

1
2
Z, =502-1£ =25(0.6756) =16.892

7, =168 (338 , L 206
50 z,

Z,, =50(2.96) =148Q.

Prob.
! 150
a t,=—= =0.5us,
@ = = gger T 0
roZi=2, _150-5 _1 . _Z,-%, 25-50_ 1
Y Z,+z, 1504150 27 ¢ Z +Z, 75 3’
z)V 14
A 5002) g, o Vs 12 000
Z,+2, 75 Z,+Z, 75
I“g—-% r=1 F(Tl/3 =—1
8v 160
4 0.5pus -80 0.5ps
1us 4 1ps 80
3 3
-2 1.5us L 1.5ps
2ps 2 2us 4
9 9
i 2.5ps -2 2.5us
3us 1 3ps 20
27
3.5us 3.5us
(Voltage) (Current)

The bounce diagrams are for the leading pulse. The bounce diagrams for the second
pulse is delayed by 1us and negated because of -12V.
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(b) For each time interval, we add the contributions of the two pulses together.
For 0 <t<1lps, V(0,t)=8V
For 1 <t<2ps, V(0,t)=-8 +4—-4/3 =-5331V
For 2 <t <3ps, V(0,t) = -(4-4/3)-2/3 +2/9 = -2.667 -0.444 = -3.11V
For 3 <t <4pus, V(0,t) = 0.444 + 1/9 -1/27 = 0.444+0.0741 = 0.518V
For 4 <t <5us, V(0,t)=-0.0741 -0.0124 =-0.0864V
We do the same thing at the load end.
For0<t<O05us, V({)=0
For 0.5 <t<1.5us, V(£,t)=8+4=12
For 1.5 <t<2.5us, V(£ t)=-12 + (-4/3 -2/3)=-12-2=-14
For 2.5 <t<3.5us, V(£,t)=2+2/9 +1/9=2.333
For 3.5 <t<4.5us, V(¢,t)=-0.333-1/27-1/54=-0.3886V

The results are shown below.

V(0,t)
8V
0.518V
» t(is)
q 1 2 3 4 S 6
-0.0864V
-3.11V
-5.333V
V(L0
12V
2.333Vv
_ t(ps)
o 05 1.p 2, 315 4.5 3.0 7
-0.3886V

-14V
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Since I(¢,t) = 4] _r.n

Z, 150
I(£,1) (mA)
80
15.55
> t(ps)
ﬁ 0.5 ] 2l5 3525925
933
Prob.
30-5° 1 o 15-5° _ Ay
[ o 2=t = =73 1 +60
LY+t BY - N
L 6o° _ 2w
t] :;’; - /——‘% = [1\ ,
Yo " . A
. V, _ & ~ 240 m
\(o-— 22 \/ = éﬂéxo\: Il\{} j_;) :_-__,é; = gb
2\'{'"2:9 lls

v . Ry - 20(30) _ 2.6, L’vz’
- B - -
ERLS 1s t30

\o,\ '\1\2 e wa C”\O\OSYQW\‘) oA O

369

, we scale V({,t) by a factor of 1/150 as shown below.



3 N, L 2%0mA

|
-3 i A | K
2‘*;| | \0'% 1\'1 I __l-\_
. t,
o'ls ’
|
4~h 003
ety ot
6, |
<y '0\3(0\08‘2\)
_ _>__.,-
W
oV
—t Y - — Y 53
°o - > >t
ut/z,\i; b 31‘ _7)25 ok ) 1
140
6o
— - <~ ——
© | ) .
o 3 §~_—7—1— — 7‘ ” %{—(}ASS
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Prob.
() pBl=

27
.

CNEN

%
=—, tanfl=c
5 B

zZ, .
Z, + jZ tan Bl tan ,61+jZ°
Z‘-"=Zo( L .] ] ]_Z

Z,+jZ, tan pl Z, vz,
tan Bl
As tan fl — o,
2 2
=% B0 150
zZ, 200 ——
) If Z,=0,
2
Z, =Z—6’=o=o (open)
© Z,=25Mw0=22%2_ B __y0
+00 25
1+ —
Q0
2
z, =B 1000
125 ——
Prob.
pooL 32— = 475
b= W™ Jq_*{»z)\ﬂl.h
To-— 25 %0«5021 / r\—
- a2 - 2
? 2, 1L e
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_3
.-\3

2%,
4k,
6X,
(0261
‘JW‘—/*’\ 4\ , 1NV
1Y 45—
25°€7]
- L= -
"— - 5;13___ 1.;7‘}' \
l' ", — = - ‘&‘ (./U\S
o L ¢ |o 4 2
l(l«h,&}mp‘
1540 o
i8S
B Y i N
L s e /H/M\
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Prob.

4ps
2

2.9 /\,\S
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Va3 >\’f> 33

20 1\
— < — ~‘
o] O 0O r’.,—._. aH}"‘\
o X b lp |3 13 22
| - > — -
|
|
|
|
|
b =133.33
o o
1(%,4) wA 2606
\ 23619
ﬂ | 20%5) 2122
12233 Y 4
{
!
|
L ! , _ ) _ Sk (s
° T C lo I+ 18 2w (/M\
o——— Iy — -
-%0-7)
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Prob.

d,=0.124 — 0.12x720° =86.4°
1,=032 — 03x720° =216°
(@) From the Smith Chart,

z, =0.57+ j0.69

Z = 60(0.57+j0.69)

=342+ j41.4Q
() d, =ﬁ0_i6'4_,1 = 0.381
720° =
-62.4° —-82°
g:i—( )1 = 04734
2 720° —_—
() s =265

(Exact value =2.7734 )

V(l,0)=V, [1 + T + (T ) + (0, ) +]
+V.T, [1 +T I+, Y +(T,T) + ]

Prob.

-18°
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=32-12=20cm > A1 =40cm

3x10®

o 1o = I5CHz

~ NN

u
A

l=21—12=9cm=—9i—>ix720° =162°
40 40

At P, 7, =2.6— 12
Z, =2,Z, =50(2.6— j1.2) =130— j60Q

(Exact value = 130.49 —~ j58.219 Q)

Prob.

) msxﬂ: - -
W 4 — Wi yv' D= \/21

@ = =
" ? a2 %)
‘ LETER) N 0 (g oxtin
o 2o 4415t \Sﬁ&
- 2-%A69
> ¢

W €y =5 +4 (HE\L:
O oz 2N oy ) g

T +71-133 Io \/’].[?ﬂ
[ v - _
& Qs: ;‘TJMD\ % 40 \/\w" ~ 2-609 \{\(011
\ 53 % (o
Ac < %f(o%w:uoomqe ol dble
Ay (87 y2)- 6N
) Xz ol % oy A x = 2-6[2 KIO CU%)O‘
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Prob.
vV 0.95

Tm o 72 22101

V. 045 —

min

%=22.5—14=8.5 - A=17cm <
8
=229 1964 Gz
i 017 =———=
l=3.2cm=—3£/l — 135.5°
17
Vrnin O
S
P-XZ.
Q
-44.5°

AtP, z, =1.4-;038
Z, =50(1.4- j0.8) = 70— j40Q

(Exact value = 70.606-j40.496 Q2)
=21 _o3s7, 6.=-dsa5
s+1 311

I'=0.357£-44.5°
(Exact value = 0.3571£-44.471°)

Prob.

z
=l O s, v =y, e =20 )1y,
u 3x10 Z,+Z, 100

_Z%=Z, _40-60_ 1 . _Z,-Z, _100-60 _1

I“g— ’ L = = -—.
Z,+Z, 100 s ‘T Z+z, 160 4

We only need the voltage bounce diagram because we can obtain /(, ) from V(I, £)/Z;.
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U [t

0]
12V
KAY 2us
4pg 06
-0.15 6us
8 0,03
8us

(Voltage bounce diagram)

Vo 14.4V
(0,t) 12v |—‘
3V 228V

et e——a— = q

YA ] 0.03V

. ' I/

o—+—+— —— r":'-":%?"ﬂ —>
2 4 6 ‘é“_;‘“‘l'd&"'l‘z" 14 tus)
0.6 -0.15

V("%\ | 1425V
12V
_______ S cene-nq
:
i
]
:
----- 1-2-v-<-------.§ 0.15
! 0.03
o—t p—t———t—— e — T+ >
2 4 IIIIIESSSa0NIY 12 14 t(us)
0.6
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1y, 0mA |4 sma
I
0 ' 1 = ! t — +—t 1 } +—>
2 4 6 8 10 12 14 t(us)
Prob.
| ’ 6O
P _15.283, D= - §59-64
Ve Jro

B A () [ 1ad bl g ] =olate

L}‘L}‘—'\OQZ\P —> & = 2o

24 Heww
W

S .
_ 2 (g.26% —1-2-375]
7 : + 6.236S (2 ]2ry-to-293 —oosiD =412

> 7
| , L W . 1
ey = ej:\"\' GLZ‘(\—%\—U-}“B - ,;,‘_3‘1(054\
: + o
: ’L 2
= /]' c\ "H
Prob.
w=1.5¢cm, h=1cm, % =1.5
6 +1 g -1 0.6
a Eqp = + ————= 16 +— = 1.8
® ( 2 J 2J1 +12h/w g+ 1215 =
zZ, = - 377 - B 1710
V1.8 (1.5 +1.393 +0.667 In (2.944)) 3.613
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RS

w o
_ funt _\/19 x 2.5 x 10° x 47 x10°
o, 1.1 x10’

=2.995 x 107

b)) a =

8.686 x2.995x107

o, = = = 0.223dB/m
1.5x107 x77.77
c u 3 x10°
=—% 5 1=-== = 8.944 x107?
Eur f f./ T 25x10° V18 |
8(22 N :
o= 273 08(22) 2 x10 _96.096

12 1.8 8944x102 ~ 14.3996

= 6.6735 dB/m
(c) a =qa, + o, = 6.8965dB/m

a€=20dB—)€=§= 20 =29m
a .

Prob.

’

(a) Let x=w/h. If x <I,

50 = 60 ln(§ +x]

J4.6 x

5v4.6 -6In (i + xJ =0
X

we solve for x (e.g using Maple) and get x =2.027 or 3.945
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which contradicts our assumptiom that x < 1. Ifx >1,

| 1207
50=
J4.6 [x + 1.393 +0.667 In(x + 1.444)]

We solve this iteratively and obtain:

x=1.4205,w=1.4205A=11.36 mm

For this w and h,
&4 =3.3856

_ Wy

b)) 8=

¢ = 7€ 3 x10°
deg2nf 8 x 3.3856 x 8 x10°

£ = 0.00138m
Prob.
Js WM
L - zl -—%0@ - (OO % = \%l———‘—-
= = = C ¥ 0
i NN L o-1242 Y\F[“'
C = - - N
oM 2. C G O Y3
Prob.

_2,-2, _100-150 _ .,
Z,+Z, 250 '
RL=-20log|T |=13.98 dB
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Chapter —Practice Examples
P.E.

(2) For TEy, f.=3 GHz,

JI- (1Y =1-(3/15¢ =096, B,=o/u,=4xf/c

9
5271 [556 = %ﬁ;}oﬂ/o.% =615.6 rad/m
C x

9
© _2mxI5x10° 4 s21,10° ms

U=

B 6156
= £ < 60 00%__ 19240
= — = 7[, = —F—== R
T=1V% Ve =096

(b)For TMyy, f,= 34725 GHz, +/1- (f,/ f)* =0.8426

9
p=271 (0.8426) = 2X1X10(08820) _ 59 4 rayin
c 3x10 I
9
_0 _2zxI5x10° oo 10 s

B 5294

Ny = 601(0.8426) = 158.80Q2

P.E.

(a) Since E, # 0, thisis a TM mode

E, = E, sin(mzx / a)sin(nzy / b)e *

B, =20, 22 407 —> m=2, Z_500 —> =1

i.e. TM,; mode.

2

nf 2nx10°
= — 2 _ L 2 — 2 = - =
B=oue1-(f./ f) = - £ = PPPY N225-922 241.3 rad/m.

] 3 1 8
®) f. = %\/(m/a)2 i)t = 220 207 1 507 = 1541 GHz
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©
E = :hig (407)20 cos 407 x sin 507z ye /#*

- 9P (502)20sin407x cos50zye "

E,.
E,
—E— = 1.25tan40nxcot50ny

P.E.

If TE ;3 mode is assumed, f. and f remain the same.

£, =28.57 GHz, f =1718.81 rad/m, y = jp

377/2
Mrgis = =229.69 O

J1-(2857/5002 —  —
For m=1, n=3, the field components are:

Ez= O

H, = H, cos(zx / a)cos(3zy / b)cos(wt - fz)
ou(3n . |
E =- 2\ H, cos(nx / a)sin(3zy / b) sin(wt - fz)

E, = a}i’g [ JH sin(zx/ a)cos(3xy/ b)sin(wt — Sz)

H, = }'IBZ ( ]H sin(zx / a) cos(3ny / b) sin(wt - fz)
H, = hﬂz(:” JH cos(zx / a)sin(3zy / b) sin(wt - fz)

Giventhat H =2-= h{(ﬂ'/ a)H,
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H = —hﬁz(zm/b)H,, = 6alb=6(L5)/8= 1125

oy

2h’a _ -2x14.517% x10* x1.5x107

H = Ho = - = —7.96
* pr 1718.81x
ou(rn 20u
E, = h_z(;) H, = ~7—= 21 = -4594
3
E,=-E, 7" = 459.4(45/08) = 2584.1

E_ = 2584.1cos(7x / a)sin(3zy / b) sin(wt - fz) V/m,
E, =-459.4sin(zx/a)cos(3ry/b)sin(wt - fz) V/m,

E~=0,
H, = 1125cos(zx / a)sin(3zy / b)sin(wt - fz) A/m,

H, = -7.96cos(7x / a)cos(3zy / b) cos(wt - fz) A/m

P.E.

f _u_' L_|__1__3x108x102
el a’ b 2

> J1/8.636% +1/4.318% =3.883 GHz

3x10°

u,= =12.5x10° m/s,
J1-(3.883/4)
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4
ER

5x10‘°

f;'ElOl \/5

1
Orzi01 = a’ where
1 1
J7fotio,  Jzx1.936x10° x 47 x107 x5.8x10’

e J1/25+0+1/100 =1.936 GHz

=1.5x10"°

6
10 =10,92
61x1.5

\O

Orevor =

P.E.

(a) By Snell’slaw, n;sin 8= n;sin §,. Thus
4,=90° y, sinf,=1

sin @,=nyn;, 6,=sin"nyn; = sin ' 1.465/1.48 =81.83°

(b) NA = Jn? - n,? = V1487 - 1465% = 0.21

P.E.
al =101og P(OYP()=02X10=2
P(0)/P(l) = 10°?, i.e. P(I)=P(0) 10°2=0.631 P(0)

ie. 63.1%
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CHAPTER —Problems

Prob.
(a)
LN = <450 G
(b)
p=p =G 7 = ST =Gy =22 G Sos 2oy
=816.2 rad/m
()
u=w/ﬂ=%(.);m’=LLx—l(ﬁ m/s .
Prob.
(a) For TMpy, modes, H, =0
E._ = E sin(zx/a)sin(zy/b)e™”
Using eq. ( , all field components vanish for TMy; and TMj

(b) See text.

Prob.
' l(mY (nY 3x10° m Y n Y v
f;_:— —_— +| — = +
2\l a b 242.25x1072 [\ 2.28 1.01
2 2 172
_ 15 [ m J +( n ] GHz
V2251 2.28 1.01

Using this formula, we obtain the cutoff frequencies for the given modes as shown below.
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Mode f. (GHz)

TEo 9.901
TE 4.386
TE 10.829
TEo, 19.802
TE,; 21.66
™, 10.829
™), 20.282
TM3; 13.23
Prob.

ab=3 ___, a=3b

P W 3x10°
0= Ja > T2, 2x18x10°

A design could be a=9mm, b =3mm.

m=0.833cm

Prob.

For the dominant mode,

c 3x10°
= —= = 1875 MH.
Je 2a  2x8 z
(a) It will not pass the AM signal, (b) it will pass the FM signal.
Prob.

£ = %'\/(?/a)u(n/b)z

f11= fy — %\/(]/a)2+ (1/b) = %\/9/1;2

387



9 1 1 b
Boa ey > T
3w —» 3c 9x10°
- — b: = =3.75
Jos = 2p 2f  2x12x10° o
a=132cm, b=3.75cm
Since a < b, the dominant mode is TEg,
f _e 30 i< £=8GH
0= 2b " 2x375x1072 z z
Hence, the dominant mode will proprogate.
Prob.
1 8 2
fc=-c-,/ Lol =200 I, 14870 GHe
2V7.2° 34 2 72° 34
] 8
2= 210 6149 cm
f. 4879x10° =
Prob.
2P
- .| \’_ by
_ = de Lok \: Q?
) Vs = Whay v o) V
c \/\\0 _ \ oW
\‘ W _3__"_‘,}.’—2(———— 3
% IV B . 3
o = = oV
L S
I
P = @Eb—‘ foe Sy 17 oot
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h = ‘pn+\<~> = \le\‘ = j;v -
= %»[OD _ 10%%%
. -4 27» A\ - m L ] v
E)‘: 9 203 %o (RW\QVQ (Q—E \ Sin (\G\)s\qcpx\— \mz) }—nﬁ
Prob. -
\C‘\ YY\—,D}\/\:I ,;-Q- | T2 MQC\K'
%
\ G GH= .
5 Vv L = , Q(_:/\_)\_\ - %\f\(‘b :1
by 3 o=\ ~ e
Ac: 9—: - Q:\ )
fe
- ank |- QQS/
O =20 1 (&
& - v < \BB\&E*&Q '_H BL%KB
\l 'g — e = 5T - 20
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Prob.

(a) Since m=2, n=3, the mode is TEy;

2
® B=BI- Gl 1) = 2L -G 7Y

But

3x10°
2;‘1 = J(212.86) + (3/1016)7 = 46.19 GHz, f=50 GHz

= %'\Rm/a)2+ (n/b)’ =

2nx50x10°
- %\/1— (46.19/50) = 40068 rad/m

y = jB=j4007 /m

377

n
) _ = 98530
€) m JI- (L1 £ 1- (46191 50)

Prob.

::D(:\I\] g"l :\IJ Ve 6— ‘1—'\
Al Py gl
- %\ ov « = 4“ﬁ :ﬂ\/:]'?c
e 3C C/
. < ~ v
'%\N\( ’\(,’-‘- %q\lljv:*“v 4'0\ W otw
S TUR oI SN IV
© 2, Gz
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O
. _ud IR

-t Q s
. A PR T S G4 Cen.
&; \‘Dn\ﬁ .
W by TEL w2 { =35 Gha,

Ad = WJ:’ ’DD\@ *LD\ —_—,\QW \(;5

2 Lo
R \nio0
\orY\EB

_ 2415 =

Prob.

(@)

u 3x10°
o= 5\l ay + (n1b) = 5171+ 479 = 18.03 GHz

f=12f=21.63 GHz

(b) \[1- ./ f)? = 1-(1/12)* = 0.5528

. c _ 3x10°
P JI-(f./f) 05528

U, = u\/l— (f.! ) = 3x10°%0.5528 = 1.658x10° m/s

= 5427x10° m/s

Prob.

(a) Since m=2 and n=1, we have TE;,__mode

®) B=B'VI-(f./ ) =0 pe,I-(@ /)
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Be= 0l-02 _— o 2= mz_Bzcz

2.2 144x9x10"
fc=(;‘=\/f2—l3 ¢ \/36x10’8——#=5-973 GHz
T

qn?

T =

i - 377 - 39780
JI-(L 1Y J1-(5973167 T

(d)For TE mode,

€) g =

E = %(mn /a)H, sin(mnx/a)cos(nny/b)sin(ot - pz)

y

H_ = h—E(mn /a)H, sin(mnx / a)cos(nny/b)sin(w ! - fz)

x

B=12, m=2,n=1

op B
Eoy = -h7(m1t /a)Ho s I‘[wr = h—z(mn /a)Ho
E’ 9 -7
Tor = oy _OH _ 27x6x10° x4 x10 = 47 x100
H, p 12
E
== > =1.267 mA/m

& N " 477 x100

H, =-1267sin(mnx/a)cos(nny/b)sin(et - pz) mA/m

Prob.

(a) Since m=2, n=3, the modeis TE,;

2
® b=/ 1Y = 2L I= G 7y

But

3x10°

T J(2/2.86)* +(3/1.016)* = 46.19 GHz, f=50 GHz

£, =u?'\/(m/a)2+(n/b)2 -
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_ 27 %x50x10°

T J1-(46.19/50)? = 400.68 rad/m
X

B
y = jB = j4007 /m

©) _ ' _ 377
n JI-(L 1) \J1-4619150)

= 985.342

Prob.

"\v
= o GH
- = ” T
N @\»+ng,ggo—25<7g
2 ™ v *

— \%%'gg - QL
W o\ 4 (DTN o 25000
- 5 P .
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50\ 3523

£ (wiyg, = 232 gorl |
WI /0: gooﬂv ' L@t
g\h(w 6
| & = g\,'—nw(mﬂx\ v ““‘\5\
\'“ Y:.x ) bt =0 (T«t PO AE \’_(ng TS
mn?‘\(m <V\_Vl\5\ C/QA(V“ >
. ROW(T\ b g ﬁlB
- M - T g‘n("‘ B
£ 2 (e o1 (DS
| 6
\_'P_jyt‘ (Y\?\' W, = ’)_bﬂ*\Qc\ gov\ 314’7‘?('“ = 30"
W \o Lcoo

[, = ~30:\b cod (“‘/Z‘B Siw (@B@;ﬂ(wk—ﬁ%ﬁ

1
X

Y\w\\& YC.% = &‘X 'T Ex”

- HlL b 40 nx (v 20Ty 1o (V&AG%S ’

Prob.
(a) '

=%\Rm/a)2+(n/b)2,B=B'\/I—(fc/f)z
u=o/p= a h=2n/p= a2

NETAT -1 1)

(b) If a=2b=2.5cm, f,= ix/m2+4n2. For TE,
fi=——— _ 310 71342 GHz, w=—X1% L 406x10° s

2%2.5%107 J1-(13.42/20)°
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4.046x10°

A=ul/f=——-——=2.023 cm
R AT T
FOI‘TEzl,
8 8
f=—210 71697 GHz, w=-——230  _5669x10° ms
2x2.5x10 J1-(16.97/20)?
8
A:u/fsm=2834 cm
200x10 -
Prob. R
20(0 I —i _ 400w rod\\m

pee PR e T
S S o\~ n .
= 1—/‘% m ® :zxf/:o/e\= \/' (ﬂ"b e

‘\- e’ "‘U-\ = ch
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Prob.

Substituting E, = RPZ into the wave equation,

oZ d RZ
— — PR+ —P'"+ROZ"+k*RPZ =0

Dividing by ROZ,

1 d (plv Zu
—— (R k2=_ =_k2

ie. Z"-k;Z=0

1 d ¢n ,
—_— 1 k2 =
dep(pR)+¢pz+(k +k)=0

p d ' d)u
E};(pR )+ (k2+ kzz)pz = _?= k¢2
or

¢ll+k’2¢=0

d ' 2 2
P%(DR )+ (k,’p? - k,*)R=0, where k= k*+ k. Hence

p2R|l+pR|+(kp2p2_ koz)R= 0

Prob.
u ]
Je= 2a

v =g 1_[1’3} N (_) =1_(u_gJ _ | 18x10°
) f f u' 3x10°

£, =0.11f =2.053 GHz
u 3x10°
2f. 242.2x2.053x10°

=4.926 cm
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Prob.

1 4  3x10%x10? 1 4
fc|2= —t3 \/

= +
2.286* 1.016°

a® b 2
’ 30.25 )’
u,=c 1—({;—} =3x108\ﬁ—(—?] =9.791x10” m/s

Prob.

S e

B PHELE _oiia

P
2n % " opb’ht

ave

H sin’zy/ba,

where 1 =1, -

(02;!2752 2 a b =2
ds = H sin® zry/bdxd
'[ ave * 277b2h4 [+] x;l;y:J; y y
® 2“ 21! 2 5
= /2
Pave Z,n b2h4 Ho ab

2

But # = (mn/a)’ +(nn/b) = Z—z,

K W 2ab H 2

P
4ny
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o
L! |

Thas = £ wesds for ek,
V"'\-\T\ 30“ , Y\E - ©
© oy &5 +u° - 15w
%w\' W = —L = QKQJS__}D).SQH%
\/—;.{\—«i \/§_ NN = =
Ne = —(; = jg = 0. 0666w = L(O_Cic_\,:

\‘”\N(,: \["WPJAQ— ~ (—hf\_wx"_}_ ES,\/ ’W < 4

I
= \’ (1“*\0*4\?44'[’(\/\\0 1\0674§ + (BOﬂ) +01
2 I
1, .-S
- )1m<LH@°'.‘ Gdp (9 HLO

J = 5 1615

- ~1-$°1\M0*+3®-%\>% =975 53 RQ +J /
—4

/o 97153 %o Nplm, B =

3
v fl__/“"q'*\oﬁ = |'sst wle s

\C\ \,\:’% = l(o\C\

\6l- 9 rN\I*“'

!
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Prob.

For TE,; mode,

o

1 C
oy Ji (f/f)2 2" }
A
(6]

1
But a=b, R = =
c .0

e Lt
i X }kﬁ[f(f’}

o Nee [1,50].

A 1- (1 L2 ) JI- (1 f)
\

where k is a constant.

f;' 2 1/2_1_ =112 2 2 p-5/2 _E _1_ 12 2 =312 2 -3 _
do, -CO V-5 L -5 G 7 1@ U - (

ar I-(f.1 f)

For minimum value, % - 0. Thisleadsto f=2.962f..

fe

f) I
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Prob.

9 -7
R = 7r,uf=\/7rx12x10 x4mx107 _ ocq 102
O.C

5.8x10’
Joo = EuZ ) 2\/2:;120 : TR
Jerr = %L%+ ;12-}”2 = 104 GHz
1= = j—%: 233810
(a) For TE ;¢ mode, ¢ eq. ( gives

a,+ jBy= \/—cozpe+kxz+k,2+jmpod

2
2,2, & .
=4-0°/u"+—5+ jopo,
a

9 \2 2
=\/—(%] (2.6)+(2’1’T)2+j27zx12x109x4nx10-7x10*
X X

=0.012682 +3373.57

400



o, = 0.012682 Np/m

B

2R Ibf

o' JI- (1.1 ) a7 |

)’

4

_ 2x2.858x107 1
107(233.81)1-(4.651 /12 2 2~ 12

(b) For TE;; mode,

a + jBy=-02 /1 +1/a’+1/b° + jopo,

2

(10_2)2 + 94748 = 002344+ j202.14

J 139556 21+ — ==

o, = 002344 Np/m

2R, [(b/a) +1} 2x2.858x107 [(l/8)+1]
1= (L 7 L@TaY + 1] 10223381 1—(10.4/12)" LA/4) +1
a,= 00441 Np/m
Prob.
0)

g,=¢-je''= ¢~ j;
Comparing this with

g, =16¢,(1-j107*) =16¢, — jl16¢, x10™*

e =16¢g,, =16¢,x107

SRS

For TM3; mode,

401



. 2 2 1/2
f =_[L”T+§2-] =2.0963 GHz, f=1.1f,=2.3059 GHz
a

-9

o =16g,0x107™* =16x27x2.3059x10° x x10™ =2.0525x107*

367

n'= = 30=

=

' ~4
on 41x10 x30x ~0.0231 Np/m

2W1-(f7 ) 2M-1112 = —

a; =
Ee" = 0.8E0 —_— zZ= —l—ln(1/0.8) =9.66 m
a,
Prob.

| ' . e
T S ﬂm\cw Ao eSO ?ﬂ\.\ﬁb\m
doke  siwalan f\du‘;s Q‘cu\a\— Pk Hay =©

e = £ sim (" (fmax (w\%

Tws we  dbiain ofle, R WWPNW o~
L (Yoo ()50 ()
A TE R

|
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v

>

o =i (B (D (T ()
k N P
Has = 75 (1 e £ (r)sis (nm3) o (2

——

Prob.

For TE;o mode,

u' 3x10?
= = =2.151 GHz
Je 2a 242.11x4.8x107

c
loss t t =—=d
(a) loss tangen o

107°
36

c=dwe=3x10"x2rx4x10° x2.11x =1.4086x107*

120
' " 25953

"= 20
on' _ 1.4067x10x259.53

“ TSy 2 -@ 1514y

=2.165x10 Np/m

9 -7
(b) R,=\/”f” =\/”X4XIO xAx107 1 9625x107
O-C

4.1x10’
o = 2R, [l+2(f /f)z}_3.925x10‘2(0.5+O.5x0.2892)
° by h_(f;/f)z 2 a”f 2.4x107x259.53x0.8431

=4.818x10™> Np/m
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Prob.
N - q,\
Vs e EY A B M
o
g"( = lﬂ W: %r%%SC\H%, o
feow = * e Uebes Lo,

M odes fl—tv,mcw)r feagpmam oy (C\Ht\
T&\o\ o 2>
(Ec i\ %3\8
Ty, | 9-el
| My 16
Prob.
u' 3x10?
f”"’ =22 2102 0 GHE

LossindB/m=8.69a;,, dB/m
. For TE;p mode,

2
P [li[%} ] 0.0535 Np/m=0.4647 dB/m
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Prob.

:)5%\ Ctte
Prob
U N
w = =
(/:'% \{ér
V\J—AQH}

3 : L)
SIS IO G A S b A A

e “*01’2_ .../F:a,/,)/f
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R Ty — = \0'07 C\H'_é-/
e T — & = 3216 GHle, T Y

-—

\hve Y= 5G9 Gz, Tgzo QYL—: G 62> G Hz,
TMgae > ¥ et Gre g™
gz — L= C\.’baif:?\;r

TN oA Wi st JRAON a g

avtea
% w,,.eo\o_,\
aped 0 GHE ot 2 TE = T
LRI fn o A2A L CQH?\
Im\\o %376
iMaio 569
My2o 6. 623
”"\‘J.Lo ’I,"];‘L
Thae <635
30 9335
‘ttd\ J\‘W\Zo ﬁ'gic\ _
T on, \M4ie L2345
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Prob.

f,=-’2‘—\/1/a2+1/c2

For cubical cavity, a=b=c

u' u' 3x10°
- — 2 = = = 1061
= 2q" > S T a0’ mm

a=b =c¢c =1.061 cm

Prob.

For TE,¢ mode,
u' 3x10°
fclo =

—= =14.058 GHz
2a  2x1.067x107?
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Prob.

v ‘ .
\.q\ l%’ Cr = \a:c}@ _ ZO\'Q _ _;QJ
Elot = Tp(qaty2e’)
oY, S
“" ’('\(lo\ ™ q\\/z 4’
= _lJ - < .«
i —— : = — 0 D
Q\‘E\O\ - }5— ? W 3, o n—o\\{J
%
> o0 V2
ae N V7 o AXREME T
0C Qe n*’mtﬂxﬂm “ (0 ¢ \'SH
!
R NG GH®
‘&\ {; - cvr 2 H 0 \/7/ :%_116 _
10! =

e 7
24 2 «2-619 ¥t

408



Prob.

S :
a = k |————— , wherek is a constant
\/1- S f)

do

3
W_Z_fuz -
g " -7,

Ly 1
2N

o . :
For minimum a,——-= 0 which implies that

af

3
(f2 _ f*c.?).EfI/Z _ f5/2 =0

or

=43/

Prob.

For the TE mode to z,
E, =0,H, = H, cos(mnx/a)cos(nty/b)sin(pnz/c)

y 0E, jop 0H, Jjap . .
= - — z . /
1 Wy + PEREP™ W (mn /a)H, sin(mnx/a)cos(nny/b)sin(pnz/c)
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as required.

y 0E, jou 0H, jop ) )
E =-—% - =
s W ox w oy 7 (nn /b)H, cos(mnx/a)sin(nny /b)sin(prnz/c)

From Maxwell’s equation,

o 4 9
_jwluHs =VXES =|dx ﬁy oz

E. E, 0
oL Cn i( / /c)H, si / /b /
“=on 0z TR mn [ a)(pr / c)H, sin(mnx/a)cos(nry/b)cos(pnz/c)

Prob.

Maxwell’s equation can be written as
Jos 0E,, y 0H,

W o dy K ox
. For a rectangular cavity,

H, =

W=k’+ ky2 = (mn /a)’ + (nn 1 b)°
. For TM mode, H,; =0 and

E, = E_ sin(mnx/a)sin(nny/b)cos(prz/c)

Thus
jog JE jos - ;
H_= 5 5 = X (nz /b)E, sin(mzx/ a)cos(nmy/b)cos(pzz/c)
y

| as required.

joe 0E, y OH,
Hxs == 2 'y
h® 0x h* Oy

= - %e—(mn /a)E, cos(mnx/a)sin(nny/b)cos(pnz/c)
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From Maxwell’s equation,

g o |
ja)gEs =Vst =|Ix ﬁy oz
H, H, 0
E (A 0. 1 /b /c)E si / /b /
%= Toe 9z "B (n7/b)(pz/c)E, sin(mmx/a)cos(nmy/b)cos(prz/c)
Prob.

f = %\/(m/a)2+(n/b)2+(p/c)2

where for TM modetoz, m=1, 2, 3,..., n=I, 2, 3...., p=0,1,2,...

and for TEmodetoz,m=0,1,2,3,..., n=0,1,2,3,...., p=1,2,3,..., (m+n)=0.
(a) If a<b<c, 1/a>1/b>1/c,

1 1
The lowest TM mode is TM, o with f, = — —2

—z
The lowest TE mode is TEg;; with f = / + b_2

Hence the dominant mode is TEpy

(b) If a>b>c, /a<1b<lk,

' , 1 1
The lowest TM mode is TM; o with f, = L
u |11
The lowest TE mode is TE;; with f, = o2 + —2 ;—2-+ 7

41



Hence the dominant mode is TM, 10

(c) If a=c>Db, l/a=1/c<1/b,

S A |
The lowest TM mode is TM; o with f, =% a—2+_

Y B | 111
The lowest TE mode is TE,o; with f, = %\/—2+ — < 32-\/—2+ 57

Hence the dominant mode is TE)q;.

Prob.

b=2a, c=3a

_u 2 2 7 4 ¢
/= ZJ(m/a) +(n/ 2a)" + (p/3a)’ u'= =

u' 3x10°
2a  2J2.5x3x107

=3.162x10’°

f,=3162ym*+n’ 4+ p’ /9 GHz

TE/TM |mnp |£ GHz
TE 011 |1.9003
TE 012 |2.6352
TE 021 |3.3333
TE 101

™ 110 |3.5355
Both 111 |3.6893

Thus the lowest five modes have resonant frequencies at

1.9, 2.6352, 3.333, and 3.535 GHz
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Prob.
(a)

f.= %'\Rm/a)z +(n/bY + (plc)

a=b=c¢c=32cm, m=l, n=0, p=1, v =c¢

f. =%m = 6.629 GHz
(b)
= Vo0 B0 =§'2>;—10_2\/7z'x6.629x109x47zx10'7x1.37x107
= 6387
Prob.

c
f, = Ec-l-,/m2+n2+p2

The lowest possible modes are TE,q;, TEo11, and TM;;0, Hence

c c 3x10°
=__\/§ _— a= = =7.071 cm
1= 2 N2 NZx3x10

a=b =c=707lcm

Prob.
(a) For a=b=c,
/. =u—\/m2 +n® + p?
2a
The lowest possible modes are TE o1, TEoi1, and TM ;0. Hence,

P a_u'J'z'_ 3x10°v2

2a 2f  2x6.2x10°
a=b=c=342cm

=0.0342
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a_u'\/i_ 3><108\/-2-
(b) 2f,  2x42.25%6.2x10°
a=b=c=2.28 cm

=0.0228

Prob.

This is a TM mode to z. From Maxwell’s eqﬁatidns,

VxE, = - jopH,
o 0 0
1 = — — i | OE OE
Ho=-——VxE=-1lox o 3z | = ( “a,- ”%J
jou OBl o E (x,) op\ dy 0x
But
-2
E,. =200sin30zxsin30xy, L _ 5 L _7=10
ou  6x10"x47rx10 247
j107? . :
H, = 4 x200x307r{sm307rxcos307ryax—cos307rxsm307zyay}
T
H =Re (Hs ejm’)
H= 2.5{—sin 30z xcos307ya, +cos30xxsin 3O7zyay}sin6x 10°zt A/m

Prob.
n=cuy, = -M— = 1.4286
“fm = S Ix10®? T ===

Prob.

When an optical fiber is used as the transmission medium, cable radiation

is eliminated. Thus, optical fibers offer total EMI isolation because they neither emit nor
pick up EM waves.

414



Prob.

(@) NA=n2-n2= +162°-1604> = 02271

(b) NA=sin 8,=0.2271 or 6, =sin"' 0.2271 =13.13°

d %0.
(©) V= na NA = zx50x10 x22271 — 97441
A 1300x10

N =V?%2 =376 modes

Prob.

d -6
@ V=2 [n?-pt="22X10 %2 05 17 — 1260

A 1.3x107°

(b) NA = /n? - n,? = V145> - 1* =105

(c) N=V?%2 =80 modes

Prob.

() NA =sin 0,= /n* - n,> = J153? - 145> =0.4883
. =sin™' 0.4883 =29.23°

() P(YP©0) =103 /10 = 1g04x510 _ 63

1e. 63.19

Prob.
P()=P0) e ¥ "'® =10x 10%°**¥ mW = 3.758 mW
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Prob.

As shown in eq. ( logio Py/P2 =0.434InP,/P,,

1 Np =20 logjp e =8.686 dB or 1 Np/km = 8.686 dB/km,
or 1Np/m = 8686 dB/km. Thus,

a,, =8686¢,,

Prob.
PO)=P1) 10% "% =02x10%4*3"" »W = 3.1698 mW

Prob.
See text.
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Chapter Practice Examples
P.E.

(a) For this case, r is at near field.
H, = Idlsme[jﬂ 2] i Bl‘—ﬂt— £=72,,
’

) 4z r AS
8
/1=27rc___27tx3;<10 —6r, ,B=£7£=l
1) 10 A 3
67 .
0.25)—-sin30° / .
% _( )10() 1 ]1/3+ 1
#s = 2
4 6x/5 (6x/5)

H =Im (H,,Sej“" a¢) Im is used since I=1,sin ot

=0.2119sin(10° - 20.5%)a, ma/m

(b)For this case, ris at far field. g= —l—x 2004 =0°

70.252%) 2 Sin60° e

A 100 i90°
H, = = 0.2871¢’
¥ 4n(67 x 200) ndm

H = Im (H,a,™) =02871sin(10° +90°)a, pdm.

P.E.

(a)l=%= L5

(b) I,=83.3mA
(¢) Rrag=36.56Q, Pryq = é(0.0833)236.56
=126.8 mW.

(d) Z.=36.5+ j21.25,

365+ j2125-75
T 365+ j2125+75

=03874£140.3°

47

Je*f”" =0.2119£-20.511°mA/m



_ 1+0.3874 =296
1-0.3874 ——

(%]

P.E.

41U o
P

rad

D=

(a) For the Hertzian monopole

U@®,))=sin’0,0<0<n/2, 0<¢<2m, Upx=1
7:2 2x

4

J sin? sinodbdg = -

8=0 $=0

P

rad =

D=

It

47(1)
4

| %
(b) For the % monopole,

cos’ (1 cosf)

U(9,¢)= mze :Uma)(:l

% 2% cos ( cosG)
. j ———~ " sinbd9db = 21(0.609)
4n (D)
"~ 21(0.609) ~ 328
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P.E.

(@)  Prnd=1,P, =0.95(0.4)
AU, 4n(05)

= TP, T 04x095 133
41(0.5)
b D = = 20.94
(®) 03 ==
P.E.
% 2n 1[2
I.)rad B e;[M;[oSine sind e = 7’ Unnax = |
I
) _ )s46

D= RZ='—_—_—

P.E.

(@ f(0)= |cosG|cos[é(BdcosG + a)}

where a=mn, Bd=2—n.&=ﬂ:
A2

f(®)= |cosB|cos[§(n cosf + ﬂ)J

J I

unit pattern group pattern

For the group pattern, we have nulls at

Yocosd+ =T, 6=t7
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and maxima at

%(cose +1)=0 ——» cosb=-]

Thus the group pattern and the resultant patterns are as shown it Fig,

(b) £(8)= |cose|cosB(Bdcose + a)]
where a=‘77, pd=m/2

f(8) =|cosb| cos[% %cose - %J]

unit pattern group pattern

For the group pattern, the nulls are at

7/ (cos6—1) =~/ 05 180°

and maxima at

cos@-1=0 > 0=0

Thus the group pattern and the resultant patterns are as shown in Fig.
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P.E.

A c _3x108 B

A =—G,, A=—= =3
© qn f 10 "
For the Hertzian dipole,
G, = L5sin’0

2

A 5
A, = i (1.5sin” 6)

150 15x 9
A = = = 1.074 m’
Gmax 4n 4in ol
By definition,
B=4F PORL LY
r e p 4, 1074
= 2793 uW/m’
P.E.
21 E
(a) G _4nr2Pave _41" 27 _21tr2E2
47 Prad - Prad - nPrad

6 -6
___27rx400x10 x144:<10 ~0.0096
1207 x100x10

G =10log,, G, =-20.18 dB

(b) G=n,G,=0.98x0.0096 = 9.408x10"*
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P.E.

e’k

c _3x10°
f 6x10°

1
[xzcdzc P r

where A= =005m

A, =07na’ = 07n(18) =7.125m’

4nd, 4n(7.125)
G, = =

A2 25x107*
_[25%107x(3.581)" x10 x5x 60x10° /A
(47)’ x0.26x107

=3.581x10*

=1168.4m =0.631 nm

At r= rmé =584.2m,

G,P.. 3.581x10*x60x10°
pP=—d"rd _ =501 W/m®*
47’ 47(584.2) =T
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CHAPTER Problems

Prob.
. J \ ES
IR I B
N - a5 Vw
K =20, \i:\m? = ,l;\_)(\a\ =2
\L’\M' Y‘.‘z_bo) Ng\m\p: EB B \Qp—\ \/\w
20
Wlees = (el 147 443 whlv
i |22 7
O o = £22 VI W
(P \Er— -—l -+ E - 2. 6} m ~
A - 2 d-oh ¢
>N
Prob.
}‘=%=3;01708=30m
|E '=Msin9
o 4nr

At (100,0,0), r = 100m, 0=§, n=120m

LD 2 02)1)= 0426 Vim

E |=
2 4(100) 30
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Prob.

d}' A
From g ; Reoa = 19:'\& B 2%« *H\
AR
- oy
on —_ \ A\ L W
W\/*W"— V\l:\f‘%:‘?:;‘_'/(\w_wwtﬂ .
Cc - /N
%V)‘- (\\N: % = ‘——J——"’—‘ ’_——'\:’ 0\
’F \5}4\'\{'5)"(@\' (
e Do et \; T 353
y lzom\ (A - LV - 3 |
Prob.

r=10, 9=300, ¢=900

; -3
H, = J(2)27)5x10

210 sin30e™/*°" = j0.25 mA/m
X i
n=120r =377

E, =nH, = j94.25mV/m
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Prob.

Prob.

\ = C - ’)b‘f\\og :150y\,\>> c\./\:\wx
\a\ '?:\CJ \{V\P\?./ N = ¢ |.5~M0£’

vr o A briom éz\\ae\&- - %lb’gﬁv
? (A1 =4 (7
_ 40(\ o
Yod =
= Mf \,—Q\Q‘\NM& C\,\'}%\‘
B Ne 2t o7 =4
© W -
= ¢bls = 3656 o) = JASZT

Pv\g\ck = ?)%
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Prob.

Using vector transformation,

N Y sind cos¢ , A, = A,,cosd cosd , A4, =—A, sing

5077 . .
A = (sinfcosga, +cosfcosda, ~singa,)
Vx A, 100cos@sing _;, 50 . ., —ipr
=H =————c¢ ibq -— (1= jBr)singe #a,
u pr-sind ur

—ﬂz—cosecos g1+ jpre " a,
ur

At far field, only I term remains. Hence
r

5

H = 430 Pe " (singa, — cosGcos ga,)
ur

i -Jpr
E =-na xH =M7e—(sin¢a¢+cosﬁcos¢ae)

5 r 5
ur

E= Re[E,ej”’] = wsin(a)t — fBr)(sinda, +cosfcosgda,) V/m
MY
Prob.
VxH=a—D=£a—E —> jweE =VxH,
ot ot
E, = ;V xH,
joe

But B, =uH =Vx4 —— Hs=—1—VxAs
Y7,

1 1 [V(V-4,)-V4, ]

- VxVxA =—
jous joue
But V’A, + 0’ ucA, =-uJ, =0 —— V’A =-0’ucA,

E =

V' 3
- a)zlugAs.i.M:_ijs.’.M
joue joue Jjoue
as required.

E =
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Prob.

(@) f(0)=

cos[ % cos@)

sinf
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-)40/3 _\Wf3

Fes = ) ]Lon xbo 2 - WO{yO*Q
216 \00 S ‘\/
B N;\.l-")\% \)\'“
._Jl-\—
*(:‘T\) 18 ! -%% MA’"\ '
1n(%°°§
Prob.

This is a monopole antenna
¢ 3x10®

=200

f 15x10°

K(A ,hence it is a Hertzian monopole.

R ~—1-80 (le = 40n (1)2—987 Q
rad - 2 n x 200 - o m
P =R 1Iolarad
2
2P 8
2— d - b
L == 987w 107 = 8104

rad

L I,=28474
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Prob.

4o0 W R

i -
1= v Bnr e t=
! ) );1\ >\ :H'/‘L/

2 - A
[\:C;_}‘,}i-\\—f—%cujsm/ %k—_ A Y4
: B PV
;“\'Sﬂ‘f\ ,\\\Q “‘(Q'V\,QM PYQ
. L —Q"Sﬁi &(g\—w(gws\)awg
fos= W™ f(), W A
2 QY

@ r=\ow, o=3¢ ‘ i
f(e)z = (£ wj’b\ —o %
S S S

S " ).)bo

| S
Les = )oOr6 e T (0'1403\; 4-214—1”30' \/}’“'
|© 5 \
Q,\ x=\%°, &= QOQ, Q(e\)z WM)&ULS"%

S 5 0V

SIG

o 1403

—-') PAISRVARN

o = JE0XT €T e = 0 DSBS e

\o°

Prob.

Let us model this as a short Hertzian dipole.

2
R, =807 (%] =807°(1/8)’ =12.34 Q

Prob.

8
ol=5m, h=S=2210_ g
[ 3x10

o 5 1,1

__.__(__

A 100 2010

al)z 80n*?
- 2 -_— = =
R, = 801 ( : 200 19740
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Prob.

Change the limits in eq.( Vto + /) ie.

pl e/? (]B cosf cosps+ B sm|3t) Y
dnr ~B2cos’0 + p? A

u]em’ 1—cos(——cos9] cosf E n(B—l- 9]

>rr Bsm 5 sin 0 cos251 2cos
But B=uH =VxA

1[a 24,
H¢:= ;[a—r(rAe)“ 30 ],

where 4, =-4,sinb, 4, = 4, cosb

RTINS IO s
o = Inr B sin® CO CcOos [V} COS Si CcOs anze ......

For far field, only the ! _term remains. Hence
r

1 ! 1 l
[sinB—cos( E-cosE)J -~ cosf cosB— sin( [3_ cosOJ }
o 2 2 2 2

2nr sinf

l
cos( — cosej coS B—

sinf

4, =

£}

I,
==

(b) f(0)=

cos(n cosB) + /

For I=1,f(8)= sind
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3
cos( —g—cosej
sin

3\
Forl=—2—,f(9)= o

cos@sin (27 cos )

For [ =21, f(8)=

sin@
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Prob.

Z, =73+ j42.5

_Z,-Z, 23+j425
S Z +Z, 123+ j42.5

r =0.3713£4252°

I+l 13713 o
ST ICW T 1-03713 T &=

e~

Prob.

N T
= 320 Wb (‘g\ N \
/\:.Si— = ?)*LQ% :?/ (.—_“ \W\I /\D :—:;D
Lo A S b L
@) l{‘ N = \/ R(uO\ = 326W %I\MQ“’
= '51\/L'

WU N2 loa = 0037981200
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(@) _c 3x10° _
f 100x10°
nalS E_ r\}
=L =
Emax rkZ Io T]TIS
-3 2
2010 X330 071 mA (s=Nar?)
1207°7(0.2)*100 =
4 o2 4_2 4 4
) R, = 320; §* _ 3207 7:3((());2) x10° _ ooy
P, = %Ioszd = %(9.071)2 x107°x 6.077
= 0.25 mW
Prob.
LS U
f 80x10°
S =Nnp!
3207*'S*  3202°N’n’pl 2 A*R_,
R= O 2 2 > N° = 3 24
A y) 3207°(1.2x107?)
4
N =GV X8 _oig006 —> N=498

3207°(1.2x107%)*
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Prob.

cos28 _;
T e g
n,r
a.xa, =a, —> a,xa,=a, —— a,=a,

H

(a) Let H, =

_ c0s26 eI
* 1207r ¢

®) P _|E, |2a =cosz(26’)a
ave 277 r anz r

2 T
P, = 1 Hcos 226’r2 sinfd@d¢ = ;(271') Icosz 20sin0do
2n r 2407 o

But cos26 =cos’9—-sin’ 8 =2cos’8-1
1 ¥ 4
=—— |(2cos®> 8-1)*d(cos @
rad 120 6[( ) ( )
= —% 6[(4—cos‘ 6 -4cos’ 0 +1)d(cos9)

V2

1 {4cos’@ 4cos’d
=— - +cosé
120 5 3

Ll 4,4 44 14

T 120005 3 5 3 12015

=7.778 mW
()
1 120°
Fus =10 60[ (2cos? @ -1)2d(cosh)
1 (4cos’@ 4cos’é 120°
=—— - +cosé
120 5 0°
i 4, 1. 4 1.1 4,1 41_ 1. 1_1 1 1
= =-{tr—)--{-)-----r)r-+-_+—)y--]=—1+-—-—-—
120[5( 32) 3( 8) 2 5(32) 3(8) 2] 60[40 2 6]
=5.972 mW
which is i'—9£=O.7678 or 76.78%
7.778 e
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@ Ca- w(s, &

Vawe o

W= 3 bopet coee )
AT ) NS\L:L

TN St
L CSvm <

We, D= ¢ (e = 1 : gg e dedd

— Sin
UNane = ‘%,“» S WA = =

2%/
Co\(g;oco‘\— 0. 6193

W o a Vol b - wowt %Vﬂ-\", .
can o4 em (98

) Sy TG
Ca(® =40 o5l
Qu (@:(oo‘) = |'54 62
@) Tt Saws ox Ha d 2o c&é@o\*/
Cale = 40%) = 2-l?
Ca (6= o= I2s
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Prob.

ml Bdl -
NP B sinfe "

(@) Ey = dnr
dl
= 80n [ A)
4rr. L —|E, |
4nr’P,, 2p"
G, = P T 2
rad IR, ,

2

o () L '

T 1% 80n’\dl n 16n°%r?
G, =1.5sin’ @
(®) D=G,p =15
© A= ,1_2 G, - 1.5A4%sin?* @
ar

2
(d) R,,,d=8oﬂ2(%) =3.084 Q

Prob.
Rdc-_L’ S =ra’
oS
/
Rdc= 2
orna
R <R R a /
17 Thac 26 - 25 ona’
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1 1

- =1.7x10"m
NEfuo  mx15x10°x47x107 %5.8x10

Now 8 =

Alternatively, since 8 ({(a , current is confined to a cylindrical shell of thickness § . Hence
/

Ry= R = ag(2na)d
R
T2 skt
Substituting yields
R, =1.2371Q
R, =730
g, = —out B _9g33%

TR, +R  73+1.2371

Prob.
(@ Py,u= J\-Pmd.as= P,.2nr’ (hemisphere)

b _ Bu __ 200x10
¥ 2mr’ 2m(2500x10°%)

=12.73uW | m*

P =12.73a, uW/m®.

(Eg)
(b) Pave - Zn

E o = 2Py, =240mx 1273 % 107

=0.098 V/m

437



Prob.

? ij'hs w& ]

C&_ M _ 4—‘\7((1' WM‘ o L
(e SR
_ « ™ .

bx § e -4 :5 g 1Lym® vad §%0 a4

©=0 Qs
()

- ZB%NQH EWSJJMW - asid

©

o ‘ . 7
C&: %S\"’SSW&_'-" Tj— (/\J\,mk.
Prob.
p o LB’ o 4 Lnpdl)’
rad = "3on2 3T g
b - 1,’nB’(dl)’sin’ 8
ave = 32n%r?
P, sin’0 1.5sin’0
= 2 2 121! = —2
P, 32n°r 4nr
p - 1.5sin’0
ave — 47”"2 rad
Prob.
(a) Unax = 1
U - ‘Prad - Iudg
ave 41[ 41‘[

= 4% I Jsinz 20 sinBdd dp
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- 4L (23)’]‘(2 siné cos 9)2d (—cosd)

ZI cos’ 0 - cos’ 0 d(cosO)
0

[cos 0 cos BJ

=2
0
2,28
L5 3 s
U,.=05333
U
D=—"%=1875
Uave 1———
b)) Umnx=4
1 sin@
U — dQ—— doéd
@~ 4x " J-J‘sm ¢
175 %
=-—I ] Icosec@d@——]ns/—
Ty
Uave=0.5493
U 16
D=_—mx = =9.7092
U, 3nf3 ——
(€) Umx=
1
= — 2sin’ @ 6d9d
yn II sin’ 0 sin’ ¢ sin ()

Juae
KI sin’ §dp ]1 cos? 6 )d(- cos8)
0 0

5’0

f_[ 9]‘_1 z+2]_1
T3 T T T34

0
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(®)

Q
"
-k|~

4L j [sm2 Osin 6dOd ¢
0

)i [00336

1 "_1[ z+2)_11_z
20 3 "2\ 3 T 237

0

- cosO]

U, = 06667

U

m = 1.5Sin’0

G,

Gy omax = 1

é,max

D

J‘J.4sm 6 cos’ ¢ sin@ D dp

ave

-‘-IIN

]cos’ ddd ](1— cos? 8 Jd(- cosf)

17%1 cos’ @ 4
=;J§(l+cos2¢)d¢( 3 -cose] .

_ 1 sin2¢ \[*( 4
) (‘“ J[s]

2 2
1 4 2
<5033
U, = 06667
U
Gmax = T - 6 sin’ § cos’ ¢

ave
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—~
(¢]
N’
C:
B
<

% 3
10 %1 cos’ ©
= Jz(l—cos¢)d¢(— 3 ]0
_L‘)_(_%][i) . _Ji[l ]
=3\l esin o), " 1202
U, =01514, U, =5
Gymax = =33.02cos’ Osin ¢
D=G,,. =33.02
Prob.
P~ |E| [ sm26 a
2n 2nr
2 2r
sin ‘9 infdodg = L am [ @—cos? )d(—cos0)
” 0
B 1,,2 cos’ 8 2 :

1200 3 9y =
I} =90P,, =90x50x107

— I,=2121A
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Prob.

(a) The resultant pattern is obtained as follows.

120° 1£0° 120° 1o

A2 A2 A2

(b) The array is replaced by by + +
w2 snn

where + stands for —>

20° Ln
Thus the resultant pattern is obtained as shown.

o
1£0° 1./ 90° 1 £180° 1.£270

n
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A4 A4 A4

H[_J

® A2,
_

Y

\_TJ
o
v \

Prob.

This is similar to Fig. ( except that the elements are z-directed.

~i0n ~JPr
E =E,+E, Jﬂﬂldl[ m9le am+sin02e—a,,2]
4r n
1 2

v d d

where r, =r——cosé, r,=r+—cosd, 6 =6,=60, a,z=a,=a
1 2 2 2 1 2 2] 62 (]

E = Jﬂﬂladl sin9a0 [ejﬂdcosalz +e-jﬂdcos€/2]

: 4

s

E =2 n’g Ld siné cos( pdcosH)a,
7
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Prob.

2
E

5

P - _ 25sin’ 26
ave ~ 27] a, = 27] r2 a,

25 '
P,==— H(Zsine cosh)’ sin@ D db

P.= 240m (2n)j4sm 8 cos’ 8d(- cosh)
=10 I cos’ 0 - cos’ 6 }d(- cosb)
_ 25[cos6 cos’O] 25( g_+_2_)
S 120\ 5 3 )|, 1200 5 3
P, =5555 mW
Prob.

f(®)= lcose cosd)l

For the vertical pattern, ¢=0 — £(8) = |cos8| which is sketched below.
1 r - v
0.8 |
0.4
0.2 K ,,//
o —— ]
0.2 |
-0.4
-0.6 /
-0.8 e -
IR P = ____L__ i ,A_,,._ﬂ-;—"'"”"f'/ . J
-0. - .1 0 0.1 0.2 0.3 .4 0.
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Prob.
2
@ Pu= |PudS= 5’; (ENES

004 ( 1 19
[’—) j IEO’ST_I'Z sin0dd df

= I6n° \2n ,
0.04( ] ] . (,
= =3\ 3700 (Zn)(!cosod(— cos0).10

_ 004 1_0,[ e]\ 0 2
T 1677 120 5 Mo 480775

P = 08443 W

(b) Gd = A (I])(g’(b) = 4K;I)ave
rad

rad

i 20.04cos*e 106 12n°
= a0 100
16n°r7 "240m 100

G, = 5cos’ 0
Since cos60” = %,

1 4
G, = 5( 5} = 0625
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Prob.

I 2
(a) AF = 2cos[5(ﬁdcose + a)}, a=0, pd="Th=2n

AF = 2cos(n cos)
(b)Nulls occur when
cos(ncosf)=0 —— ncosO=1n/2,t3n/2,..

or
0 = 60°,120°

(c) Maxima and minima occur when

d
< =0 ——  sin(xcosf)nsingd =0
do
ie. sinf=0 —- 0=0°180°
cosf=0 ——> 06=90°
or
8 =0°,90°,180°

(d) The group pattern is sketched below.
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Group Pattern

)
]
¢

momonagen

ercccbassnchasen
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Prob.

(a) The group pattern is
f®)= cosB(Bdcose + a)]

f(@)= cos[%(%{%mse +7rj]

= cos(zcose+ E—J = —sin(zcosej
4 2 4

Maxima occur when € =0,7 and nulls occur for @=+x/2

‘I'he group pattern 1s shown below.

A 1(27 A
(b) For d —E,f(e)—cos[i(—/—l—.gcose+7r)]

= COS Zr—cos0+§f— =—sin Zcos¢9]
2 2 2

Maxima occur when € =0,7 and nulls occur for @==x7/2
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The group pattern is sketched below.

P P 2nP

A = peoencd r el r
° P, |ET |E, [
2n

_ 2x 120m x 2x 107%  48n

= = 0.6031
25x 10°x 1078 250 =——
Prob.
22
Ae = 4_7t d
where G, = 4nu _ 4nlU
ave Prad
nl S .
But E, = an;’sinOe"p’
2
U=r:P = rz,E#-' _ 77”2102‘5'2 sin” 6
27 22
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177r‘1 ‘s J-

P = jpcm_ [sin® 600

2y 202
- ol

;\'4
nn*l S sin® 0
4
G, =4r—; 23’ - EPRY
nx°l, S 8_7r 2
24 '3
8

g2l

322 3x9(1)2
A,= P sin’ 0 = % \32) = 0.2686

Prob.

(@) ForN=2, f(8)= cos[é(BdcosB + a)J

A
=0,d="=
4

- cog 3( 3 2eos0 +0] |- cof Zon)
f(e)—cos[z . 4cos9+0} co 4c059
Maxima and minima occur ét

o Feos)

ae[co 4c059 }-0

. R

sin@ sm(;cose) =0

sinf=0- 0=n,0 and f(6)=0707
sin(%cosGJ - cos=0- 0=290°,7(8)=1

Nulls occur as %cos& = i--’i ir—r- ...(No Solution)

2 2
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The group pattern is sketched below.

(b) For N =4,

sinZ(Bdcose + 0)

AF =

siné(Bdcose +0)

sin40 _ 2sin 28 cos 20
sing sin®

ow, = 4¢0s20 cosb

1
AF = 4cos(BdcosG) cos(-z-ﬁdcose)

21 ) of 1221
f(B)—cos( y .4c059 co8\ 33 cosf

T T
= cos(}-cose) cos(;cose)
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The plot is shown below.

Group Pattem
N=4

------------

Prob.
xZ
B =P4,=P=G,
4n
A’Z
Pr,max = F, "E d max

But G, . = D=164 and

po B, _c_3x10° _
7 f 60x10°
END 9x107%x25x% 164
Pr,max = =
8mn 8n(120m)

= 38.9 nW
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Prob.
G, =10°,G, =10°2 = 1585

c 3x10°% 1
=-—= 9 = {J. Zm = —
f 15x10 50
A ) 0.02
P.=G,G, (—) P, =10* 1585( :
dA qnr) (1385) 47 x 2456741 %107
=2.129x107" W =21.29 pwW
Prob.
G, = v = 4nr2P‘"’e or P =.%‘_f_
Uave Prad e 47tr2
G, =10°% =25119
_25119x7.5x10°
ave — 2
4n(40 x 103)
= 0.937 mW/m’?
Prob.
A2 A?
G,

a A =——G ’ Ar=—
() er 4” dr el 4

2
) 320

IR 4 4
‘Pr = Gerdt (—) R = [FAer ](FAelJ[

4rr

c 3x10%

b

7 100x10°
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2 2
P - (0.132?) (;90) 28
' A(10°)  ——

Prob.

2
(a) P,-=E—=—I@—)|Ei|= 240nPraszd
M, 4nr 4nr

|E,| = 1,/6013,adG,, = ﬁ\kox 200x10° x 3500
r

120 x
= 1708 V/m
b) |E|= ‘/Hf’——\/ 1708 %8 1 36 uvim
( 15N 4nr? T Vamx 14400x 10° T =22
1708°
P = Po = 8) = 30.95 mW
(C) ¢ ,0’ 2401[ ( ) &
|E’  (11.36)*x 107"
d) P-= = = 1712x 1077 W/m?
@ £=5 240 x 10 m
8 2
A= 3x108 —02m, 4, = A G=0.04><3500
15x10 4T i

P.=PA, =1712x107 x 1114 = 1907 x 107"?

(AG,) 0B (02x3500)° x8x2x10°

or F = 3 = 3
(4n)r* (4n)” x 127 x 10"

=]9Ix10°° W
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Prob.
G,(dB)=40dB =10log, G, —— G,=10"""=10"*

3x10° 1
A=c/ = =—m
/ 6x10° 20

10*Y’ .
) — | (1)8x10 2
= (4G,)'oB, \ 20 10

@ryP (47 10x107 9922

5
r= 10 =17.82 km
56124 =———
Prob.
(XGd)chmd _ (4n)’r* P,

- rad —
T (4m)’r ‘T (AG,)o

T 6x10°

3x10°
€30 _ 1 = 250m
20

40 =log;, G; —» G, = 10*

(4m)’ (025 10° )4 w2x10°°
P

rad = / 2
(——- x 104] x08
20
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Prob.

ic + ir=0; hence Cdv/dt + vVR=0

or dv/iv=-dt/RC

sothat Inv=-t/7r +Inve, 7 =RC=125x10"7x2X10°=0.25 us

v =vee? T, v(0) =v,= 1500

-125%10™"
ic = Cdv/idt = C(-1/7) vee¥T= ——
) (1) o 0.25x10™°

=-0.75¢"" A, 7=0.25 us
Prob.
30dB = log—%—» B 0% = 1000

_ 2 3 2 _ [ Gd )2
But P’—(Gd) (50X47t><12) f=h 800xw
(G,, Jz_i_ I _( ! ]2
800x) P, 1000 \j0JI0
or G, =" _ 79476

10

G, =10log79.476 = 19 dB
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Prob.

Gy =25=10log;y Gy = G, =10%° =31623
G, =10° = 1000

1 3Ix 108
47 x1.5x10° 1.5x10°

2
P,=316.23><103[ j x200=7.12 mW

Prob.
Zg I] I2
+ ) +
Ve v, 4 B Vs Z
C D

By definition,

Vi = AV, -Bl, (1)

I;=CV,-DI, 2)

Let ¥,and 7, be respectively the load voltages when the filter circuit is
present and when it is absent.

V=17 - b7
CZ, +D
~ V,Z, ) V,Z,
V. —
Z, + 4 (cz, +D) Z, + AV, - Bl, (cz,+D)
1, CV,-DI,
V,Z,

Z, + 42, + B (cz,+D)
CZ,+D ‘
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_ Vg ZI. ’
- (z,(cz,+D)+ 4z, +B)

_ v,z

2 = (Zg +Z,)

Ratio and modulus give

(z.(cz, + D)+ 4z, + B)
Z,+Z,

v,
V2

Insertion loss =

(z,(cz, + D)+ Az, + B)
Z,+Z, |

2

V.
IL = 20log,,|-2
VZ

which is the required result

= 20log,,

Prob.

3
= 10 =17.1m

J
@ Rec= S = 096x10 x6.1x107  LAmeL

E

I
(b) Ree=——, 7a’=0.8x1.2=0.96 or a=0.5528
wo

1 1 1

5= - _
\/Itf;tO' \/7r><6x106x47z'x10'7><6.1x1()7 12.1x 7 x10*

3
R, = IOOOxlj.lxerIO7 ~51.93
1.2x107 x6.1x10 —
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Chapter Practice Examples

P.E.
For the exact solution,

(D2+1)y=0 —> y=Acosx+ Bsinx
y(0)=0 — A =0
y(1)=1 —» 1=Bsinlor B=1/sin1

Thus, y=sinx/sin 1
For the finite difference solution,

" y(x+48)-2y(x)+ y(x-4)
y +y=0 — A2 +

y=0

or
y(x+A)+ y(x-4)
2-A?

y(x)= W0)=0,y()=1,A=1/4
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P.E. By applying eq. ( to each node as shown below, we obtain

the following results after 5 iterations.
0 0 25

10.01 283

7

1Y
44.57

FsagiiE| AT

4446
4426
2706 | 4376
4248
373
_e__

V4 50

JU

1

(=]
(=
—_

hikth

WAV}
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P.E.

(a) Using the program in Fig. with NX =4 and NY =8, we obtain the

. V(2,4)=3108 V
potential at center as @H=3L08 ¥

(b) Using the same program with NX = 12 and NY = 24, the potential at the center is

V(6,12) = 42.86 V

P.E.
By combining the ideas in Figs. and and dividing each wire into
N segments, the results listed in Table is obtained.
P.E. (a)
3
2
4 1

For element 1, local 1-2-3 corresponds with global 1-3-4 so that A; = 0.35,

P] = 0.8, P2= 0.6, P3 =-1.4, Q1 = -0.5, Q2 = 05, Q3 =0

06357 01643 -08
cV =101643 04357 -06
-08 -06 14
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For element 2, local 1-2-3 corresponds with global 1-2-3 so that A; =0.7,

P, =0.1, P,=14, P3=-15, Q;=-1, 0;=0,Q;=1

03607 005 -04107
C®=| 005 0.7 -0.75
-04107 -0.75 11607

The global coefficient matrix is given by

1 2 Q@ 1 2) a
C( )“ + Cll( ) ClZ ) C12() + C13( C13 )

- C21(2) C22(2) C23(2) 0
CZI(I) + C31(2) C32(2) C22(l) + C33(2) C23(l)
C3l(1) 0 C32(2) C33(l)
0.9964 0.05 -0.2464 —0.8
| 005 07 =075 0
| -02464 -075 1596 -06
0.8 0 -0.75 14
(b)
3
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For element 1, local 1-2-3 corresponds with global 1-2-4 .
P;= 0.9000; P,= 0.6000; P;= -1.5000
Q= -1.5000; Q.= 0.5000; Q3= 1;

A= 0.6750;

1.1333 -0.0778 -1.0556
CcY = | -0.0778 02259 -0.1481
-1.0556 -0.1481 1.2037

For element 2, local numbering 1-2-3 corresponds with global numbering 2-3-4.
P;= 0.8000; P,= -0.9000; P;= 0.1000;
Q= -0.5000; Q2= 1.5000; Q3= -l;

A= 0.3750;

0.5933 -0.9800 0.3867
c? = -0.9800 2.0400 -1.0600
0.3867 -1.0600 0.6733

The global coefficient matrix is

(C(x)l ] C,® 0 C,"
C- CZl(l) sz(l) + Cu(z) CIZ(Z) Cza(l) + C13(2)
0 ClZ(Z) C22(2) C23(2)
_C31(l) C,0+C,® C,® G0+ C33(2)J
1.1333 -0.0778 0 -1.0556
C = -0.0778 0.8193 -0.9800 0.2385

0 -0.9800 2.0400 -1.0600
-1.0556 0.2385 -1.0600 1.8770
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P.E.

We use the MATLAB program in Fig. The input data for the region
in Fig is follows:

NE =32; ND = 26; NP = 18;
NL=[12 4

L O\ W W
\O W K

10 9
6 10
11 10 -
8 12
13 12
913
914 13
910 14
10 15 14
10 11 15
11 16 15
12 13 17
13 18 17
13 14 18
14 19 18
14 15 19
15 20 19
15 16 20
16 21 20
17 18 22
18 23 22
18 19 23
19 24 23
19 20 24
20 25 24
20 21 25

21 26 251.
X=[10152.01.0152.000 051015 2.000051.01.52.00.00.5 1015

2 0.0 0.51.01.52.0];
Y=[0.0 0.0 000505 0.51.01.0 1.01.0 1.0 1.5 1.5 1.5 1.5 1.5 2.0 2.0 2.0
2.0 2.0 2.5 2.5 2.5 2.5 2.5 ];
NDP=[1 236 11 16 21 26 25 24 23 22 17 12 7 8 9 4];
VAL =[0.0 0.0 15.0 30.0 30.0 30.0 30.0 25.0 20.0 20.0 20.0 10.0 0.0 0.0 0.0
0.0 0.0 0.0];

D TAUNU A WRON
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With this data, the finite element (FEM) solution is compared with the finite

difference (FD) solution as shown in the table below.

Node # | X Y FEM FD

5 1.5 0.5 11.265 11.25
10 1.5 1.0 15.06 15.02
13 0.5 1.5 4958 4.705
14 1.0 1.5 9.788 9.545
15 1.0 1.5 18.97 18.84
18 0.5 2.0 10.04 9.659
19 1.0 2.0 15.32 15.85
20 1.5 2.0 21.05 20.87
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CHAPTER Problems
Prob.

Exact solution:
(D*+4)y=0 —— y(x)=Acos2x+ Bsin2x
y0)=0 —— 0=4

y()=10 —— 10=DBsin2 > B= ,10
sin2
Y0 =102
sin 2
$025)=1038% _ 5 577
sin2 =——

Finite difference solution:
x+A)=-2y(x)+ y(x—A)
y(x+4) 2(2 )AYE=8) | ) =0
(x+A)+ y(x—A) =2y(x) - 4A%y(x) = (2 4A%) p(x)

or

_y(x+A)+ y(x—A) _
y(x)= G_ar) A=025

Using this scheme, we obtain the result shown below. The number of iterations is not
enough to get accurate result. The numerical results are compared with the exact
solution as shown in the figure below.

025 05 0.75 1.0
0 0 0 10
0 0 5.7143 10
0 3.2653 7.5802 10
1.8659 5.398 8.7987 10
3.0844 6.7904 9.5945 10
3.8802 7.7904 10.1142 10

Iteration

W hWwWwh—~O
C OO O OO

466



12 ¢ L 1 ] 1 1]

—— @axact continuous
O exact discrete
x numetical

solution y

0 01 02 03 04 05 D06
domain of x

Prob.

(2)

dV _V(x+Ax)-V(x —Ax)
dx 2Ax

For Ax = 0.05 and at x =0.15,

dV _ 20134-100
dc  005X2

= 10117

467
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dW _V(x +Ax)-2V(x)+V(x—Ax) _2.0134+1.0017 - 2x1.5056 _
dx? (Ax) (0.05)

_
I
(o))

(b) V= 10sinhx, dV/dx =10 cosh x. At x=0.15, dV/dx=10.113
which is close to the numerical estimate.
d®>v/dx*=10sinh x. At x=0.15, d’V/dx®=1.5056

which is slightly lower than the numerical value.

Prob.

VZV_az_V_i_léK_l_ﬁzV
T8t pdp &P

=0

' The equivalent finite difference expression is

V(po +Ap’zo)_2V(po’zo)+V(po —Ap’zo) +__1_ V(po +Ap’zo)_V(po _Ap’zo)
| (bp) P, 200
g

0

, V(20r7, + 82)- 2V (p,,2,) + V(p,.2, - Az)
(Az)° )

If Az= Ap = h, rearranging terms gives
vV -lV( +h)+lV( h)+(1+—h—)V( + h,z,)
(pa’zo)_ 4 PosZ, 4 Pos2, zpa p 2“0

LR

+(1- 20,

W(p-h,z,)

as expected.
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Prob.

SV 1oV 1%
Tt ———+— 0, (D

VI = — =
207 pap pop?

an _ V +l" - 2Vm" + Vm+ln

m ’ 2
P p)? @
ﬁZV an+l _ 2an n an—l
# T ey ©
a_V _ V"m+l - Vnm—l 4
ap mn ~ 2Ap . ( )

Substituting (2) to (4) into (1) gives

Vit =Vips V" =W, 4V, " V™ -y

m+l

+ 2 + 2
mAp(24p) (ap) (mApA¢)

V=

1 1 1 1
= l-—W " -2V." + 1+ —)WV. "

(an+l _ 2an + an-l )

as required.

Prob.
Vo= Vi+V,+V,+V, =10—40+50+8O ~ 95V
’ 4 4 —
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Prob.
Vi=025(V2+30+0-20)=Vy/4+25
V,=025(V;+20+0+30)=V,/4+12.5

Substituting (2) into (1),

Vi =25+Vy/16 +3.125 ____, V=6V

V, =V,/4 +125 =14

Prob.
1p 1072 x @xw”
k= % = ”_9 =36
g, 10
367

1
Vi = 1 (V,+30+0-20+k)=V,/4+11.5

1
'V2=Z(V,+2O+O+3O+k)=V|/4+21.5

' Substituting (2) into (1) gives

V2 =Vi/4 +12.5 =26

470
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Prob.

It can be done in two ways.

Iterative method:

Vi, j)= %[V(i +1L, )+VE-L)+VEj+D)+V (G, j-1)]

Iteration Vi V., V3 V4
1 25 56.25 6.25 40.625
2 40.625 70.3125 20.31 47.656
3 47.66 73.83 28.83 49.41
4 49.41 74.707 24.71 49.85
5 49.85 74.93 24.93 49.96
Band matrix method:
At node 1,
—4V, +V,+V, =-100-0
At node 2,
-4V, +V,+V, =-100-100
At node 3,
‘ -4V, +V, +V, =0
| At node 4,

-4V, +V, +V, =—-100-0
In matrix form,
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1 -4
1 0
0 1

NN X

|

}

[—100]
-200
0
| -100

Using calculator or MATLAB, we obtain

1 [-4 1 1 ol [-100] [50
| |1 -4 0 1| [=200| |75
,| |1 0 -4 1 0 25
v,] Lo 1 1 -4] |-100] [50]

Prob.

V,=%(O—10+O+V2) ——> 4V, =-10+V,

Vo= OHRAR)  — W, =V,+,

4 =%(O+V2+IO) —— 4V, =V,+10

From (1),

V,=4V,+10
Substituting (3) and (1) into (2),
-10+V, N V,+10

4V, = > 16V, =-10+2V, +10
4 4
V,=0
From (4), ¥V, =-10/4=-2.5
V,=25
V==25V,=0, V,=25
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Prob.

2 -9
k=hi=10-“x501’;{? =0.187 = 0.5655
g
367

At node 1,

V,=%[O+V2+V3+k] — 4V, -V,-V,=k
At node 2,

V2=%[0+V,+V4+k] — 44,V -V, =k
At node 3,

V3=%[0+2Vl+V4+k] — 4, -2V -V, =k
At nde 4,

V,,=%[O+2V,_+V3+k] — 4V, -2V, -V, =k

Putting (1) to'(4) in matrix form,

(4 -1 -1 0|V [0.5655]
-1 4 0 -1}V 0.5655
-2 0 4 -1(|N 0.5655
|0 2 -1 4]|V,| [05655]
Using calculator or MATLAB, we obtain

V,=V,=03231V, V,=V,=0.4039 V
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Prob.

(@)
1 1
Vi =Z(O+IOO+V3+V2), V2='4—(0+100+V|+V4),

1 1
V3=Z(0+0+V1+V4), V4=Z(0+0+V2+V3)

We apply these iteratively n=5 times and obtain the result below.

N [0 1 2 3 4 5

Vi |0 25 34.375 36.72 37.305 37.45
V.| 0 31.25 35.937 37.11 37.403 37.475
V3|0 6.25 10.937 12.11 12.403 12.475
Val0 9.375 11.719 12.305 12.45 12.487

(b) By band matrix method,

4V, -V, -V; =100
-V, +4V; -V, =100
-V +4V; -V, =0

-V, -V3 + 4V; =0
In matrix form,

4 -1 -1 o]v] [100]
-1 4 0 -1|v,| |100
-1 0 4 -1|n|°|o
0 -1 -1 4% [ 0]

AV=B —» V=A'B

which yields VvV, =375= V;.. Vz =125= Vﬁ&

These values are more accurate than those obtained in part(a). Why? The average of

the values should give 25 V which is the potential at the center of the region. The

values in part(a) give 24.96 V while the value in part (b) gives 25 V.
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~200]
-100
-100
-100

Va

Vs

Ve

V,

[A]

S n o n wn
TTTTeRe°
I | |
]
]
NTOAT AT AT AT NS AN
]
i
00001014
00010041
oco ~~o ~ Y oo
OlOlA_-.lOl
10041010
OlA_..OOIOO
14101000
Ym0 ~0c 0 oo

[B]

[A]

Prob.

(a) Matrix [A] remains the same. To each term of matrix [B], we add

-h’p, /¢.
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(b) Let Ax=Ay=h=0.25 so that NX=5=NY.

p, x(y—D10~°
Py V= s6rx(y—-1
£ 10° /367 *y=1)

Modify the program in Fig. 13.26, as follows.

H=0.1;
for I=1:nx -1
for J=1:ny-1
X =H*I;
Y=H*J,
RO = 36.0*pi*X*(Y-1);
V(L)) = 0.25*%( V(I+1,)) + V(I-1,]) + V(1,J+1) + V(I,J-1) + H*H*RO );
end
end

This is the major change. However, in addition to this, we must set

vl =0.0;
v2 =10.0;
v3 =20.0;
v4 =-10.0;
nx = §;

ny =35;

The results are:

V.= 4.6095 V,=9.9440 V=11.6577
V4=-1.5061 V.=3.5090 V=06.6867
V= -32592 V;=0.2366 V;=3.3472
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Prob.

_1_ (D j+lm,n + (D j—lm,n - Z(D jm,n (D jm+l,n + (D jm-l,n - 2(D jm,n

c? (A1)’ ) (Ax)>
(D jm,n+l + (D jm,n—l - 2(D jm,n
(Az)’

If A= Ax = Az, then after rearranging we obtain

(Dj+lm,n = 2(Djm,n - (Dj_lm,n + a((Dij,n + (Djm-l,n _2(Djm,n)
+a(q)jm,n+l + (Djm,n—l ha Z(Djm,n)

jwhere a = (cAt ] h)?.

Prob.
v 8 V(x+Ax,t) =2V (x, )+ V(x—Ax,t)
—_— —_> =
o o (Ax)?
V(x,t+At) =2V (x,0)+V(x,t - At)
(Ar)?

Vix,t+At) = (%] [V(x+ Ax,t) -2V (x,t) + V(x—Ax,t]+ 2V (x,t)-V(x,t—At)

or
Vi,j+)=a[V @+ )+v(i-1 )]+20-a)WV G, )~V j-1)

2
where a = (%J . Applying the finite difference formula derived above, the followir

programs was developed.

xd=0:.1:1;td=0:.1:4;

[t,x]=meshgrid(td,xd);

Va=sin(pi*x).*cos(pi*t); %o Analytical result

subplot(211) ;mesh(td,xd,Va);colormap([0 0 0])

% % % % Numerical result

N=length(xd); M=length(td);

v(:,1)=sin(pi*xd’);

v(2:N-1,2)=(v(1:N-2,1)+v(3:N,1))/2;

for k=2:M-1
v(2:N-1,k+1)=-v(2:N-1,k-1)+v(1:N-2,k)+v(3:N,k);

end
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The results of the finite difference algorithm agree perfectly with the exact solution as

shown below.

Analytical solution V

Numerical solution V

Prob.

(a)Points 1, 3, 5, and 7 are equidistant from O. Hence
1
Vo= Z( Vi +V; +Vs5 +Vy) M

Also points 2, 4, 6, and 8 are equidistant from O so that
1
Vo= Z ( Vi + V4 +Vg +V3) (2)

Adding (1) and (2) gives
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1
2V, = 7 (Vi + V2 +V3 +V4+ Vs + Vg +V; +Vs)

or

as required.

Prob.

Combining the ideas in the programs in Figs. and
a Matlab code which gives

N =20 , C=19.4pF/m

N =40 , C=13.55pF/m

N =100 , C=1277pF/m

For the exact value, d/2a=50/10=5

-9
e =7rx10 -/136”=12'12 pF/m
cosh™ & cosh™5  =——
2a

C=

Prob.

To determine V and E at (-1,4,5), we use the program in Fig.

L

pLdl 2
V= h R= 26+ (4-y
6[4”80R,were J +(4-y")
V= A ﬁ P
4re T 26+ (y- v, )°
% p,dIR
E= |-
;,[47&:,,R3

where R=r-r’=(-1,4-y’,5), R=|R|
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A& (-Dp,
E =
T Are ; [26+ (4- y,)* I?
A & “4-y,)p,

~

E =
Y 4rme T [264 (4- J’k)2 I’?

E, =-5E

z X

For N=20, V,=1V, L=1m, a= 1mm, the program in Fig. 14.20 is modified. The

result is:

V=1247mV, E=-0.3266a, +1.1353a, + 1.6331a§ mV/m

I’rob.

!
I
i

<

-l LN

h
To find C, take the followiuy steps:

(1)Divide each line into N equal segments. Number the segments in the lower conductor
as 1, 2, ..., N and segments in the upper conductor as N+1, N+2, ..., 2N,

(2) Determine the coordinate (x, y) for the center of each segment.

For the lower conductor, yx=0,k=1,...,N, xx=h+ A (k-1/2), k=1,2,... N

For the upper conductor, xx =[h+ A (k-1/2)] sin 8, k=N+1,N+2,...,2 N,

xk=[h+ A (k-1/2)] cos §, k=N+1N+2,...2N

where h is determined from the gap g as

_ &
h_2sim9/2
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(3)Calculate the matrices [V] and [A] with the following elements

V.k=1..,N
““\-V,,k= N+1,.2N

A .

l
4, =1 4neR,' 7
2InA faji=

Where RU = \/(x, _xj)z + (yl _yj)2
I

| (4) Invert matrix [A] and find [ p ] =[A]" [V].

(5) Find the charge Q on one conductor
N
Q= Z Pl = AZ P
k=1

(6) Find C = |Q)2V,

Taking N= 10, V, = 1.0, a program was developed to obtain the following result.

0 C (in pF)
10 8.5483
20 9.0677
30 8.893
40 8.606
50 13.004
60 8.5505
70 9.3711
80 8.7762
90 8.665
100 8.665
110 10.179
120 8.544
130 9.892
140 8.7449
150 9.5106
160 8.5488
170 11.32
180 8.6278

481



Prob.

We may modify the program in 1 in Fig. and obtain the result in the table
below. Z, =100 Q.

N Zo,in Q

10 97.2351

20 97.8277

30 98.0515

40 98.1739

50 98.2524

Prob.

We make use of the formulas in Problem
2N
Vi = Z A.'jpi
j=l
where N is the number of divisions on each arm of the conductor.

The MATLAB codes is as follows:
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aa=0.001;
L=2.0;
N=10; %no.of divisions on each arm
NT=N*2;
delta=L/(NT);
x=zeros(NT,1);
y=zeros(NT,1);
%Second calculate the elements of the coefficient matrix
for i=1:N-1
y(1)=0;
x(1)=delta*(i-0.5)
end
for i=N+1:NT
x(i)=0;
y(i)=delta*(i-N-0.5);
end
for i=1:NT
for j=1:NT
if (i ~=))
R=sqrt( (x(1)-x(1))"2 + (y(1)-y())*2)
A(i,j)=-delta*R;
else
A(i,j)=-delta*(log(delta)-1.5);
end
end
end
%Determine the matrix of constant vector B and find rho
B=2*pi*eo*vo*ones(NT,1);
tho=inv(A)*B;

| .
| The result is presented below.

80 |

5

8

75 4

Charge distribution

704
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Segment | X y p in pC/m
1 0.9500 89.6711
2 0.8500 0 80.7171
3 0.7500 0 77.3794
4 0.6500 0 75.4209
5 0.5500 0 74.0605
6 0.4500 0 73.0192
7 0.3500 0 72.1641
8 0.2500 0 71.4150
9 0.1500 0 70.6816
10 0.0500 0 69.6949
11 0 0 69.6949
12 0 0.0500 | 70.6816
13 0 0.1500 | 71.4150
14 0 0.2500 | 72.1641
15 0 0.3500 | 73.0192
16 0 0.4500 | 74.0605
17 0 0.5500 | 75.4209
18 0 0.6500 | 77.3794
19 0 0.7500 | 80.7171
20 0 0.8500 | 89.6711
Prob.

(a) Exact Solution Yields
C=2re/In(A/a)=802607x10"" F/mand Z, = 41.559Q

where a = lcm and A =2cm. The numerical solution is shown below.

N C (pF/m) Z,(Q)
10 82.386 40.486
20 80.966 41.197
40 80.438 41.467
100 80.025 41,562
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(b)For this case, the numerical solution is shown below.

N C (pF/m) Z,(Q)
10 109.51 30.458
20 108.71 30.681
40 108.27 30.807
100 107.93 30.905
Prob.
We modify the MATLAB code i
changing the input data and matrices [A] and |[B]. We let
xi=h+ A (i-1/2), i=1,2,... N, A =L/N
yi=h/2, j=1,2,...N, z=t2, k=12,...N
and calculate
Ry = J(x, = x,)" + (3, - y,)* + (z, - 2,)°
We obtain matrices [A] and [B]. Inverting [A] gives
N
1 Z q;
- i=1
[al=[A]" [B], [p,]=[qlhtd), C=-—"=
The computed values of [ p, ] and C are shown below.
| i Pux10)C/
1,20 0.5104
2,19 0.4524
3,18 0.4324
4,17 0.4215
5,16 0.4144
6, 15 0.4096
7,14 0.4063
8,13 0.4041
9,12 0.4027
10,11 0.4020

=17.02 pF
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Prob.

From the given figure, we obtain

1 x vy .
1 x, y= ﬂ[(szﬁ = X3¥,) 1 (Vy = Y3)x+ (x5~ x,)y]
1 x;

as expected. The same applies for «, and «;.

Prob.

(a) For the element in (a),
|

A=Y (1-05x0.25)=0.4375

1
@, = 510875~ 075x~ 05y] = 1- 08571x - 05714y
a, =§%[O+x—0.5y]=1.1429x—-0.5714y

1
@y = 5[0~ 025x + y] = ~02857x + 11429y

For the element in (b),
A=%[0.5x1.6 -(-1)x1.6 ] =1.2

@, = 125- 0625y
@, = -15+ 0.667x + 04167y

o, = 125-0.667x+ 02083y
(b)For the element in (a),
P, =-0.75,P; =1.0,P; =-0.25,Q, =-0.5=Q,,Q; =1.0

1
C_‘j = H[PJB t Qij]= (Val'vaz)A
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Hence,

04643 -02857 -01786
c =1-02857 07143 -04286
-0.1786 -04286 0.6071

For the element in (b),
P] = 0, P2:= 16, P3 = -1.6, Q[ = -1.5, Qz = 1.0, Q3 = 0.5, A=1.2
Hence,

0.4687 -0.3125 -0.1562
C? =[-03125 0.7417 -0.4292
-0.1562 -0.4292 0.5854

Prob.

(a)
1 1/2 1/2

2A =11 3 1/2| =15/4
1 2 2

4 1 4
@, = 5l6- D+ 1)+ (-Dy)= S (5- 15x- y)

3

4 3 4
a, = E[(l— D+ Ex— 5y]= E(I.Sx— 1L5y)

4 5 4
a, = E[(1/4_3/2)+ Ox + Ey]—- 15(—1.25+ 25y)
V=oital,+aV;

Substituting V=80, V; =100, V,=50,V3=30, a,, @,,and «,leadsto
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20=7.5x+ 10y + 3.75

Along side 12, y=1/2 so that

20=15x/2 + 5 +154 ___, x=3/2, i.e (L.5,0.5)
Along side 13, x =y

20= 151.</2 + 10x + 15/4 , x=13/4,i.e. (13/14, 13/14)
Along side 23, y=-3x/2 +5

20=15x/2—-15 +50 +15/4 —»  x=-5/2 (not possible)

Hence intersection occurs at

(1.5, 0.5) along 12 and (0.9286, 0.9286) along 13
(b) At(2,1),

V(2,0) =V, +a,V, +a,V,= (400 +300 + 150)/15 = 56.67 V.

Prob.
1 0 O
2A=11 2 -1=9
11 4

1 1
@, = 510~ 0+ (4- 0)x+ (0~ Dy] = 5 (4x- )
a, = -;—[(0— D+ 0+ Dx+(2-0)y]= %(x+ 2y)

a, = -;—[(8+ D+(-1-4)x+(1-2)y]= %(9— 5x-y)
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V,=aV,+a,V, +a,V,
V(1,2) = 8(4-2)/9 +12(1+4)/9 + 10(9-5-1)/9 =96/9 = 10.667 V
At the center a,= a, = a; =1/3 so that

V(center) = (8 + 12+ 10)/3 =10

Or at the center, (X,y)=(0+1+2,0+4-1)/3=(1,1)

V(1,1) = 8(3)/9 +12(3)/9 +10(3)/9 = 10V

Prob.

(3.12) (8.1

(3.12)

(8.0
(0.0) (8.0)

For element 1, local numbering 1-2-3 corresponds to global numbering 4-2-1.
P1 = 12, P2 = O, P3 = -12, Ql = -3, Qz = 8, Q3 = -5,
A=(0+12x8)2=48

1
Ci = paglDifi + 9,9)]

0.7969 -0.125 -0.6719

c®=| -0.125 0.3333 -0.2083
-0.6719 -0.2083 0.8802
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For element 2, local numbering 1-2-3 corresponds to global numbering 2-4-3.
P, =-12,P, =0,P; =12,Q; =0, Q2 =-5,Q; =5,

A =(0+60)/2=30

1
Cij = M[PIPI + Qij]
1.2 0 -12
cP=[ 0 0208 -0.208
-12 -0.208 1.408

(C(l)33 C23(') 0 Cu“)
C= Czs(l) sz(l) + Cu(z) C13(2) CZl(l) + ClZ(Z)
0 C3l(2) C33(2) C32(2)
| Cl3(l) Czl(l) + C21(2) Czs(z) sz(z) + Cn“)_
[ 0.8802 -0.2083 0 —0.6719]
3 -0.2083 1.533 -1.2 -0.125
| o ~12  1.4083 -0.2083
| -0.6719 -0.125 -0.2083 1.0052 |
Prob.
4 3
0,2) (2,2)
® 3
1 @
1 | 2 2
0,0) 4,0)

For element 1,

PI =0,1)2 =291)3 =—'2aQI =—2’Q2 =0’Q3 =2
A:%(4—-0)=2, 4A=8
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4 0 -4 0.5 0 =05

c“>=1 4 —4|= 0 05 =05

8 -4 -4 8 -0.5 =05 1
For element 2,

R=-2,B=2P=0,0=-20,=-2,0=4
A=%(8——O)=4, 44=16

8 0 -8 05 0 =05
co=Llo s —g|=| 0 05 -05
16 -8 -8 16 -05 -05 1
The global coefficient matrix is

(G Cu Gy G| [CR+CP P cR+CE Y]
C — CZI C22 C23 C24 = Cg) Cg) C2(§) 0
G G, G G CS) +C§12) C3(§) Cg)+C3(32) Cg)
_C41 C42 C'43 C44 4 L Cz( }) 0 Cs(;) C:g) i
[ 1 0 -05 —0.5]
| o 05 -05 o0
“|-05 -05 15 -05
05 0 -05 1
Prob.

©,1)

(1,0)
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For element 1, local numbering 1-2-3 corresponds to global numbering 1-2-4,
P1 =-2,P2 =1,P3 =1,Q1 =1, Q2=-2,Q3 =1,

A=(P,Q; -P;Q; V2=3/2,ie. 4A=6

1
C, =5 4lBE+0,0)]

|5 -4
CO=l-4 5 -1
-1 -1 2

For element 2, local numbering 1-2-3 corresponds to global numbering 4-2-3.

Pl =07P2 ='29P3 =2’Q1 =2a Q2='1’Q3 ='1a

A=2, 4A=8
f4 -2 2
c®=2l-2 5 -3
-2 -3 5

The global coefficient matrix is

B 1
C'(l)ll Clz( ) 0 Cla(l)
¢)] ) 2) 2) 1 (2)
C= CIZ C22 + sz C23 C23 + CZI
- 0 C.@ C.® C..®
23 3 3
1) () (2) (¢2) Q) 2)
| Cps Cy’ + Gy Gy Cy’ + G

08333 -0.667 0 -0.1667]

-0.6667 14583 -0375 -04167
0 -0375 0625 -025

-01667 -04167 -025 0833 |
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Prob.

We can do it by hand as in Ex.. However, it is easier to prepare

an input file and use the program in Fig. The MATLAB input data is

NE =2;
ND = 4;
NP
NL
X

I

2,

124
3 2];

0.0 1.0 3.0 2.0];

Y=[1.0 0.0 0.0 2.0];

NDP=[1 3];

VAL =[10.0 30.0]

[10]
18
The resultis V =30
20

v—l.pll

From this,
V=18V, V,=20V

Prob.

1 2

The local numbering 1-2-3 in element 3 corresponds with the global numbering 5-4-

1, while the local number 1-2-3 in element 4 corresponds with the global numbering
5-1-2.
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Css= Cu®+ ¢11(3) +C?+C®, A=2,
C11(2)=(2x2+2x2)/8= 1=C,®
Cu®?=02x2+0/8=%=C;®
Css=1+1+% +% =3

1
But C31(3)= E(P3Pl +Q3Q;)=0 since P3=0=Q3

1 .
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Prob.

Asin P.E.
as follows.

NE =50; ND=36; NP=20;

NL =1

O D 000011V db bW —

we use the program in Fig.

o= WO N o
()

[\*) Pt

BN WNWRNNNNDNDNDND =N =R —= NN = D) o e o s \D =t 00 = O\ = LN —
AN PDPOWON—NOARNDPALNIWANUNELRAONX~= OO (¥, LS

7

8

8

9

9

10
10
11
11
12
13
14
14
15
15
16
16
17
17
18
19
20
20
21
21
22
22
23
23
24
25
26
26
27
27
28
28
29
29
30
31
32
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26
26
27
27
28
28
29
29

33
27
34
28
35
29
36
30

32
33
33
34
34
35
35
36];

X=[0.0 0.2 04 06 0.8 1.0 0.0 0.2 04 06 0.8 1.0 0.0 0.2 04 0.60.8 1.0
0002040608 1000020406 0810020406 08 1.0];

Y =[0.0 0.0 0.0 0.0 0.0 00 02 0.2 02 0.2 0.2 0.2 04 0.4 04 04 04

0.40.6 0.6 0.6 0.6 0.6 0.6 0.8 0.8 0.8 0.8 0.8 0.8 1.01.0 1.0 1.0 1.0 1.0];

NDP=[1 2345 6 12 18 24 30 36 35 34 33 32 31 25 19 13 7];

VAL=[0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 50.0 100.0 100.0 100.0

100.0 50.0 0.0 0.0 0.0 0.0];
With this data, the potentials at the free nodes are compared with the exact values as
shown below.
Node no. FEM Solution Exact Solution
8 4.546 4.366
9 7.197 7.017
10 7.197 7.017
11 4.546 4.366
14 10.98 10.60
15 17.05 16.84
16 17.05 16.84
17 10.98 10.60
20 22.35 21.78
21 32.95 33.16
22 32.95 33.16
23 22.35 21.78
26 45.45 45.63
27 59.49 60.60
28 59.49 60.60
29 45.45 45.63

Prob.

We use exactly the same input data as in the previous problem except that
the last few lines are replaced by the following lines.

VAL =[0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 29.4 58.8 95.1 95.1
58.8 29.4 0.0 0.0 0.0 0.0];
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The poteﬁtial at the free nodes obtained with the input data are compared with the exact

solution as shown below.

Node no. FEM Solution Exact Solution
8 3.635 3.412
9 5.882 5.521
10 5.882 5.521
11 3.635 3.412
14 8.659 8.217
15 14.01 13.30
16 14.01 13.30
17 8.659 8.217
20 16.99 16.37
21 27.49 26.49
22 27.49 26.49
23 16.99 16.37
26 31.81 31.21
27 51.47 50.5
28 51.47 50.5
29 31.81 31.21
Prob.
1
4
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For element 1, the local numbering 1-2-3 corresponds with nodes with V; , V, , and
Vi.

1
C = hh+hh)x 2+ hh+0)x4=4
Zl o 4h2 ( V)24 e (hh+ O)x

2x1 2
Col ZW[PJ)] +Q3Q|] =27[—hh_0] =-1
2x1

Similarly, Co3 =-1=Cps. Thus
V0=(V1 +V2+V3+V4)/4

which is the same result obtained using FDM.
Prob.

The MATLAB code is similar to the one in Fig.14.40. When the program is run, it gives
Z,=40.587 Q.

Prob.

The finite difference solution is obtained by following the same steps as in . Ex.
Weobtain Z, =43 Q

Prob.

v, =%(V2 +100+100+100)=%V2 +175

Vz=§(V,+V4+2V3)
v, =%(V2+V5 +200)=%(V2 +V,)+50

Vo= WtV 42%,)
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AR AYASA

Vo= 3 05+, +200) =L (75 +13)+50
1 1
V=3t W+ 0) = (V,+20,)

AT TARANA

v, ==%(V6 +V; +100+0)=%(V6+V8)+25

Using these equations, we apply iterative method as shown below.

lst 2nd 3rd 4tﬁ 5th
Vi 75 79.687 87.11 89.91 92.01
V, 18.75 48.437 59.64 68.06 74.31
[ V3 54.69 65.82 73.87 79.38 82.89
.V 4.687 19.824 34.57 46.47 53.72
Vs 14.687 35.14 49.45 57.24 61.78
Vs 53.71 68.82 74.2 77.01 78.6
V5 1.172 6.958 18.92 26.08 30.194
Vs 4.003 20.557 28.93 33.53 36.153

Vo 39.43 47.34 50.78 52.63 53.69
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Appendix A—Practice Examples

P.E. A1
@  A+B=(1,03)+(52,-6)=(6,2,-3)

|4+ B|=/36+4+9=7

b)  54-B=(5015)-(52,-6)=(0,-2,21)

(¢)  The component of A along ay is Ay=0

(d  34+B=(3,09)+(52,-6)=(82,3)
A unit vector parallel to this vector is
. - (8,2,3)
" Jo4s 410

=+(0.9117a, +0.2279%, +0.3419, )

P.E. A2 (a) r,=a,—3a,+5a,

r, =3a,+8a,

(b) The distance vector is

Fop =ta— ¥, =(0,3,8)—(2,4,6)=~2a, —a, +2a,

(c) The distance between Q and R is

| 7o |=\/4+1+4=§
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P.E. A3 Consider the figure shown below:
u, =u,+u, =-350a, +%(—ax +ay)

=-378.28a, +28.28a, km/hr
or

u,=379.3£175.72° km/hr

Where u, = velocity of the airplane in the absence of wind
u,, = wind velocity
u, = observed velocity

N
Vv A
A
u, W
>
Uz
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P.E. A4

Using the dot product,
] AeB -13 13
cosh 4 = = = -
P AB 1065 50

or using the cross product,

. |Ax B] 481
S = 5 = V650

Either way,
6,5 =120.66°
P.E. A5
| E-F)F -10(4,-105
(a)EF=(E-aF)aF=( Iz) = ( )

|F 141
=—-0.2837a, + 0.7092ay —-0.3546a,

a, a, a
MExF=|0 3 4|=(5516,~12)
4 -10 5

., =*(0.9398,0.2734,-0.205)
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P.E. A.6 a + b+ c =0 showing that a, b, and ¢ form the sides of a triangle.

a-b=0,
hence it is a right angle triangle.

Area=la><b|=—1~bxc|=l|cxa|
2 2 2
4 0 -1
—1-|a><1;|=l =l|(3,-17,12]
2 211 3 4 2

Area = —;-«/9+ 289 +144 =10.51
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